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The Iowa Section of the Mathematical Association of America met for its 
fourth regular meeting April 26, 1919, in connection with the Iowa Academy of 
Science, at the Iowa State Teachers College, Cedar Falls, Iowa. There were 
present as members of the Association: L. M. Coffin, Coe College; I. S. Condit, 
Iowa State Teachers College; F. M. McGaw, Cornell College; J. F. Reilly, Uni- 
versity of Iowa; II. L. Rietz, University of Iow'a; Maria M. Roberts, Iowa State 
College; F. M. Weida, University of Iowa; and C. W. Wester, Iowa State 
Teachers College. 

The following papers were read and discussed : 

“ The teaching of a first course in mathematics.” By Professor H. L. Rietz. 

“ A course in arithmetic.” By Professor I. S. Condit. 

“ Effect of delaying algebra until the tenth grade.” By Miss Lida Pittman, 
Fort Dodge (by invitation). 

“ An example of curve fitting.” By G. W. Snedecor, Ames (by invitation). 

“ Outlines of a course in trigonometry.” By Professor J. F. Reilly. 

“ Some analogies between algebraic equations and linear differential equa- 
tions.” By Peter Luteyn, State Teachers College (by invitation). 

The following were elected officers for the ensuing year: Chairman, I. S. 
Condit; Vice Chairman, F. M. McGaw; Secretary-1 reasurer, L. M. Coffin, 
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The endless torch race first began 

Who knoweth where? Who knowetli when? 

The runners give from hand to hand, — 

In lines of flame from land to land; 

And still again, and yet again, 

They follow straight the soul’s command, — 
Though but in part they understand, — 

And still pass on the deathless brand 
From man to man — -and we are men ! 

William Adams Slade. 
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WORK OF PAPPUS AND STEINER ON TANGENT CIRC 


SOME EXTENSIONS OF THE WORK OF PAPPUS AND STEINER ON 

TANGENT CIRCLES. 


By J. H. WEAVER, Ohio State University. 

Introduction. The figure of three mutually tangent semicircles with their 
centers in the same straight line was known among the Greeks as the “Shoe- 
maker’s Knife”' (apfirjXos). A few of the properties of the figure are found in 
the works of Archimedes. 1 Others occur in the Collection of Pappus . 2 After 
the Greek period we find no work done on the problem until Steiner generalized 
the results of Pappus and added several others dealing with the perspective 
properties of the figure. 3 Later Sir Thomas Muir added a theorem giving 
formulae for various sets of radii involved. 4 Habicht has discussed some of the 
properties of elliptic functions connected with the figure 5 while M. G. Fontene 
has generalized certain formulae arising from sets of tangent circles. 6 

In the present paper formulae for the radii of certain sets of circles are de- 
veloped and used to build up several types of infinite series which may be summed 
geometrically. Then some general properties of tangents and normals to conics 

associated with three mutually tangent circles 
are se ^ forth. 7 These properties lead to a 
— Xsbf \\ quadrangular-quadrilateral configuration and 

//^ nI Sl J \ incidentally furnish some methods for eon- 

/ structing conics. And finally some theorems 

f \f \ connecte< i with centers of perspectivity of the 

| 5 + ^ various sets of circles are proved. 

1 3 1 . General Considerations. Let there be 

two circles tangent internally, with centers 
0 i and 02 and let a circle with center 8 n (n = 1, 2, • • •) (Fig. 1) be tangent to 
these. Then S n lies on an ellipse with foci 0 i and 0 o. If we take the mid- 
point of 0i02 as origin and O1O2 as the ar-axis, the equation of the ellipse will be 


where n and r 2 (r 2 > n) are the radii of the circles ( 0 i) and (On) respectively; 

1 Works of Archimedes , ed. Heath, Cambridge, 1897, Lemmas, 4-6. 

2 Colledioj ed. Hultsch., Berlin, 1876-8, Vol. I, pp. 209 and if. 

3 Steiner, Gesammelte Werke, Berlin, 1881, Vol. 1, pp. 47-76. 

4 Proceedings of Edinburgh Math. Soc., Vol. 3, p. 119. In the same volume, pages 2-11, 
J. S. Mackay has collected some of the simpler theorems connected with the problem. 

5 Konrad Habicht, Die Steinerschen Kreisreihen, Berne, 1904, 35 pp. In this work are found 
extensive references bearing on the subject. 

6 “ Sur les eercles de Pappus,” Nouvelles Annales de MalMmatiques (4), tome 1918, pp. 383-90. 

7 The center of a circle tangent to two given circles lies on a conic having the centers of the 
two given circles as foci. Tins is, of course, equivalent to the definition that the sum or difference 
of the focal radii is constant. I have called suqh conics “associated” conics. 

8 In what follows circles will be designated by their centers in brackets. 


I 



is a convergent series, and if r 3 approaches the limit 0, then (6) approaches the 
value TCT2/2 but is 0 at the limit. 


1 Pappus, Collection p. 224, 

2 See Introduction. 
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Let p n be the radius of (S n ) and let the coordinates of the point S n be x n and 
y„. ■ From a fundamental property of the ellipse we have 


where 2 a = i'i + r 2 , and 


r l + Pn = a + ex n 

_ f 2 — fl 
0 1’2 + fl ' 


Pappus has shown that if another circle (S n +i) with radius p n + 1, center at point 
$n+h Vn + 1 and coming after (8 n ) in the positive direction around the circles, is 
tangent to ($„), the following relation holds 


Vn + 2 Pn 


Vn+ l 

Pn + 1 


y 

Pn - 1 


-+2 = ? -+ 2 (n- 
Pi 


1 ). 


2. Formula arising from the figure of three mutually tangent circles with 
their centers in the same straight line. Let there be three mutually tangent 
circles ( 0 %, Os) and (Os) having their centers in the same straight line and radii 
ru and f 3 respectively (Fig. 1). Then let a series of circles (jS») be drawn 
tangent to ( 0 %) and ( 0 2 ), the first circle in the series being also tangent to (Os) and 
each of the others tangent to the one preceding it in the series. There are two other 
such sets of tangent circles. The set tangent to ( 0 2 ) and (O3) we will designate as 
(S/), and the set tangent to (Ox) and (O3) as (S n "). Let the radii of the various 
sets be p n , p n f and p n ff respectively, and the coordinates of the centers be x ni y ni x n \ 
Vn and x n ”, y n n respectively. We will now consider the set (S«). 

By means of equations (1), (2) and ( 3 ) and the use of induction we have in 
this particular case, since the y-coordinate of Os = 0 


Pn 


ririr* 


nhi + nr 3 + n 2 


This result .is arrived at by Muir and Fontene by different methods. 2 Also from 
equations ( 2 ) and ( 4 ) 

. (2 ft — l)r 3 2 rir 2 (ri + r 2 ) . 

n ' 1 ‘ Tn [(ft - ljv+ nr 3 + rr][ft 2 r 3 2 + r,r 3 + n 2 ] ~ V say< [b> 

From the geometric properties of the figure 


I 
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Also 


Li 


9 , 


n + r 3 . 


If we define i n as the »th intercept of the series ($») (i h projection of OpSi 
•on AC), then (4) and (5) are the formulas for the nth radius and intercept in the 
■series (8 n ). An interchange of n and r 3 will give the corresponding formula* for 
the series (Sn), while an interchange of r 2 and r z with r 2 considered negative will 
give the corresponding formulae for the set ($/')* 

If r *2 = 2r x we have the special case 


We will now establish the following theorem. 

Theorem: If two circles (00 and ( 0 2 ) are tangent internally, and a circle (8) 
is drawn tangent to these two, such that SOi (i — 1, 2) is perpendicular to Ch(h 
then it is possible to draw a circle (S') tangent to (0\), (0%) and (S) such that the 
four centers S, S', 0i and 0 2 determine a rectangle. 

Proof: Let $0 2 be perpendicular to 0102, and let the coordinates of S and S' 
be x, y and x', y' respectively and let the radii be p and p'. Then 


r 2 — n 


2r x r 2 
ri + r 2 ’ 


r 2 (r 2 — r x ) 

Ti + 7*2 • 


.and by virtue of equations (1), (2) and (3) 

y' = y and x' = — x, 

which proves the theorem. 

Theorem: If in the series (S«), the points S n , S n + 1 , 0i and 0 2 determine a 
rectangle, then r x = nr 3 . 

Proof : Equate the values of p given in equations (4) and (6)* 

Let the foot of the perpendicular from S n to 0i0 2 be P n . 

Let angle = z Bn . 

Then if r x = &r 3 (jfc an integer or a rational fraction) 


tan B n = 


(2fc + 1)(2 n + 1) 
2(?i 2 + n — k — B) 


of the lines of successive centers of the series (S n ) are all rational 
(7) h is an integer, B& = tt/2, and 


2 (Bn-l — B») = Bk — lim S n ■= tt/2. 


= i n+ . x 2 + (y n — y n+1 ) 2 we get by using equa- 





tions (3), (4) and (5) the equation 

[(2?r + 2 n + lW + 2r t n + 

= [(2+ + 2 n)ri - 2nr, - 2r?f + f(2 n + l)r,(f» + *i)]“ 

f Tofand 

tangent to the line of centers of the Ud^i togint to 

these, the firs one n the ]n ^ series . Lot the radius of (Or) be r, 

others tangent to the one pict • *> ■ , u P ,8 Then from equations 

and of m be r 2 , and let the centers of the circles be b n . 4 

(1), (2) and (3), since yi = Pi we get by induction 

4j‘ 1 r 2 (j , 2 — r i) 


4 (n? 
32 (w ■ 


n)(r% 

l)rir 2 (r2 


%n ~ [4(n?- 

where for i, 
Here 


- n)(?' 2 - 
n S 2. 


i‘i) 2 + (Pa + ri) 2 ][(4u“ 


n) 2 + (r 2 + p+ 

r i) 2 (r 2 + pi) 

M2h. + 8)(r 2 - 


ri) 2 + (^2 + ?b) 2 ] 


and if n approaches r 2 


»=a 


2r 2 — 'ti 1 


o, o» 

2J P» ' Fig. 2. 

n=2 

approaches W 2. . , , « « n an( j o determine a rectangle 

Theorem : If in this series the points S„, *>*+i, ^ ana u 

then 2u+ 1 


Pa 


P2 : 


2n — 1 

2fc + l 
= 2k - 1 


Then 


Moreover, M 

'll (Bn - 1 ' 

■ «r=jb+l 

Also the equation (p» + P»+i) 
set of rational right triangles 2 

[4n 2 (r 2 - Pi) 2 + (P 2 + pi) 2 ] 2 


2nk 

tan B n = vf- tf' 

B n ) = B k - lim B n = W 2 - 
: (i n+1 ) 2 + (yn - yn+i) 2 § ives tlie triply 
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4. Formulae arising from a series of tangent circles, tangent to two given 
circles, the first circle in the series being tangent to a line tangent to the smaller 
circle and perpendicular to the line of centers. Let there be two circles (Ox) and. 
(O 2 ) tangent internally at A and let (Ox) < (0 2 ) and let the tangent to (Oj.) perpen- 
dicular to O 1 O 2 be drawn and let a series of tangent circles be drawn tangent to 
(Ox) and (0 2 ), the first circle in the series being also tangent to the perpendicular 
just drawn (Fig. 3). 

Then from Pappus, Book IV., lemma XIX, we have 


Using equations (1), (2), (3) and (10) we have by induction 


Pn 


rim 2 


(n — 1 ) 2 m 4 + 2 (n ~ l)m 3 + 1 J 

rim d (2 ~~ m 2 )[(2 n 


3 )m + 2] 


l)2 m 4 _j_ 2(. ?i — f) m 3 Ip 1] * 


ln ~ [(n - 2) 2 m i + 2 (n - 2 )m 3 + l][(n‘ 

If r\ approaches r 2 , the sum Pn approaches r 2 -ir/ 2 but is zero at the limit. 
Also in = 2rx, if ii = pi. Let Z B n = ?r/2. Then since 


sin B n = 


/Gz+i 


we have the relation 


Pn “h Pn-fl 


1 


m 


n = 


and if n = 1, n :r 2 = side of decagon inscribed in a circle of unit radius. 
Here also as in sections (2) and (3) we may obtain an equation 

[(2n 2 -2 n+ 1 )m 4 + (in - 2)m? + 2] 2 

= [2re 2 - 2n)m i + (in - 2 )m 3 + 4m 2 - 2] 2 + [m( 2 - m 2 )((2 n - l)m + 2)p, 

which gives a doubly infinite set of rational right triangles. 

5. Formula arising from a series of tangent circles tangent to a given circle 
and a given straight line. Let (Cf. figure 3) the series of circles ($„)• be tangent 
to the perpendicular at B and to 0 2 , (Si) being also tangent to 0 X . 

< The centers S n lie on a parabola with vertex 0i and focus 0 2 . Using Oi as 
origin the equation of the parabola is 


(ID 
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Moreover 


and 


Pn ~ >T — •>’>! 

(Vn ~ Un- 1) 2 == (pn + Pn - lF _ ( x n ~ x n-l)~- 


( 12 ) 

(13) 


By a substitution from (12) equation (13) reduces to 

(Un — 2/n-l) 3 = IpnPn— 1- (1^) 

Let n = Xr 2 . Let D n denote tlie sum of the odd-numbered terms in the 
expansion of (1 -f VX)”: and N n the sum of the even-numbered terms, that is 

D n + N n = (1 + XX) ”, 

D n ~ N n = (1 - VX)”. 

Then using equations (11), (12) and (14) and induction 


V 1 Z).V 




From (15) 


Therefore 


Also we have 


2AT 7- 

Vn = \Ti(T 2 - r X ). 
u n 

2 ■yJc T^ynr z - Vn = ( - Vn)" 

2 a/( 1 — X)rir 2 + y n ( Vr 2 + a/t"i) " 

V 2 = Vr 2 -_Vri 

«=i 2 a/( 1 — X)rjr 2 + y n 2 Vjt 

22 (#» — 2/n-i) = 2 Vri(r 2 - J'l). 


(15) 


6 . Some properties of conics associated with three mutually tangent circles. 
Let there be two circles (Ox) and (0 2 ) tangent internally at 4 (Fig. 4) and let the 
radii of these circles be ri and r 2 respectively, and let the radius of a circle tangent 
to these two and having its center on the line 0\0« be r 3 and let its center be O 3 . 
Let 0 be the center of any circle tangent to (Oi) and (0 2 ) and let r be its radius. 

The conic associated with (0) and (0 2 ) is an ellipse with the points 0 and 0 2 as 
foci, and passing through Oi : the conic associated with (0) and (Oi) is a hyperbola 
passing through 0 2 and having 0 and Oi as foci. Likewise we will have an 
ellipse passing through 0 and having Oi and 0 2 as foci. Draw from A the line 
A T tangent to the circles (Oi) and (0 2 ). Then with the three circles (Oi,) (0 2 ) and 
(0) the straight line .4 T there will be associated four parabolas 1 two of which pass 
through A, one through Oi and the fourth throug h Oi- 

1 Seeartiele “Some Properties of a Straight Line and Circle and their Associated Parabolas,” 
Annals of Math., second series, Vol. 19, pp. 174-5. Also “ Some properties of circles and related 
conics,” Annals of Math, second series, vol. 20, pp. 279-280. 
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Call the conic through 0 2 , lh, the one through Oi, E\ and the one through 0 
and Oz, Ez, and the parabolas through 0 1 and 0 2 , Pi and P 2 respectively. 

With this notation the following may be readily proved analytically: 

Theorem: The normals to Ei and II 2 at the points Oi and 0 2 intersect on a 
line through Os perpendicular to 0i0 2 . 

Theorem: The tangents to lh and 
Ei at the points 0 2 and 0\ intersect on 

/ the line A T. 

j Theorem : If two circles are tangent 

j \\ l internally, and any circle is tangent to 

| \\ ~ these two, there are associated with these 

\ V\ \ /^\ c 'i rc ^ es three non-degenerate conics, six 
\ //\\ Y \ points of which are the three points of 

''Jy V \ j con t a ct of the three circles and the three 

\ \yZ/{k^W/ / \ J centers of the three circles, and the six 

J V tangents to the conics at these six points 

J ^8fTy7of~ pass through a common point. 

/ //' Proof : Let the normal to Ei at Oi 

and to II -i at 0 2 intersect at N, and let the 
Fig. 4. intersection of the tangents at these 

points be T. Let the point of contact of 
(0) and (Oi) be Ch and of (0) and {Of) be 0 2 . Then the angle A0iC\ is bisected by 
OiT. Therefore a line from T to C\ will be tangent to {Of) and (0). Moreover 
since T and N are ex-centers of the triangle O0i0 2 , T, N, and 0 are collinear. It 
is also evident that the tangent to (Of) at C- 2 will pass through T. We have there- 
fore the six lines TA, TO, TOi, T0% TO*, and TCi, and these lines are the six 
tangents to E it E x and II* at the points A, 0, Oi, C 2 , 0*, C\. 

Theorem: Ei and P : have the same normal at Oi. 

Proof: Since 0 is the focus of Pi and the axis is parallel to OiO*, then the 
bisector of the angle 00i0 2 will be normal to Pi. But this is also normal to Ei 
because 0 and 0 2 are the foci of E\. 

_ Theorem: The three axes of the three non-degenerate conics associated 
with three tangent circles, and the three normals at the centers of the circles, 
meet in points that are collinear. , 

Proof: Let the normal and axis of E s intersect in F, the normal and axis of 
II 2 intersect in G and the normal and axis of E\ in K. Then since we have the 
triangle 0i0 2 0 and the two bisectors of two interior angles and the bisector of 
the opposite exterior angle, the points F, K and G are collinear. 

The right angles formed by the tangents and normals at 0j and 0 2 are in- 
scribed in a semicircle with TN as diameter. Call this circle C t . Steiner has 
pointed out the fact that D, B, C\ and C 2 are points of a circle C n with center NA 
It is then evident that the tangents to C„ at its points of intersection with C t 
pass through T. We then have two set s of coaxial circled C n and C h the centers 

1 See reference to Steiner in Introduction. 
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1 See Conics of Apollonius, Book III, prop. 45 (Heath’s ed., p. 114). 
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of one being on a line through perpendicular to 0 i 0 2 and the diameters of 
the other being segments of tangents to E s cut off by the tangents at A and 
O3. 1 It should also be noted In this connection that the point T Is the pole of 
the line drawn from the point of tangency of any two of the circles to the center 
of the third circle with respect to the conic passing through that center. 

Also if there is drawn at D a line perpendicular to Ox 0 2 and TCi is produced 
intersecting this line in S, then N, S and Ox are collinear. 

Theorem: If three circles are mutually tangent and tangents and normals 
be drawn to the three associated conics at the points of contact and the centers 
of the three circles, and If the normals of two of the conics be chosen, these will 
intersect by twos on a tangent to the third conic. 

Proof: Consider the lines 0\N } 0 2 N, 00i, 00 2 . These intersect in the points 
0 and N which are on the tangent to E$. 

Theorem: The axes and normals to two of the conics, together with the 
tangents to these two conics drawn at the centers of the circles determine two 
perspective triangles whose center of perspeetivity is the intersection of the axis 
and normal to the third conic. 

Proof: Consider the lines OiN, 0 2 N } 00i , 00 2 , OiT, 0 2 T. These intersect by 
twos on the line TN. They may therefore be considered as the sides of two 
perspective triangles. Let the corresponding sides be 

Ox T, 0 2 T, 

0 2 N , 0 1 N i 


These determine the perspective triangles A 12 AuA 2 3 and B 12 BuB 2 3 and the center 
of perspeetivity is the point F on 0 x 0 2 (see Fig. 4 where F is marked). But this 
point is also on the normal OBi 2 . 

Corollary; There will be three such T 
sets of perspective triangles and the 
centers of perspective will be collinear 
(second theorem before the last). 

■ Theorem: N and T are double 
points of an Involution, of which 0 
and the point (F), where TN intersects 
O1O2, are a conjugate pair, and there- 
fore 0 and Y are inverse points with 
respect to the circle C t . 

The proof of this theorem follows 
Immediately from a consideration of 
the quadrangle 0 xAi 2 0 2 Bi 2 . 

The following theorems are also evident. 

Theorem: If the three axes and the three normals to the three associated 


0,~A 


Fig. 5 . 
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conies be drawn the axis and normal to each conic being taken as corresponding 
sides, they form two perspective triangles with T as center of perspective. 

Theorem: The four axes of perspective of the three circles and the six lines, 
three of which are normals and the other three are the tangents to the three 
conics at the three centers of the three circles, determine a quadrangular-quadri- 
lateral configuration, whose diagonal triangle is the triangle determined by the 
three centers of the three circles. 

In connection with the above discussion it should be noted that it furnishes a 
method for constructing points on a conic. For let Oi, 0 2 and Os be any three 
points on a line, and let the perpendicular be drawn at 0 3 and let iV be any point 
in the perpendicular. Let 0\ and 0« be points such that we have the order 
OiOoOz or OtOxOz. Then from N draw lines to Oi and 0 2 , making the angles 
NOiOt and A T 0 2 O 3 , and draw from 0i and 0 2 the lines OiO and 0 2 0 such that 

Z NOiO, = z OOiN, 

Z A r 0 2 0 3 = Z OOiN. 

Then the point 0 is on an ellipse. If we have the order OiO 3 0 2 , 0 will be on a 
hyperbola, and if Oi or 0 2 is at infinity we have a parabola. And in each instance 
Oi and 02 are foci of the conic. This also gives a method for establishing a 
(1, 1) correspondence between the points of a conic and the points of a straight 
line. 

7. Some Projective Properties of the Figure in Section 2. Let A and C be 
the ends of the diameter 0i0 2 of the circle (0») (Fig- 1), and let there be drawn 
from A lines to S„ and from C lines to 8 n ', and let C and C' be the angles that 
these lines make with AC. Then 

tan C = 


2nr s 
ti + r 2 * 

(16) 

2nri 

?‘2 + ?3 * 

(17) 


tan C" 


By means of equations (16) and (17) we may find the equations of the lines 
AS n and CS n ', a solution of which reveals the fact that the line AS n and the line 
CSn intersect on a line through Si perpendicular to AC in points w r hose ordinates 
are 2p„. 1 

By very simple analytical considerations we may prove the following 

Theorem: The triangles S„ + iS n Sn~i and S n +iS n 'S n -i are perspective and 
their center of perspective is the external center of perspective of the circles Oi 
and 0 3 . A ■ 'A;:' 

Theorem: The locus of the point of contact of two tangent circles which are 
tangent to two given tangent circles (internally tangent) is a circle whose center 
is the center of perspective of the two given circles and whose radius is the 
harmonic mean between the radii of the two given circles. 


1 In this connection see Steiner, p. 69 and ff. 
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Proof : The center of perspective, P 3 , of the two given circles, 0% and 0 2 , 
has the same povrer with respect to all circles tangent to these two in a given way. 
Therefore, the locus of the point of contact of any two such circles which are 
tangent to each other is a circle orthogonal to them all. 

Theorem: The circle with P 3 as center and P 3 A as radius cuts every C n 
orthogonally. 

Proof : Let there be drawn with T as center and TA as radius a circle. This 
will pass through C\ and C 2 - Therefore CiC 2 Pz will be the radical axis of the 
circle just drawn and C n . The circle with P 3 as center and P 3 A as radius is 
orthogonal to the circle with center T. It is therefore orthogonal to every G n . 


SOME VANISHING AGGREGATES CONNECTED WITH CIRCULANTS. 

By W. H. METZLER, Syracuse University. 

In the course of certain investigations on Lagrange’s Equation for circulants 1 
by Dr. Muir 2 in 1912 attention was called to the vanishing aggregate: 


1 bed 


1 bee 


1 b d e 


1 c d e 

1 c d e 

+ 

1 c d a 

+ 

1 c e a 

+ 

1 e a b 

Ideal 

1 deb 

1 e b c 

1 a b c 

1 e a b \ 


lab d 

i 

1 ' ' 

1 a c d 


1 bed 


w r here a, b, c, d, e are the elements of a circulant of order five. He obtained it 
as the coefficient of the first power of x in Lagrange’s equations, which power 
(as well as all the odd powers) was proven not to exist, and next enunciates the 
following general theorem: If the elements of the first column of any odd-ordered 
circulant , axisymmetric with respect to the principal diagonal , be replaced by units, 
the sum of the complementary minors of the elements in the places (2, 2), (3, 3), 

• * • , (n, n) vanishes. 

He next points out that in the case n = 7 we may substitute for 
[2, 2] x + [3, 3]i + [4, 4]x + [5, 5] x + [6, 6]i + [7, 7] x = 0, 
the tw r o relations 

[2, 2]i + [3, 3]i + [5, 5]r = 0, 

[4, 4]i + [6, 6]i + [7, 7]i = 0, 

where [p, q] r denotes the complementary minor of the element in the pth row 
and gth column after the rth column of the circulant has been replaced by units. 

1 For the purposes of this paper the following definition will be assumed : If each row of a 
determinant may be derived from the preceding row by passing the first element over all the 
others to the last place, the determinant is called a circulant. 

2 “Lagrange’s determinantal equation in the case of a circulant,” Messenger of Mathe- 
matics, New Series, vol. 41, March, 1912. 
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The object of this note is to investigate these aggregates a little more closely 
and from a somewhat different viewpoint, and to determine those that are funda- 
mental. 

By equating the coefficients of odd powers of * to zero we would get various 
vanishing aggregates connecting minors of even order but these aggregates would 
not be fundamental. 

Starting with the determinant 

b c + a d + e 1 | 

c d b e Hh & 1 | 

d 6 + o a -f* b 1 ? 

e a + d b + c 1 

which obviously vanishes since two columns may be made identical, we have 


bed 1 
ode 1 
deal 
e a b 1 


+ 


bee 1 j 
c d a 1 | 
deb 1 
e a e 1 


! + 


b a d 1 
c b e 1 
deal 
e db 1 


+ ; 


b a e 1 
c b a 1 
\ d c b 1 
e d e 1 


0, 


or 


[1, 4], -[1,5], + 11, 2] 4 - [1, 3] 2 = 0. 


( 1 ) 


From the properties of cireulants of odd order we have 
1. When 1 + r is even 

„ , ri + r 1 + rl 
1, r. = — S— , rr if s > 

L 2 2 J,-[(r-l)/2] 

[1 + r 1 + rl 

"L 2 ' 2 J 


2 

r - 


J»+«— C(r— 1)/ 2] 


2. When 1 + r is odd 

n -j- r 1 n + r + 1 


[1, rJ. 


2 ’ 2 ] 
n + r + 1 n + r + 1 


-f(»+r— 1)/ 2] 


if $ > 


] 


s+[(w~r+l)/2j 


if s 


n + r — 1 


n _|_ . r 


We also have 
1. When r + s is even 


r r f1 = _ \ r -±l L±_?l 
L 1 Js L 2 ’ 2 J 

Tr + s r + si 

- - I — » “2 J 


if 3r < s, 

|n+[(3r-s)/2J 

if 3r > s; 
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2. When r + $ is odd 


r]a 


n + r + s n + r ■+• s 
( ~2 ? 2 

' n + r + ^ n -j- r + s 


if 3r 


^ + n, 


J w+ [(3?* — n — s)j 2] 

if 3 r > s + n. 

(3r—n—s)j2 


2 ’ 2 

Making use of these relations (1) takes the form 

[2, 2ji + [3, 3]i + [4, 4]i + [5, 5]i = 0, 

which is as given by Muir. 

If we had started with 

b c + e + a d 1 

c d-{- a + b e 1 

d & -{- b c cl 1 

& a+ c + d b 1 

which is also equal to zero, we would have J 

[1, 4] 6 - [1, 5], + [1, 2] 4 = 0. 

[ 1 , 3 ] 6 + [ 1 , 5 ], - [ 1 , 2] 3 = 0 . 
From (2) and (3) we get 

[1,3],- [1, 2],+ [l,4],+ [l, 2] 4 = 0, 
[3, 3]i+[2, 2] 1 +[5,5] 1 +[4,4] 1 = 0, 


Similarly 


or 


( 2 ) 

(3) 


which is (1). 

Again 

[1, l] 2 +[3,3] 2 +[4,4] 2 +[5,5] 2 = 0; 
and since [5, 5]i = — [3, 3] 2 , we have 

[1, 1] 2 + [4, 4] 2 + [5, 5], + [2, 2]i + [3, 3]i + [4, 4]! = 0. (4) 

The general law for (2) is, in the case of circulants of odd order, 

(- l) r_1 [l, r] s + (- lJ.-Hl* *]i + (- i\r = 0. (5) 

The general law for (1) is 

(- 1)-*[1, r]. + (- l)r*[l, *], + (- 1) 1-1 [1, flu + (~ «] r = 0, (6) 

but, as has been seen, (6) is made up of two of (5). 

The method here used will give vanishing aggregates of minors of any order. 
Thus from 

1 a + 6 + c + d e 

1 b + c + d + e a | = 0, 

1 c + d-j- e + a b 
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where as before, a, b, c, d, e are the elements of a cireulant of order five, we have 

1 a e \ 1 be ! 1 c e j j . 1 del 

1 h a ! + lea. + 1 d ' a ; + 1 e a , = 0, 

1 e b i lib ! 1 eb\ 1 ah' 


where > is the complementary of the minor of the elements in the inter- 

section of the rth and 5 th rows, and the tth and t/tli columns, after the elements 
in the ^th column of the cireulant are replaced by units. 

Using this same method we may also obtain vanishing aggregates of minors 
of circulants of even order. Thus for n = 4 we have 

| 1 a b -f* c d | 

I 1 b + C + d fl.; = 0, 

. \1 c + d+a b jv 

and 

lad! 1 b d \ j 1 c d j 

16a + 1 c a j + l 1 d a J == 0, 

1 e b 1 d b \ | 1 a 6 j 

or 

- [1, 1] 2 +[1,2] 4 +[U 4] x = 0, 

which is in accord with (5)* 

Again 

1 a + c b + d I 

1 b + d e + a = 0, 

1 c a d "h b 
and 

! ; [1, 2]s — [1, 3k + [1, 4]x — [1,1] 2 =0, 

which is in accord with (6). It is otherwise evident that we may remove from 
(5) and (6) the restriction that n must be odd, and have them true for any order 
of cireulant. 

November, 1918. 
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QUESTIONS AND DISCUSSIONS. 

Edited by W. A. Hurwitz, Cornell University, Ithaca, N. Y. 

DISCUSSIONS. 

We present this month only one discussion, by Professor Florence P . Lewis, 
dealing with Euclid’s parallel postulate. Professor Lewis sketches the history 
of the controversy over this postulate, and indicates its bearing on the problems 
of teaching. The subject is of great interest and importance. While it would 
be rash to assert that a knowledge of the history of non-Euclidean geometry 
and an acquaintance with the modern views regarding the nature of a postulate 
are indispensable prerequisites to successful teaching of elementary geometry, 
nevertheless it can not be denied that such equipment must notably enrich and 
vivify a teacher’s own appreciation of the subject and thus add materially to the 
effectiveness of teaching. 

The subject is an extensive one, not readily amenable to adequate treatment 
in a short article. It is unlikely that any two persons, in giving a short account 
of the history of the parallel postulate and the development of non-Euclidean 
geometry, would make exactly the same selection of names to be mentioned or the 
same interpretation of historical facts. Still less likely would be the agreement 
of independent writers on the pedagogic aspects of the question. Thus our 
readers will probably occasionally disagree with parts of Professor Lewis’s 
treatment or dissent from some of her conclusions. But it is believed that the 
article as a whole represents a consistent and just account, which should be of 
value to many readers, especially those concerned with the teaching of geometry. 

Professor Lewis’s contention that we should cease to fear redundancy in our 
list of assumptions seems irrefutable. A course in geometry for adolescents 
should not be planned in the same w-ay as a course for graduate students in the 
university. Why “ prove” to a high school student that circles with equal radii 
are congruent? To the poor student the proof brings no added conviction; 
while the good student wonders why, if this proof is logically necessary, it is not 
even more essential to show that no arc of a circle is a segment of a straight line. 
Both statements would be welcome as assumptions. 

Perhaps it is not easy to draw the line between what is to be assumed and 
what is to be proved. Probably every child would accept as assumptions the 
propositions on congruence of triangles; probably almost none would be satisfied 
to accept the angle sum of a triangle without proof. It may require some dis- 
crimination to decide just which theorems arouse in the student that demand for 
an answer which is the kernel of all successful teaching; but there can be little 
doubt that such decision should form the basis of our future treatment of ele- 
mentary geometry. 
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History op the Parallel Postulate . 1 
By Flobence P. Lews, Gouciier College. 

Like the famous problems of construction, Euclid’s postulate concerning 
parallels is a thought that links the ages. Its history is a long story with dramatic 
flimflx and far-reaching influence on modern mathematical and general scientific 
thought. I wish to recall briefly the salient features of the story, and to state 
what seem to me its suggestions in regard to the teaching of elementary geometry. 

Euclid’s fifth postulate (called also the eleventh or twelfth axiom) states: "If 
a straight line falling on two straight lines makes the interior angles on the same side 
less than two right angles, the two straight lines if produced indefinitely meet on 
that side on which are the angles less than two right angles.” The earliest commen- 
tators found fault with this statement as being not self-evident. Concerning the 
meaning of axiom, Aristotle says: “That which it is necessary for anyone to hold 
who is to learn anything at all is an axioms;” and “ It is ignorance alone that could 
lead anyone to try to prove the axiom.” Without going into the difficult question 
of the precise distinction to the Greek mind between axiom and postulate, we 
may take it that the character of being indisputable pertained to each. Postu- 
lates stating that a straight line joining any two points can be drawn, that a circle 
can be drawn with given center and radius, or that all right angles are equal, 
were accepted, while the postulate of parallels was scrutinized and admitted at 
best with reluctance. 

Proclus, writing in the fifth century A. D., gives some of the reasons for this 
attitude, and we may surmise others. The ‘postulate makes a positive statement 
about a region beyond the reach of possible observation or geometrical intuition. 
Proclus insinuates that those who “suppose they have ground for instantaneous 
belief” are “yielding to mere plausible imaginings”; the conclusion is “plausible 
but not necessary.” 2 The converse is proved in Proposition 27, book I of Euclid’s 
Elements, and there seems to be no reason why this proposition should be more 
or less self-evident than its converse. The fact that the two lines continually 
approach each other 3 was not a convincing argument to the Greek geometer 
who was acquainted with the relation of the hyperbola to its asymptote. The 
form of statement of the postulate is long and awkward compared with that of the 
others, and its obviousness thereby lessened. There is evidence that Euclid 
himself endeavored to prove the statement before putting it down as a postulate; 
for in some manuscripts it appears not with the others but only just before 
Proposition 29, where it is indispensable to the proof. If the order is significant, 
it indicates that the author did not at first intend to include this among the 
•postulates, and that he finally did so only when he found that lie could neither 
prove it nor proceed without it. 

1 Read before the Association of Teachers of Mathematics in New England, May 3, 1919. 

2 Cf. Heath’s Euclid, Yol. I, and Bonola’s Non-Euclidean Geometry, Chicago, Open Court, 
1912, to which reference is made throughout this paper. 

3 Even the meaning of this phrase requires further elucidation. 
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Most of the early geometers appear to have attacked the problem. Proclus 
quotes and criticizes several proofs, and gives one of his own. He instances 
one writer who even attempted to prove the falsity of the statement the argu- 
ment being similar to those used in Zeno’s paradoxes. The common opinion, 
however, seems to have been that the postulate stated a truth, but that it ought 
to be proved. Euclid had proved two sides of a triangle greater than the third, 
which is far more obvious than this. If the statement was true it should be 
.proved in order to convince the doubters; if false, it should be removed. In no 
case should it be retained among the fundamental presuppositions. Sir Henry 
Savile (1621) and the Italian Saccheri (1733) refer to it as a blot or blemish on a 
work that is otherwise perfect, and this expresses the common attitude of mathe- 
maticians until the first quarter of the nineteenth century. 

Early attempts at proof usually took the form of a change in the definition of 
parallels, or the substitution, conscious or unconscious, of a new 7 assumption. 
Neither of these methods resulted in satisfaction to any but their inventors; 
for the definitions usually concealed an assumption, and the new postulates 
were no more obvious than the old. Posidonius, quoted by Proclus, defines 
parallels as lines everywhere equidistant. This begs the question; surely such 
parallels do not meet, but may there not be in the same plane other lines, not 
equidistant, which also do not meet? The definition involves also the assumption, 
that the locus of points in a plane at a given distance from a straight line is a 
straight line, and this was not self-evident. 1 Ptolemy says that two lines on 
one side of a transversal are no more parallel than their extensions on the other 
side; hence if the two angles on one side are together less than two right angles, so 
also are the two angles on the other side, which is impossible since the sum 
of the four angles is four right angles. This is another way of saying that through 
a point but one parallel to a given line can be drawn, which is exactly Euclid’s 
postulate. Proclus himself assumes (with some concealment) that if a line cuts 
one of two parallels it cuts the other, which is again postulate 5. Even as late 
as the close of the eighteenth century we find this argument advanced by one 
Thibault, and attributed also to Playfair: Let a line segment with one end A 
at a vertex of a triangle be rotated through the exterior angle. Translate it 
along the side until A comes to the next vertex and repeat the process. We 
finally arrive at the original position and must therefore have rotated through 
360°. Hence the sum of the interior angles of a triangle is 180°; and, since 
Legendre had satisfactorily proved that this proposition entails Euclid’s postulate 
of parallels, the latter is at last demonstrated. The fact that the same process 
could equally well be carried out with a spherical triangle, in which the angle-sum 
is not 180°, might have given him pause. The assumption that translation and 
rotation are independent operations is in fact equivalent to Euclid’s postulate. 

1 It should be noted that even the meaning of the criterion suggests several questions of logic. 
If two lines are so placed that perpendiculars to one of them from points on the other are equal, 
will the same statement hold when the roles of the two lines are reversed? Will a perpendicular 
to one of two non-intersecting lines necessarily be perpendicular to the other? Of course the 
answers to these questions are closely bound up with the very postulate under discussion. — Editor. 
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Heath gives (1. c.) a long and instructive list of these substitutes. In the course 
of centuries the minds of those interested became clear on one point: they did 
not wish merely to know whether it was possible to substitute some other as- 
sumption for Euclid’s, though this question has its interest; they wished to know 
pr imar ily whether exactly his form of the postulate was logically deducible from 
his other postulates and established theorems. To change the postulate was 
merely to re-state the problem. 

After certain Arabs and Persians had had their say in their day, the curtain 
rises on the Italian Renaissance of the sixteenth century, where the problem was 
attacked with great vigor. French and British assailants were not lacking. 
The first modern work devoted entirely to the subject was published by Cataldi 
in 1603. When the eighteenth century took up the unfinished business of proving 
the parallel postulate, we find most of the giants of those days attacking the 
enemy of geometers with an even keener sense that without victory there could 
be no peace. Yet d’Alembert toward the close of the century could still refer 
to the state of the theory of parallels as “the scandal of elementary geometry.” 
Kliigel in 1763 examined thirty demonstrations of the postulate. He was 
perhaps the first to express doubt of its demonstrability. Lagrange, according 
to De Morgan, in about 1800, when in the act of presenting to the French Acad- 
emy a prepared memoir on parallels, interrupted his reading with the exclamation, 
“II faut que j’y songe encore,” and withdrew his manuscript. 

While the results of these investigations were on the whole negative, certain 
positive and valuable results were nevertheless obtained. The relation between 
the parallel postulate and the angle sum of a triangle was clearly brought out. 
Legendre proved that if in a single triangle the angle sum is two right angles, the 
postulate holds. Other equivalents are of interest. John Wallis and Laplace 
wished to assume: There exists a figure of arbitrary size similar to any given 
figure. Gauss could proceed rigorously provided he could prove the existence 
of a rectilinear triangle whose area is greater than any previously assigned area. 
W. Bolyai could have succeeded with the assumption that a circle can be passed 
through any three points not in a straight line. It must be borne in mind, more- 
over, that few mathematical questions have served so well as whetstones cm 
which to sharpen the critical powers of mankind. 

The work of the Italian priest Saccheri deserves notice because his method 
is that which finally brought the discussion to a close. Though published in 
1733 his results did not become well known until after 1880, and therefore bad 
little influence on other investigations. Legendre’s Reflexions, published a 
hundred years later, covered much of the same ground without advancing quite 
so far. The title of Saccheri’s work is Eudides ah omni Naevo Vindicate, 
Euclid Vindicated of every Flaw. His plan was to prove the postulate by- 
assuming its contradictory and showing that an inconsistency followed. He 
succeeded in proving that, according as in one triangle the angle sum is greater 
than, equal to, or less than two right angles, the same holds in every triangle, 
and that accordingly Euclid’s postulate or one of its contradictories will hold. 
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He makes three hypotheses which were recognized later to correspond to the 
elliptic, Euclidean and hyperbolic geometries. But at the end of his work, in 
order to exhibit a contradiction when Euclid’s postulate is denied, he is forced to 
make use of a somewhat vague and unacceptable assumption about “the nature 
of a straight line.” 

Gauss s activity in connection with the parallel postulate is of especial 
interest because of its psychologic aspect. It is difficult for us to picture a 
mathematician hesitating to publish a discovery for fear of the outcry that its 
publication might produce — perhaps not many would be displeased to awaken 
an echo ; yet this is believed by some to have been the attitude of Gauss. Though 
he was keenly interested and thought deeply on the subject of parallels, he pub- 
lished nothing; he feared, as he said, “the clamor of the Boeotians.” When 
forced to write a letter on the subject, he begs his correspondent to keep silence 
as to the information imparted. In 1831 he writes in a letter: “In the last few 
weeks I have begun to put down a few of my Meditations [on parallels] which 
are already to some extent forty years old. These I had never put in writing, 
so that I have been compelled three or four times to go over the whole matter 
afresh in my head. ■ Also I wished that it should not perish with me.” It is 
only when we call to mind the unrivalled place of honor held by Euclidean 
geometry among branches of human knowledge— a respect no doubt enhanced 
by the prominence given it in Kant’s Critique of Pure Reason — that we realize 
the uncomfortable position of one who even appeared to attack its validity. 
Gauss’s meditations were leading him through tedious and painstaking labors 
to the conclusion that Euclid’s fifth postulate was not deducible from his other 
postulates.. The minds of those not conversant with the intricacies of the 
problem might easily rush to the conclusion that Euclid’s geometry was therefore 
untrue, and feel the whole structure of human learning crashing about their ears. 

Between 1820 and 1830, the conclusion toward which Gauss tended was 
finally made sure by the invention of the hyperbolic non-Euclidean geometry 
by Lobachevsky and Johann Bolyai, working simultaneously and independently. 
The question, Is Euclid’s fifth postulate logically deducible from his other 
postulates? is answered by showing that the denial of this postulate while all the 
others are retained leads to a geometry as consistent as Euclid’s own. The 
method, we recall, was that used by Saccheri, whose intellectual conservatism 
alone prevented his reaching the same result. The famous postulate is only one 
of three mutually exclusive hypotheses which are logically on the same footing. 
Thus was Euclid “vindicated” in an unexpected manner. Knowingly or not, 
the wise Greek had stated the case correctly, and only his followers had been 
at fault in their efforts for improvement. To quote Heath: “We cannot but 
admire the genius of the man who concluded that such an hypothesis, which he 
found necessary to the validity of his whole system, was really indemonstrable.” 

Thus in some sense the problem of the parallel postulate was laid to rest, but 
its spirit marches on. If the fifth postulate could without logical error be replaced 
by its contradictory, could the other postulates be similarly treated? What is 

• 
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the nature of a postulate or axiom? What requirements should a satisfactory 
system of axioms fulfill? Are we sure that accepted proofs will bear as keen 
scrutiny as that to which proofs of the postulate have been subjected? The 
facing of these questions has brought us to the modern critical study of the founda- 
tions of geometry. It has been realized that if geometry is to continue to enjoy 
its reputation for logical perfection, it should at least try to deserve it. The 
edge of criticism, sharpened on the parallel postulate, is turned against the 
whole structure. Out of this movement has grown the critical examination of 
the foundations of algebra, of projective geometry, of mechanics, of logic itself ; 
and the end is not in sight. 

One obvious result of this critical study is that geometrical axioms are not 
necessary truths, but merely presuppositions: they are the hypotheses on which 
the whole body of theorems rests. It is essential that a system of axioms 
should be consistent with each other, and desirable that they be non-redundant, 
and complete. No one has found Euclid’s system inconsistent , 1 and redundancy 
would be a crime against elegance rather than against logic. But on the score 
of completeness Euclid is far from giving satisfaction. He not infrequently 
states conclusions which could be arrived at only by looking at a figure, i.e„ 
by space intuition; but we are all familiar with cases where space intuition 
misleads (for example in the fallacious proof that all triangles are isosceles), and 
if we accept it as a guide how can we be sure that our intuitions will always agree? 
In constructing an equilateral triangle Euclid says, “From point C where the 
two circles meet, draw • • • .” Perhaps they do meet — but not on the basis of 
anything previously stated. In dropping a perpendicular from a point to a line, 
he says a certain circle will meet the line twice. Why should it not cut thrice or 
not at all? In another proof he says that a certain line will lie within a certain 
angle. I see that it does, but I do not see it proved. We are told in the midst 
of a proof to bisect an angle of a triangle and produce the bisector to meet the 
opposite side. How do we know it will meet? Because it is not a parallel. 
And probably it is not parallel because it is inside the triangle. How do we 
know it is inside; or, being inside, that it must get outside? When have these 
terms been defined ? You may answer : It is not necessary to define them because 
everyone with common sense knows inside from outside without being told. 
“Who is so dull as not to perceive • • • ? ” says Simson, one of Euclid’s apologists. 
This may be granted. But it must be pointed out that common sense knows 
that two straight lines cannot enclose space, yet this is given prominence as an 
axiom; or that a straight line is the shortest distance between two points, yet 
this is proved as a proposition. To state in words what distinguishes the inside 
from the outside of a polygon is not easy. The word “between” is likewise 
difficult of definition. But the modern geometer imbued with the critical spirit 
feels it necessary to define such terms, and what is more, he finds a way of doing 


. 1 ^ in fact possible to show that the system is consistent, provided we agree to accept the 
axioms of arithmetic as consistent. While this is only a transformation of the problem, it is 
logically important to recognize the possibility of such a transformation.— -Editor. 
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Hilbert’s Grundlagen der Geometrie, published in 1899, is a classic product of 
this movement. It presupposes no space concepts at all, but only such general 
logical terms as “ corresponds to,” “associated with,” “determined by.” Con- 
trary to tradition, it does not begin by defining terms. The first sentence is: 
“I think of three systems of things which I call points, lines and planes.” Note 
the unadorned simplicity of the concept things . The axioms serve as definitions. 
They state, in non-spatial terms, relations between these “things”; that is to 
say, the points, lines and planes are such things as have such and such relations. 
“That is all ye know r on earth, and all ye need to know.” Twenty-one axioms 
are found necessary, as against Euclid’s meager five. . The whole work could be 
read and comprehended by a being with no space intuitions whatever. We could 
substitute the names of colors or sounds for points, lines and planes, and get on 
equally well. The ideal of making a thing “so plain that a blind man could see 
it” is literally realized. And the age-old ideal of a body of proved propositions, 
close-knit together by unassailable logic, is immeasurably nearer realization. 

Although to the best of my knowledge no one has yet had the hardihood to 
invite a child of fourteen to consider “three systems of things,” 1 the modern 
critical movement is not without bearing on problems of teaching. I wish, with 
proper humility, to put forward a few ideas on this subject. 

If it is true that our traditional formal geometry, taken directly or indirectly 
from Euclid, is not the logically perfect thing we had imagined, and if its modern 
perfected descendant is so abstract that not even the most rationalistic of us 
would venture to force it on beginners, why not acknowledge these facts and 
bravely face anew the question of how we can best make the study of elementary 
geometry serve its proclaimed purpose of training the mind? I would suggest two 
lines along which progress might be made. First, by sacrificing the ideal of non- 
redundancy in our underlying assumptions we could save time and stimulate 
interest by arriving more quickly at propositions whose truth is not immediately 
evident and which could be presented as subjects for investigation. Must we, 
because Euclid did it, prove that the base angles of an isosceles triangle are equal? 
A child that has cut the triangle out of paper and folded it over knows as much as 
any proof can teach him. If to treat the proposition in this way is repugnant 
to the teacher’s logical conscience, let him privately label it “axiom” or “postu- 
late,” and proceed, even though this proposition could have been proved. The 
place to begin producing arguments is the place where the truth of the proposition 
is even momentarily in doubt One statement which presents itself with a ques- 
tion mark and is found after investigation to be true or to be false is worth 
ten obviously true statements proved with all the paraphernalia of hypothesis, 
conclusion, step one and step two, with references. The only apparent reason 
for proving in the traditional way the theorems on the isosceles triangle and con- 
gruent triangles is in order to familiarize the student with the above-mentioned 
paraphernalia. This brings me to my second suggestion. 

Formal geometry has been looked upon as a complete and perfect thing to 

1 It is possible that Halsted’s Rational Geometry has a somewhat similar purpose.— Editor. 


22 QUESTIONS AND DISCUSSIONS. [Jail,, 

which the learner can with profit play the sedulous ape. h et 1 sometimes 1 hink 
that by emphasizing too early the traditional form of presentation of geometrical 
argument, and paying too little attention to the psychology of the learner, we 
may have corrupted some very good minds. “I wish to prove « . says the 
student;' meaning, I wish to prove something stated and accepted as true in 
advance of argument. Should we not prefer to have our students say, 14 1 wish 
to examine » . to understand, to find out whether . . to discover a relation 
between , . to invent a means of doing . . What better slogan could 
prejudice desire than “I wish to prove”? The conscienceless way in which 
college debaters collect and enumerate arguments regardless of the issues involved 
is another aspect of the same evil. A student said not long ago, “The study of 
mathematics would be good fun if we did not have to learn proofs. 55 It had 
never been brought home to her that mathematical reasoning is not a thing to be 
acquired, like a knowledge of Latin, verbs, but a thing to be participated in like 
any other form of exercise. Another said, “I cannot apply my geometry because 
all we did in school was to learn the proofs and pass the examinations.” 

In the midst of a proof the student hesitates and says, “I am sure this is the 
next step, but I cannot recall the reason for it.” The step and its reason would 
occur simultaneously to a mind that had faced the proposition as a problem 
and thought it through. I should like to see in every text an occasional page of 
exercises to prove or disprove. And if formal proofs must be printed in full, by 
all means let some of the proofs be wrong. 

When the student has thus halted with one foot in the air in this progress 
from step to step down the printed page, on what does the ability to proceed 
depend? On the ability to quote something: to quote, usually, a single state- 
ment compact, authoritative, triumphantly produced. Surely it is bad training 
that leads the mind to expect to find support for its surmises in a form so simple; 
and the temptation to substitute ability to quote in place of the labor of finding 
out the truth may be a real danger. What wonder if the mind so trained quotes 
Washington’s Farewell Address or the Monroe Doctrine and feels that its work 
is done? 

I do not mean that formal proof should never be given. It has its place as an 
exercise in literary composition; for it deals with the form in which thought is 
expressed. We should, however, take every possible precaution to see that the 
thought is first there to be expressed, lest the form be mistaken for the substance. 
Just how this is to be brought about I am not prepared to discuss, although I 
suspect that drawing and measurement in the early stages of study, problems of 
-construction and investigation, and the total absence of complete proofs from 
the printed page, would help. I wish merely to state my belief that only in so 

far as we succeed in these aims shall we succeed in making geometry really train 
the mind. 

It can be done, said the butcher, I think; 

It must be done, I am sure. 

One point further. Perhaps we are a little too modest about the importance 
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of having our students retain something of the subject-matter of the courses 
we teach. Evidently it is here that memory, based on understanding, should 
rightly be used. I sometimes think we might in some way collectively take out 
insurance against a student’s arriving at the junior year in college in the belief 
that two triangles are similar whenever they have a side in common. 
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Introductory Mathematical Analysis . By W. Paul Webber and Louis C. Plant. 
§ New York, Wiley, 1919. 13 + 304 pages. Price $2.00. 

This combination book for freshmen covers plane trigonometry and topics 
from advanced algebra, analytic geometry, and the calculus, which are treated 
in the order named. 

The first seven chapters (70 pages) may be said to form an introduction con- 
taining a review of algebra and geometry, and such general topics as computa- 
tions, including logarithms and the slide rule, rectangular coordinates with 
graphical representations of statistics and equations, classes of numbers, variables, 
functions, and limits. Interpolation in tables involving two independent vari- 
ables is given, and simple problems to determine the form of an equation repre- 
. seating a given empirical table are solved. In a later chapter some problems 
of the latter sort are solved by using logarithmic and semi-logarithmic paper. 

Chapter VIII (50 pages) gives the usual course in plane trigonometry in 
condensed form. In defining the six functions a tabular form is used in which 
a row is given to each function and a column to* an angle in each of the four 
quadrants, a point Pi(x h y{) being chosen on the terminal line of an angle a\ 
in the first quadrant, a point P 2 (x 2 , yl) on the terminal line of an angle a 2 in 
the second quadrant, etc. The table includes, in parentheses, the sign of each 
function for each quadrant. A radian “is defined by the equation Arc AB = r-Q, 
where r is the radius of the arc AB and 0 is the angle in radians.” Portions of a 
traverse table and of a table of haversines, and some problems in indirect fire, 
I appear among the applications. 

1 The chapter on the circular functions is followed by one on polar coordinates, 

complex numbers, and vectors, which connects trigonometry with algebra. 
Vector and scalar products are given considerable attention, with application to 
equilibrium of particles and rigid bodies. A short chapter on equations gives a 
few of the theorems from the theory of equations, but the opportunity to tie it to 
the preceding chapter by the theorem that complex roots occur in conjugate pairs 
was not improved. The reviewer holds no brief for this theorem, especially as he 
thinks other material more suitable for and valuable to freshmen than complex 
numbers, but the omission is noticeable in a text which considers the derivative 
% of u n for a complex value of n } which treats series with complex terms, and which 

^ expresses the sine and cosine in the well-known exponential forms in order to 
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obtain their derivatives. Real roots of equations of higher than the second degree 
are approximated by synthetic division without shifting the //-axis. 

The chapters on analytic geometry (41 pages) are devoted chiefly to the 
straight line and conic sections. These are treated very compactly, but with 
the completeness of many texts. Space is saved in the chapter on conies by 
leaving much of the theory to be worked out as exercises. For example, the 
equation of an ellipse is derived in the form 

(1 — e s )x 2 — 2 epx -f y~ = 0, 

and the following exercises given. 

“2. Move the origin to the point (ep/(l — e 2 ), 0) to remove the term in the 

first power of x.” 

“3. Call epl( 1 ~ e 2 ) — a and (1 — e 2 )a 2 = Ir in the equation obtained in 

example (2) and show that the equation reduces to 


■r , r 

a- b~ 


1 / 


Nearly a third of the book (88 pages) is given to the calculus. The e, i> 
form of proof is used for the preliminary theorems on limits, the derivative intro- 
duced in a purely formal way, and the theorems necessary for differentiating 
algebraic functions, implicit as well as explicit, are obtained before it comes to 
light that the derivative has any concrete significance, either as the slope of a 
tangent line or as a rate. Series receive an extended treatment. Maclaurin’s 
series is obtained by differentiating an assumed expansion and determining the 
coefficients. The function e x is defined as a series, and the expansion of e &, ‘ 
is the basis for obtaining the derivative of e u . Integration is considered as the 
inverse of differentiation, and also as the limit of a sum. The applications of the 
calculus most emphasized are tangent lines, maxima and minima, velocity and 
acceleration, plane areas, volume of a solid of revolution, work, and centroids. 

Much of the material is presented in a very compact form, so that, as stated 
in the preface, “The teacher will find an opportunity for originality in developing 
the text and at times a necessity for more details.” The authors’ style is some- 
times abrupt, as in the sentence “Let student solve and verify,”' and a few 
sentences are open to more serious criticisms. For example : “ Let .t he a variable 
and a some constant. Then if a — a: assumes its sequence of values in order, 
there comes a stage, such that, for all subsequent values of x, the numerical 
value of a — x becomes and remains less than any assigned small value e, then 
a is called the limit of x” (page 64). “If, at a given instant of time, the speed 
of a body becomes uniform, then the distance As, passed over in the time At, 
is the instantaneous speed at the given instant” (page 214). The treatment of 
instantaneous speed which follows the latter quotation is unsatisfactory in that 
it confuses two different meanings of As. 

Brier Hill, N. Y, ARTHUR SULLIVAN Gate. 

August, 1919. , 
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NOTES. 

■ e , i S t,be . Cambridge University Press began tie republieation in collected form of 
fh^Y/w Math ^ Hc f l and Physical Papers. In this publication he introduced for the first time 
the soMus notation for division, originally introduced by De Morgan in his article on the Calculi 

of Functions in the Encyclopaedia Melropolitana. If a fraction like %ra differential coefficient 

, dy . ■ b 

such as dx , is mentioned m the text, the printing of such expressions requires a good deal of 

• , 0n tbe part , of tbe COI »positor. To avoid this expense and the loss of space Stokes 
^ohS>Hn ^ J mear n0 m tl0 p a ’ b f m } d y! dx -” [A. Macfarlane’s lecture on “Sir George Gabriel 
10^101 ] LeCiWeS ° n Ten Bnhsh Ph J siasls °f the Nineteenth Century (New York, 1919), pp. 

Tlie Mathematical Association of Japan for Secondary Education issued the 
. t number °J Volume 1 of its Journal under date of April, 1919. It is pub- 
lished by M. ICaba, Tokyo, as chief editor, assisted by M. Ivuroda, M. Watanabe, 
b. JN agao and H. Furnkawa. While all papers in this issue were printed in Japa- 
nese, the announcement is made that contributions in English are accepted. The 
contents of the initial issue are as follows: , 

Treatise 

Presidential Address by T. Hayashi. 

Miscellanies 

• , 0l l th tf a P !l , of log x by M - Kaba ; hst of market prices and some technical terms in b usin ess 

schools by M SOme * yllabi ° f matbematics in the European and American secondaiy 

Problems for Consideration 

„ _P“ el *tranee exammation by M. Kaba; on the equipment for teaching of mathematics by 
“i* 0; ? teaching of arithmetic in the middle school course by M. Kuniyeda* on the 

teaching of graphs m the middle school course by M. Kuroda. 

Mathematical Problems by M. Watanabe; Book Reviews; Questions; Miscellaneous Re- 
ports; Social Column; Special Reports. 

ARTICLES IN CURRENT PERIODICALS. 

BulIiEtin HE S ^ SCIENCES Mathematiqtjes, volume 54, March, 1919: Review by R. 
Carnier of E. Turriere ? s Sur le calcul des objectifs astronomiques de Fraunhofer (1917) 49-50* 
Sur im theor&ne relatif a Pextension du theoreme de Rolle aux fonctions de plusieurs variables” 
i a 1 5 M~ 5 i ; “ Sur , ie calcui des Perturbations ” by H. Vergne, 51-72; Revue des publications 
“ 1 ;‘7 A ' 4: ;r"4 pril: - Revlew h y A * Boulanger of P. Duhem’s Etudes sur Leonard de Vinci . Troisieme 
sene (Pans, 1913), 73-77; “Sur le calcul des perturbations” (suite et fin) by H. Yergne 78-79* 

“La sene -H- y 4 xt + A + xV + xV 4* * .+ A + it + it + is 4* *4 ou les denomina- 

teurs sont nobres premiers jumeaux’ est eonvergente ou finie” by V. Brun, 100-104 (k suivre). 

Buijletin of the American Mathematical Society, volume 26, no. 1, October, 1919- 
In memory of Gabriel Marcus Green” by E. J. Wilczynski, 1-13 [Quotation: “In the six short 
years oi his mathematical career, from 1913-1919, he enriched geometry with so many new ideas 
and important results as would suffice to excite our admiration if they had been spread over all 
of abnormal life time, In his death we have suffered a heavy loss, but his life and work will 
continue to be, for many of us, an everlasting source of strength and inspiration”]: “Reduction 
of the elliptic element to the Weierstrass form” by F. H. Safford, 13-16; “A note on 'continuous 
mathematical induction 5 ” by Y. R. Chao, 17-18; “On the number of representations of 2 n as a 
sum of 2r squares” by E. T. Bell, 19-25; “Some functional equations in the theory of relativity” 
by A, C. Lunn, 26-34; “Formulas for constructing abridged mortality tables for decennial ages” 
by C. H. Forsyth, 34-38; Review by F. W. Owens of Dowling's Projective Geometry (New York, 
1917), 39-40; Review by C. F. Craig of McClenon’s Introduction to the Elementary Functions 
(Boston, 1918), 40-41; “Notes” and “New Publications,” 41-48. 





Bulletin op the First District Normal School, Kirksville, Mo., volume 15, no. 9, 
September, 1915; Mathematics Series no. 1: “The use of the graph in geography teaching’ by B. 
Cosby, 7-8; “A plan for the study of stocks and bonds” by W. H. Zeigel, 9-1 ! ; ‘‘The history 
of mathematics as an incentive to mathematical study’’ by G. if. Jamison, 15-20; “The value oi 
a life setting to algebra problems” by B. Cosby. 21-25; “Analytic geometry in our high schools” 
by W. H. Zeigel, 26-32; “Sets of orthogonal functions and their oscillation properties” by C. A, 
Epperson, 33-38; “A teacher’s library” by G. H. Jamison, 38-39; “'Henry Wind Beecher and 
mathematics,” 40— Volume 16, no. 10, October, 1916; Mathematics Series no. 2: “Building and 
loan associations explained” by W. H. Zeigel, 5-10; “An experiment in teaching algebra” by C. 
A. Epperson, 11-13; “Some suggestions and observations on the teaching of high-school mathe- 
matics” by G. H. Jamison, 14-20; “The purpose and content of high-school arithmetic” by B. 
Cosby, 21-30; “The cube root of a binomial surd” by W. H. Zeigel, 31-38—" Volume IS, no. 12, 
December, 1918 (published August, 1919). Mathematics Series No. 3 l : “A geometrical problem 
— proof and application” by W. H. Zeigel, 5-10; “Keeping abreast of the times” by G. H. 
Jamison, 11-13; “Investments” by Byron Cosby, 14-20; “A suggested problem for classes in 
analytic geometry and surveying” by C. A. Epperson, 21-23 ; “The role of assumptions and 
definitions in high school mathematics” by G. H. Jamison, 24-30. 

Journal of the United States Artillery, Volume 50., June 1919: “A method 
of computing differential corrections for a trajectory” by G. A* Bliss, 455-460 [reprinted from 
corrected proof in volume 51 (October), 445-449]— Volume 51, August: “Equations of differential 
variations in exterior ballistics” by W. E. Milne, .154-159— September: “The new ballistics” 
by R. S. Hoar, 285-295; “The use of adjoint systems in the problem of differential corrections 
for trajectories” by G. A. Bliss, 296-311; “Effect of the earth’s rotation upon the point of fall” 
by P. Field, 328-329— October: “Rotating bands” by O. Veblen and P. L. Alger, 355-390. 

Nature, volume 104, September 25, 1919: “Mathematics at the University of Stressburg” 
by H. B. Heywood, 74; The “algebraic cube,” 79 [model in eight pieces illustrating the formula 
(a -f b) 8 = a 8 + 3 a 2 b 4* 3ab 2 + b 3 . “The blocks are supplied in a neat cubical box, 10 cm. to 
the edge, by Messrs. Barnes and Morris, Ltd., scientific instrument makers, Audrey House, Ely 
Place, London, E. C. 1]; The University of Edinburgh Mathematical Institute, 87— -October 9: 
Review by S. Brodetsky of T. R. Running’s Empirical Formulas (New York, 1907), H, B. Phillips’s 
Differential and Integral Calculus (New York, 1916-17), W. P. Milne and G. S. B. "West cult’s 
First Course in the Calculus , Part 1 (London, 1918), R. C. Fawdry’s Dynamics , Part 2 (London, 
1919), and R, S. Heath’s Solid Geometry (London, 1919), 109-111); P. E. B. Jourdain, 117 [“ With 
the mathematician Philip Edward Bertrand Jourdain there died on October 1 a truly remarkable 
man. Jourdain lived only thirty-nine years, but the amount and value of the work that he ac- 
complished, considering the disability under which he labored, are almost incredible. ... He 
went up to Cambridge in 1898, then already a cripple. During his course at Cambridge he spent 
some time in Germany and became a fluent and scholarly linguist, speaking and reading several 
European languages. In 1904, though now physically quite incapacitated, he was awarded the 
Allen mathematical scholarship for research, and throughout the remainder of his short career 
his main activities were directed to the prosecution of mathematical investigations. His most 
important work was the discovery of certain series of infinite numbers. Working with Russell 
and Whitehead, he showed that certain arithmetical processes could be applied to them, and thus 
he obtained new and interesting results. He continued on this line of research, and even a few 
days before Ms death, of the imminence of which he was fully aware, he succeeded in demonstrating 
the existence of a previously unsuspected series of infinities. , . , Jourdain contributed extensive 
mathematical articles to the last edition of the Encyclopaedia Brittanica . He founded and edited 
the International Journal of Ethics . He was for some years the English editor, and since the death 
of Cams in 1918, the chief editor of the Monist. He also made a number of translations for the 
Open Court Publishing Co . J ourdain took the liveliest interest in the movement for encouraging 
the history of science. He was a contributor to Isis } and at the time of his death he had in prepara- 
tion an article for the Studies in the History and Method of Science which it is hoped he may have 
left in a state ready for publication”]; “Hindu Spherical Astronomy,” 119 [“Mr. G. R. Kaye has 
published a paper on 4 Ancient Hindu spherical astronomy’ in the Journal and Proceeding of the 
Asiatic Society of Bengal (Vol. 15). In this he summarises, with the aid of modern mathematical 
formulae, the fundemantal portions of the principal classical astronomical texts, which date from 
between A.D. 498 (the Aryabhatiya) and about A.P, 1000, w hen the redaction of the Surya Sidd- 

1 For this number the Bulletin was called Bulletin of the State Teachers College . 
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iianta now extant was written. Indian trigonometry is, like Indian astronomy, of Greek origin, 
but the Indians developed the methods received from the Greeks in various ways. There seems 
to be no doubt that the Indians were the first to introduce the use of sines instead of chords, and 
to compute the table of sines. But they never went further, and did not make use of the tangent 
function. They never gave a proof of any rule they enunciated. . . .”] 

OPEN COURT, volume 33, September, 1919: [a Paul Cams number with portrait] “The ideals 
of the life and work of Paul Caras” by P. E. B. Jourdain, 521-523 [Quotation: “At the Gym- 
nasium of Stettin he came under the influence of the great mathematician Hermann Grassmann, 
of whom he always spoke with affectionate respect. Later he studied at the Universities of 
Sirassburg and Tubingen. Owing to the need he felt so strongly for keeping his independence 
of thought, he resigned a teaching post in Germany and came first to England and then to 
America”]. 

Revue be Metaphysique et be Morale, 26. annee, July-August, 1919: “A propos de la 
demonstration geometrique : Reponse a M. Goblot” by L. Rougier, 517-521. 

Revue generals bks Sciences puses et appliquees, 30. annee, nos. 15-16, August, 
1919: “La vie et F oeuvre de Leonard de Vinci. A propos du quatrieme centenaire de sa mort” 
by F. Bottazzi, 465-477; Review by R. D’Adhemar of P. Boutroux’s Les Principes de V analyse 
mathematique . Expose historique et critique , volume 2 (Paris, 1919), 492. 

REVUE Scientifique, August 16-23, 1919: “Le temps et sa mesure” by M. Moulin, 486- 

494. 

School Science and Mathematics, volume 19, no. 7, October, 1919: “What graphical 
and statistical material should be included in the ninth-grade mathematics course?” by L. E. 
Mensenkamp, 595-598; “ Developing ability to solve the verbal problem; the basic aim of the ninth 
grade course” by Elsie G. Parker, 599-604; Problems and solutions, 655-658; “The theorem of 
Niehomachus” by U. P. Davis, 663 [“Cubical numbers are sums of consecutive odd integers”]; 
“ Central Association of Science and Mathematics Teachers” by C. S. Winslow, 664-665. 

SCIENCE, new series, volume 50, August 30, 1919: “New activities in the history of science” 
by L. C. Karpinsld, 213-214— September 12: “Not ten but twelve!” by W. B. Smith, 239-242 
[advocating duodenary scale of notation]. 

Scientia, volume 26, no. 3, September, 1919: “La teoria di relativity nel suo sviluppo 
storico. Porte I® : La relativity della prima maniera ” by A. Palatini, 195-207, supplement, 59-72; 
“Le danger de 1’application du calcul des probabilities aux sciences de la nature et en particular 
y Fastronomie” by E. Belot, 242-246; Review by G. Scorza of Montessus de Ballore’s Lemons 
stir les Jonctions elliptiques en vue de leurs applications (Paris, 1917), and Exercices et legons de 
mecamque analytique (Paris, 1915), 247-248; Review by U. Ricci of G. H. Knibbs J s The Mathe- 
matical theory of population (Melbourne, 1917), 260 [The review: “L J 4minent directeur de 3a 
statistique offieielle de PAustralie a voulu donner une preuve de sa bravoure en reunissant en un 
gros volume une collection tres etendue de formules mathematiques permettant de mesurer les 
phenomenes d^mographiques. Les instruments analytiques propres y d^finir et h d4crire la 
consistance et les variations d’une population dans ses divers aspects (distribution d J une population 
par sexe et par &ge, masculinity, c'est-y-dire proportion entre hommes et femmes, natality, nuptial- 
ity, fecondite, mortality, migrations) sont forgys, adapt4s et appliquys avec grande richesse, nous 
dirons presque avec luxe. De tr£s nombreuses courbes et surfaces sont dessinyes dans le volume, 
et cdte-y-cote avec la thyorie s’avancent les exemples tirys du recensement australien de 1911 et 
dualities statistiques australiennes, sans parler de comparaisons ytablies avec les donnyes em- 
pruntyes h d’autres pays. Tons ceux qui s’oceupent de statistique gyn6rale et de demographic 
consulteront avec profit ce volume qui est une mine de precieuses et minutieuses ytudes”]. 

SCIENTIFIC American Supplement, volume 88, September 20, 1919: “Derivation of new 
magic squares” by “Weg,” 191. 

Scientific Monthly, volume 9, no. 4, October, 1919: “Linkages” by F. V. Morley, 
366-378. 

Transactions of the American Mathematical Society, volume 20, no. 3, July, 
1919: “Certain types of involutorial space transformations” by F. R. Sharpe and V. Snyder, 
185-202; “On a new treatment of theorems of finiteness” by O. E. Glenn, 203-212; “On the 
theory of developments of an abstract class in relation to the calcul fonctionnel” by E. W. Chitten- 
den and A. D. Pitcher, 213-233; “On the influence of keyways on the stress distribution in cylin- 
drical shafts” by T. H. Gronwall, 234-244; “Some convergent developments associated with 
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irregular boundary conditions” by J. W. Hopkins and D, Jackson, 245-259; “Groups possessing 
a small number of sets of conjugate operators” by G. A. Miller, 260-270* 

ZEITSCHRIFT FUR M ATHEM ATI S CHEN IJNB HATOE WI SSEN SC H A FT L 1 0 It EM Ik\ T KK R1 C * II T . 
volume 50, no. 4-5, April, 1919: “Em neues element ares Verfahren mr Losung von Exm maul- 
gaben” by H. Dorne, 153-177; “Ueber die Konstruction der Ellipse” by E. Wiedemann, 177 - 181 : 
“ Aufgaben-Hepertorium,” 1S9-192. 

AMERICAN DOCTORAL DISSERTATION 

J. H. Weaver, “Some extensions of the work of Pappus and Steiner on tangent circles,” 
American Mathematical Monthly, January, 1920, volume 27, pp. 2-11; also reprinted. (Penn- 
sylvania, 1916.) 


UNDERGRADUATE MATHEMATICS CLUBS. 

Edited by U. G. Mitchell, University of Kansas, Lawrence. 

CLUB ACTIVITIES. 

The Mathematics Club of Brown University, Providence, R. I. 
[1918, 33-34, 459; 1919, 167]. 

April 18, 1919: “The mathematical theory of investments” by Professor Clinton 
H. Currier. 

May 15: “Mathematics in chemistry” by Esther A. Brintzenhoff ’19; “Isosceles 
trigonometry” by Chauncey D. Wentworth ’20; “History of calculating 
machines” by Mr. W. L. Morden, New England manager of the Monroe 
Calculating Machine Company. Election of officers. Taking of club photo- 
graph. ■; W ■ ■ . 

June 4: Picnic. 

The average attendance at the meetings for the year 1918-19 was 47. The 
officers elected for the year 1919-20 were: 

Chairman of Club, Professor Roland G. D. Richardson; 

Committee on Program, Professor Raymond C. Archibald, Alice F. Hildreth 
Gr., Pauline A. Barrows J 21, Chauncey D. Wentworth ’20, Daniel E. Whitford 
’ 20 ; 

Committee on Arrangements, Professor Ray E. Gilman, Frances M. Merriam ’20, 
Constance W. Haley ’21, Raymond L. Wilder ’20, Marshall H. Canncll ’22, Bruce 
H. McCurdy ’22. 

The Mathematics Club of Connecticut College, New London, Conn. 

[1918, 270, 460]. 

Active membership in this club is limited to students pursuing courses in 
mathematics beyond the regular freshman requirement. There were ten members 
of the club in 1918-19 and due to influenza and diphtheria quarantines as well 
as to -war conditions only four formal meetings were held. 

The officers for 1918-19 were: President, Margaret Maher ’19; secretary, 
Justine McGowan ’20; treasurer, Louise Avery ’21. These officers constitute 
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the committee on program and arrangements. At the meeting of May 16, 1919, 
Justine McGowan ’20 was elected president for the year 1919-20. 

Programs for the four meetings are given below. 

November 23, 1918: “Arithmetic in the educational program of earlier days” 
by Professor David D. Leib. 

February 4, 1919: “Flatland” by Dorothea E. Peck ’19. 

April 15: “Calculating machines” by Marie Munger ’2Q. 

May 16: “ Mathematical puzzles and paper cutting” by Dorothy Pryde ’21. 

Mathematics Club of Iowa State University, Iowa City. 

This club was organized and held its first meeting April 3, 1919. During 
the year 1918-19 it was not primarily an undergraduate club since its officers 
were all graduate students or members of the faculty and students had no part 
in the programs presented. However, junior and senior students were asked to 
attend the meetings, were allowed to vote and an effort was made to keep the 
matter presented within the range of their mathematical advancement. It is 
intended that undergraduate students shall take part in the programs to be given 
in 1919-20. 

The officers for the remainder of the year 1918-19 were: President, E. M. 
Berry Gr.; secretary-treasurer, Helen J. Williams Gr.; program committee, 
E. M. Berry Gr., Professor Richard P. Baker and Professor Edward W. 
Chittenden. 

The programs for the remainder of the year 1918-19 are given below. 

April 3, 1919: “On functional relations for which the correlation coefficient is 
zero” by Professor Henry L. Rietz. 

April 17: “Graphical solutions for the imaginary roots of an algebraic equation” 
by Rutherford E. Gleason, Instructor in Mathematics. 

May 1: “Computing the mean and standard deviations of a frequency distribu- 
tion” by Professor John F. Reilly. 

May 15: “Some applications of differential equations” by Professor Raymond B. 

McClenon, Grinnell College, Grinnell, Iowa. 

May 28: “Some properties of cubic curves” by Frank M. Weida, Instructor in 
Mathematics. 

Mathematics Club of Iowa State Teachers College, Cedar Falls 

[1918, 311-312, 459]. 

The officers for the summer term 1918 were: President, Professor Peter 
Luteyn; secretary, Lorena F. French ’18; executive committee, Professor Ira 
S. Condit, Professor Charles W. Wester and Margery Kinne ’21. ^ 

The officers for the fall, winter and spring terms were: President, Professor 
Emma F. Lambert; secretary, Mary A. Peters T9; executive committee. Pro- 
fessor Charles W. Wester, Professor Robert D. Daugherty and Garnet Maulsby 
’20. The executive committee prepares the programs and decides on the dates 
of meetings. 
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Programs between May, 1918, and May, 1919, were as follows: 

May 8, 1918: “ Group recitations in geometry” by Phoebe Cowan ’18; “ Teaching 
of algebra in secondary schools” by Garnet Maulsby ’20; “The number 
concept” by Verna Zarr IS. 

May 29: “The correlation of mathematics in secondary schools” by Lorena F. 

French ’IS; “Calculus applied to physics” by Laura Huber T9. 

June 27: “Tests of efficiency in teaching” by Mr. Charles W. Kline, superin- 
tendent of schools, East Waterloo, Iowa. 

July 10: “Supervised study in secondary schools” by Miss Jessie Cunning, 
Instructor in Mathematics, Ft. Dodge High School, Ft. Dodge, Iowa; 
“The equation as an interpretation of the problem” by Principal W. E. 
Beck, Iowa City High School. 

July 31: “Important points to be emphasized in the teaching of algebra” by 
Principal W. E. Beck, Iowa City High School. 

August 14: “Standard forms in teaching arithmetic” by Miss Olive Tilton, 
Supervisor of Mathematics, Iowa State Teachers College Training School. 
November 20: “An introduction to modern geometry” by Professor Wester; 
“Pascal’s theorem” by Eleanor Sweeney T9; “Brianchon’s theorem” by 
Garnet Maulsby ’20; “Harmonic sets” by Dora Hospers ’20; “Poles and 
Polars and applications to metrical relations” by Mary A. Peters T9. 
January 29, 1919: “Rhythm in number land” by Professor Daugherty. 
February 19: “The development of number” by Garnet Maulsby ’20. 

March 19: “Chicago meeting of the Department of Superintendence, N. E. A.” 

by Professor Condit; “The fourth dimension” by Eleanor Sweeney T9. 
April 16: “The metric system” by Professor Lambert. 

April 30: “Fractions” by Professor Wester; “Irrational number” by Bernice 
Wilcox T9. 

Mathematics Club op Mount Holyoke College, South Hadley, Mass. 

[ 1918 , 312-313, 458]. 

October 19, 1918: Social meeting. 

November 16: “The abacus and other forms of counting machines” by Dorothy 
C. Smith ’19. b 

January 18, 1919: “Fundamental principles of flight” (illustrated with models 
of monoplanes) by Elizabeth R. Laird, Professor of Physics. 

February 15: “History and applications of logarithms and the slide rule” by 
Thelma Bridge ’20, Margaret F. Wilcox T9 and Mildred Allen, Instructor 
in Physics. 

Mathematics Club of the University op Washington, Seattle [ 1919 , 170]. 

An account of this club was published in the April, 1919, number of the 
Monthly. The supplementary items of information given below are found in 
the Monthly for December, 1905. 
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The club was organized in the autumn of 1905 . The first officers were: 
President, Professor Robert R. Moritz; secretary, Professor Frank M. Morrison. 
The monthly meetings of the club were devoted to reviews, current mathematical 
literature and reports on original work. 


PROBLEMS AND SOLUTIONS. 

Edited by B. F. Finkel and Otto Dunkel. 

Send all communications about problems and solutions to B. F. FINKEL, Springfield, Missouri. 

PROBLEMS FOR SOLUTION. 

2799. Proposed by if. C. BRADLEY, Massachusetts Institute of Technology. 

A newspaper recently gave this problem: Cut a regular six-pointed star into the fewest 
number of pieces which will fit together and make a square. The newspaper gave a solution in 
seven pieces. First cut off tw r o opposite points of the star. Divide each into two parts, and fit 
to the remaining portion of the star so as to make a rectangle. Find the mean proportional 
between the length and breadth of this rectangle (construction not shown); tills is the side of 
the required square. Using this dimension on the two long sides of the rectangle, divide the 
latter into three pieces, which make the square. Total seven pieces. 

How may the square be formed with not more than five pieces? 

2800. Proposed by A. M. HARDING, University of Arkansas. 

If x + y + z = xyz, show that 

2x 2 y .2s _ 2a: 2 y_ 2 z 

1 - + 1 - ^ 1 - ? 1 - X 2 ■* 1 - t ‘ 1 - 5 s * 

2801. Proposed by A. S. HATHAWAY, Rose Polytechnic Institute. 

A dog at the center of a circular pond makes straight for a duck which is swimming along the 
edge of the pond. If the rate of swimming of the dog is to the rate of swimming of the duck as 
n : 1, determine the equation of the curve of pursuit and the distance the dog swims to catch 
the duck. 

2802. Proposed by WARREN WEAVER, Throop College of Technology. 

* Consider two circles, each of radius k, with centers at (0, 0) and (7c', 0) respectively, where 

is less than k. Through the point (7c', 0) draw a ray making an angle 9 with the positive a-axis. 
Call the intersection of this line with the first circle A t and with the second circle B. Extend the 

line through the point (&', 0) in the opposite direction, and call the intersection of this extension 

with the first circle A' } and with the second circle B'. Prove that the sum of the two segments 
AB and A'B f is independent of k, and depends only upon k' 9 i. e. the shift of the circles, and 6 . 

2803. Proposed by S. A. COREY, Des Moines, Iowa. 

In the November, 1918, number of the Proceedings of the Edinburgh Mathematical Society 
(Vol. 36, part 2, page 103), Professor Whittaker gives the following formula for the solution of 
algebraic and transcendental equations: 

The root of the 
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which is smallest in absolute value, is given by the series 


I a^m 


m _ 

fio 2 ®2 

ad 

x&gOs'j . 
a j&2 j 

ad \ (lianas \ 

1 1 

Ctrl’ 

di 

Ul&2 

j «ia 2 I 

aia^s 

aia-m amflam 


CLtidl 

| ■ j ftofti ; 

maidi 
0 a Q ai 

! maids ! ; mamm 

; j o mm I : o umm 

\ 0 0 o.oa i 


In case of any algebraic equation with imaginary or complex* roots the above formula clearly 
fails. State the conditions under which the formula may be relied upon to give correct results. 

2804. Proposed by T. H. GR0NWALL, Washington, D. C. 

Show that for j x | <1 

1 f*x dx , , “3*7 • • • (4n — 

'(in ~~ 3)(4 n - 
(4 ft — 5} (4ft 
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\V0 ■yll — x*) ‘ V 5-9 ..* ( 
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■“7===. = *r -f- S-rx 
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Tift- - 3)(4n“+ 1) * 2ft + r 


2805. Proposed by C. N. mills, Brookings, S. Dakota, 

Derive the expression for volume 

v = f j J p 2 sin 4>dpdipd & . 

In Byerly’s Integral Calculus , page 183, revised edition, is a method by revolution, and in 
Czubers’s Integralrechming , page 200, is a method using the Jacobian determinant, 

Required, a simple method one might use in developing the volume integral in polar co- 
ordinates. 

2800. Proposed by R. e. moritz, University of Washington. 

An anthropologist told me recently that large numbers of Russian peasants, whose knowledge 
of numbers is limited to multiplication and division by 2, employ the following method of multi- 
plication which they were taught by a priest. 

(1) Write the two numbers to be multiplied in the same horizontal line. 

(2) Multiply the first number by 2 and write the product under the number so multiplied, 

(3) Divide the second number by 2, discarding the remainder 1 when it occurs, and write the 
quotient under the number so divided. 

(4) Treat the product and quotient thus obtained in the same maimer as the original num- 
bers. Continue this process until the quotient 1 is obtained. 

(5) Strike out all the numbers on the left for which the corresponding numbers on the right 
are even. 

(6) Add the remaining numbers on the left. Their sum is the required product. 

Problem: Prove that this rule is correct. 

SOLUTIONS OP PROBLEMS. 

■442. (Geometry) [1914, 158; 1919, 268]. Proposed by B. SMITH, Hampden-Sidney 
College. 

, If any three straight lines AD, BE, OF, be drawn from the corners of the triangle ABC to 
the opposite sides a, b, c, they will enclose an area. If A, A" be the areas of the triangles ABC t 
DEF, show that 

A" l: (AF'BD'CE - AE'CD'BF) 2 

A (ah - CE * CD) (be - AE~*AFj(ca~-~ BF~BD) * 

where the signs of the factors are to be determined by the following rule: Each segment being 
measured from one of the corners of the triangle ABC , along one of the sides, is to be regarded as 
positive or negative according as it is drawn towards or from the other corner in that side. 



PROBLEMS AND SOLUTIONS, 


I. Solution by Frank Irwin, University of California,. 

Tlie proposition is incorrectly stated: D, E, F being the points of intersection with the 
opposite sides of the lines drawn through , the vertices, A" should be the area of the triangle, 
A'B'C', formed by these three lines (not of DEF). 

Taking AB, AC as the axes of x, y, y = mx as the equation of AD, and AE = h, AF = c h 
the problem is a straightforward piece of analytic geometry. We readily find that D is the point 
[bc/(b + cm), mhc/(b 4 cm)]; A f , [(b ~ h)cd/(bc - hd), (c - ci)66 2 /(6c - & a ci)]; B f , [6cj/(6 4ciw), 
mhcil(b 4 cm)]; O', [h c/(6 a 4 cm), mhc/(b 2 4 cm)]. 

The area of a triangle with vertices (#i, yi), (x 2 , y 2 ), (x 3} y 3 ) being given by the expression 


If we subtract m times the first column from the second, we get 

A ff _ 1 (c “- ci)"65 2 yy m(b ~~ bQcci / b 2 c bci \ __ [(c — Ci)bb 2 — m(b — h 2 )ccif 

A be be — h 2 Ci \ &2 4 cm b 4 dm) bc(bc — 6 2 ci)(6 2 4 cm)(b 4 dm) * 

On the other hand we find, by similar triangles, that BD = acmj(b 4 cm); whence 
CD = dbf(b 4 cm ). Also BF = c — C\, CE = b — 6 2 . A little examination will show that, 
with the convention as to signs made in the statement of our proposition, these values hold, 
not only for the case exhibited in the figure, but whatever the positions of the points D, E, F. 
If, for instance, D lie in BC produced then BD is positive and m negative; but as b 4 cm is then 
also negative (for the abscissa of D, 6c/ (6 4 cm), is then negative), BD still has the value given 
above (rather than its negative). 

The right side of our proposed equation is now equal to 


acm 


[afc - (6 - W 9c - ta) [« - (c - C) 

As this reduces at once to the value found above for A" /A, our proposition is proved. 

It may be noted that for the special case where the three lines drawn through the vertices 
meet in a point we get the familiar property AF-BD-CE = AE-CD-BF. 


IL History of the Problem and Cesaro’s Solution, by R. C. Archibald, 

Brown University. 

The result of this problem, in its corrected form, was given by E. Cesaro in an article published 
more than twenty-five years ago. 1 It is, however, equivalent to the following, given twelve years 
earlier by C. Herkema 2 : 

A" 7ir p~(m — q) 2 

A ~~ (mn 4 wp 4 np) (mp 4 np 4 nq) ( n P 4 nq 4 pq) [ 
where BDjDC = nip, CE/EA - pjq, AF/FB ==• min. On th e special assumption that 

1 “Etude de transversales,” Mathesis, April, 1884, Volume 4, pp. 85-86. 

2 Nouvelles annales de mathematiques, 1872, (2) Volume 11, p. 477. 
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He showed that if 


AF .» k-AB, BD - &•£<?, CE = &*CA, T. Clausen showed in 1832 3 that 

at i - i\ ± m 
a ~ 1 -1 + &*“ • 

In the same number of “Creile ,} (page 202) Steiner generalized this result.- 
AF « <*-A£, BD - 0‘BC, CE = 7*01, 

AU __ 1 _____ (1 — a)7 _ ( 1 — £)« JLt 7 .?# 

A 1 — a 4* <xy 1 — jS + : /5a 1 ™ 7 T 7$ 

In a problem proposed for solution Cesaro gave yet another form of expression" for the ratio 
of the areas; “ Three lines drawn through the vertices of a triangle determine on the opposite sides 
six segment such that the difference between the product of three non-conseeutive segments 
and the product of the three others is 

ahc ( A"\% 
aW \ A ) 

In this expression a', b', c' denote the sides of the triangle formed by the three lines; l, m, n the 
segments of these lines, contained between the vertices and the sides of the first triangle,” 4 
The methods of solution of our problem by Steiner and Cesaro are those of elementary 
geometry. As Ces&ro’s solution is in a source inaccessible to many Monthly readers it is here- 
with reproduced: 

Let BD « oi, CD = eta, CE — hi, AE - 62, AF = c u BF = C2. 

Let us seek first the 'ratios of the segments determined on each of the lines ill)', BE, CP 
by the two others. The triangles ADC , ADD are cut respectively by the transversals BE, CF , 
giving 


Imn . 


whence 


Now aih + ab 2 - ab 


AC 

CD 


ah’i 
chbi [ 


AC 
AD ' 


abi 

<hbi 4 abP 


AB f 

B'D 

AB' 
AD : 


. aCl • 

' «2C’2 ? 

aci 

(J2C2 4 " UC : 


1 ttzbtf C&2C2 4 - aci — 

ah^ 


ac — di c<i, consequently, 


AC 

AD 


ab — a%bi 1 

Subtracting one of the equalities (2) from the other 


AB' 

AD 


ac 1 

ca — Ctfh ’ 


We have also 


_A" 
AB'C ! 


from which by multiplication, 


a r 

afaihiCi — U262C2) 


AD ” 

(ab — a«bi)(ca 

— eotti) * 


A'B'-CB' 

AB'C 

AB' 

ADC 

A B f -B'C ! 
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AD ’ 

~A ' 

6 

A" 

07J' A '2?' 

a 2 


A 

AD ’ B'C 
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1 Crelle’s Journal , 1832, Volume 3, pp. 197-198. 

2 See also Steiner’s Gesammelte Werlce , Volume 1, 1881, p. 166; slips in the result as printed 
in Crelle’s Journal are here corrected. 

z Nouvelle correspondance mathematique, Volume 6, March, 1880, pp. 143-144, Question 545. 
4 Neuberg seemed to be the first to show ( Nouvelle correspondance math&matiqiw. Oct., 1880, 
Volume 6, p. 472) that 

A' aibiCi - j~ azbzCz 

A («i 4- <12) (61 4 * 62) (pi 4 - c*) * 

where AFjFB = C1/C2, BD/DC — ai/az, CE/EA = 61/62, and A' is the area of the triangle DEF. 
This result was also stated by Gentry in Nouvelles annedes de mathematiques, November, 1880, Vol. 
39 (2), p. 528. 
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By means of the equality (3), and analogues to (2) and (3) 

CB r c&2 A f B' __ c(ciibiCi — U 2 & 2 C 2 ) 

OF ca — Csai ’ CF ( ca — c 2 ai)(&c — 5 2 ci) ’ 

we deduce from (4) 

A" __ (a%biCi — U 2 & 2 C 2) 2 

A (be — & 2 C 1 ) (ca — c 2 ai)(ab — a. 2 &i) * 

340 (Calculus) [1013, 190; 1919, 213]. Proposed by C. N. SCUM ALL, New York, N. Y. 

A pencil of parallel rays of light is incident upon a lens whose faces have the radii n, r 2 , 
respectively. Show that the distance of the principal focus from the center of the first face of 
the lens will be a maximum or a minimum when 


where \x has its usual meaning. 


1 + 0* - 1) 1/2 ’ 


Solution by H. S. Uhler, Yale University. 

It is necessary to remark at the very beginning that the given result appears incorrect as it 
does not involve the thickness of the lens, and the statement of the problem is ambiguous since 
it does not specify whether the first or the second principal focus is meant. 

By straightforward analysis, involving SnelFs law, but too long to deserve publication in this 
place, I found 


where, to fix the ideas, a double convex lens was contemplated, x e distance from the center 
of the first (or incidence) face to the second principal focus (the focus beyond the emergence 
face), t ss axial thickness of lens, n e index of refraction of the material (glass) of the lens with 
respect to that of the surrounding medium (air), and r x and r 2 denote the arithmetical values of 
the radii of curvature of the first and second faces of the lens, respectively. 

Formula (1) may be checked by referring to James P. C. Southall’s The Principles and 
Methods of Geometrical Optics , either edition, page 275, equation (170); and by changing his d, n, 
and n to i } ju, and — r 2 , respectively. 

Now what quantity is to be the independent variable? Let it be assumed that t is to 
while fx, r h and r 2 remain constant. Then the necessary condition for a maximum or a minimum is 




which leads directly to 


{p(ri + r 2 ) (fx — 1 )£] 2 

Mjx + r 2 ( V/I rfc 1)] 


0 , 


To determine which sign has physical meaning we may proceed as follows: x — t must not 
be negative, otherwise the principal focus will fall inside the material of the lens. Substituting 
in (1) the expression for (ix — 1) t given by (2) we find 


r 2 


according as the upper or lower sign in (2) be taken. Since, under all ordinary conditions, fx > 1 
the upper sign alone is acceptable. 

Continuing, 

d?x 
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Since tins result is positive the thickness given by (2) corresponds 1 o a minimum focal length,, 
as might be anticipated from purely physical considerations. 

It is thus clear that a reasonable interpretation of the statement oH ho problem leads to an 
analytical condition which is quite different from, the given answer, I he thickness ei J lie lens 
cannot be. considered negligible (as is .often done in very element ary discussions of .problems in 
geometrical optics) because the numerator of (2) cannot vanish when the upper sign is taken* 
In other words, t cannot be avoided in the final condition. ^ 

In conclusion, attention may be called to the Tact that each of Bxtdr i — 0, (j/Jjfz == 0, 
dx/dfjL * 0 leads to a result which bears no relation to the given answer and hence t k the only 
sensible independent variable. 

349 (Calculus) [1913, 312]. Proposed by C. N. SCUM ALL, New York City. 

If y = a cos (log x) -f b sin (log %), eliminate the constants a and b and obtain the equation 


*s+.g+»' 


dx 1 2 


■ 0 . 


Solution by T. E. Mergendahl, Tufts College. 

Taking the derivative of y, as given in the problem, and multiplying the result by r, we have 

dy . 


' dx 


— a sin log x + b cos log x. 
Applying the same process to both. sides of this equation, we find 

(a cos log x + b sin log x ) 


X 2<Py.jL X $y , 

* dx? 4 X dx 


Vi 


z c Ei. 

dx 2 


dy 

Z dx 


a 


Also solved by W. W. Beman, T. M. Blakslee, P. J. da Cunha, H. T. 
Davis, H. H. Downing, G. H. Graves, P. Hansen, A. M. Harding, W. L. 
Miser, A. Pelletier, Elijah Swift, and H. S. Uhler. 

385 (Calculus) [1915, 161; 1919, 73]. Proposed by H. B. PHILLIPS, Massachusetts Institute 
of Technology. 

If J(x) is continuous between a and x } show that 






T. H. Gronwall, New York City, offers the following criticism and comple- 
tion of the solution already published. 

First, the passage to the limit for n = <», which forms the last step (p. 74), requires justifica- 
tion (this is however easily done by using Taylor’s theorem with remainder term). Second, the 
problem as proposed assumes only that f(x) is continuous, so that the use of the derivatives of 
f(x) is not permissible, since they may not exist. The following proof requires fix) to be bounded 
in the interval from a to a? and to be continuous only at the point a, but not in the whole interval. 
It is readily shown (integration by parts and complete induction) that 

£■■■ fjw dxn - 5T=UI fa ( * - 

writing £ *» a + t(x — a) and /($) = <p{i), the formula to be proved becomes 

Mm n/f (1 - = ^>(0) 

n~oo 

1 A proof of this relation may be found in Goursat-Hedrick’s Mathematical Analysis, VoL 

2, pt. II, p. 36. — Ed itoes. 


1920-3 PROBLEMS AND SOLUTIONS. 37 

(under the assumption that <p(t) is continuous at t = 0), or what is the same 

lim n f (1 — f) w “*[p(0 — <p{0)]dt = 0, 

Ji) 

Let e > 0 be as small as we please; <p(t) being continuous at t - 0, it is then possible to choose a 
8, 0 < 8 <1 } and so small that | <p(t) - *(0) | < e/2 for 0 < t < S. Let M be greater than 
j<p(g) - ^(0)| for Then, decomposing the integral into two parts and using the 

first mean value theorem, 


1 - <p{Q)]dt ^ nJ Q + nj $ 


1 1 fj (1 - ty-'dt + nM (1 - *) n ~ ] 


Hi 


Now N may be chosen so large that M{ 1 — $) n < e/2 for n > N, so that finally 
j n £ (1 - ty'-'Mt) - <p(0)]dt j < 6 for n > N, 
which completes our proof. 

192 (Number Theory) [1913, 196; 1919, 214]. Proposed by the late abtemas MARTIN. 
Find rational values of v, w, and x that will satisfy simultaneously the conditions 

( m 2 -j- n 2 ") (pt -J- re) 2 -f- x 2 ) 2 — 4 m?n 2 v 2 4- m 2 n 2 (ni 2 4~ n 2 ) — 0, 

( m 2 n 2 )(v 2 4 . w z 4 . x 2 ) 2 ~~ 4m 2 n 2 w 2 4 - m 2 n 2 (m 2 + w 2 ) — 0 , 

( m 2 4- % 2)(y2 4. vP 4. x 2 ) 2 ~ 4m 2 n 2 x 2 + m 2 n 2 (m 2 + n 2 ) = 0, 

m and n being known rational quantities. 

Discussion by H. S. Uhler, Yale University. 

The following analysis shows that the problem is impossible. . . - 

Any set of values of t?, w, and * that fulfil the given conditions must also satisfy the sum of 

the three equations, that is, must satisfy 

3( m 2 4. n %)(f 4- V? 4- X 2 ) 2 - 4,m 2 n 2 (f 4- w 2 + * 2 ) + 3 m 2 n 2 (m 2 4- n 2 ) = 0. 

From this equation, we have 

v 2 4 ~ ^ 2 4 " # 2 


mn 


3 (m 2 4- w 2 ) 


[2 mn ± i^9m 4 + 14 + 9n 4 l- 


In general, the right hand member is irrational, and the sum of the squares of any number of 
rational numbers cannot have an irrational value; therefore, the problem is impossible. 

We may proceed farther and find explicit expressions for v, w, and 3. B y inspection,^ oj- by 
forming the differences between the given conditions, taken in pairs, we see that v v> x . 

Consequently, 

x i = — [2 mn ± + 14 m*n* + 9n 4 ], 


’ 9 (m 2 4“ n 2 ) 


u 


mn 


: 3V2 (m 2 + n 2 ) 

Obviously, these four roots are irrational, in general. 


{ >/3(m 2 4- n 2 r+ 2mn =fc i a/ 3 (m - n) 2 4- 4mn}. 
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2734 [1918, 444]. Proposed by E. L. BEES, University of Keniucky. 

Given two circles tangent to each other externally* From the extremity of a diameter 
through the point of tangency draw a secant such that the segment between the circles shall be 

Solution by the Proposer. 

Let PB be the required position of the secant, assum- 
ing the problem having been solved. Draw PQ perpen- 
dicular to AC and let BP « ?/, AQ = x 9 AB « d 9 AC = d% 
and BP = a } the given segment. Then we have, y 2 «= 
(d +■ rr) 2 4- — x). Also (y — c/JAi (d 4™ ®)/y. 

Eliminating x, we get y 2 — 2 a'y — d 2 = 0, where a' = 
a (2d -f- d f )j2(d + d f ) . Hence, 

2/ = a' =fc N a' 2 -f d 2 . 

The analysis suggests the following construction; With 
B as a center, BC as a radius, describe the arc cutting the 
horizontal diameter produced of the lower circle in I), 
Draw BD cutting the common tangent in E, Take EP « a. Draw FG perpendicular to AC, 
Then AG will equal a'. Make AH « AG. Draw BE and produce it to J, making II J «* AIL 
With B as a center and BJ as radius, describe an are cutting the lower circle in P, Then BP is 
the required secant. 

Also solved by P. J. da Cunha. 

2741 [1919, 35]. - Proposed by H, L. OLSON, New Hampshire College, 

Prove or disprove the following statement: If the three sides and the area of a triangle are 
integers, at least one of the three altitudes is an integer. 

I. Solution by Frank Irwin, University of California. 

The statement is not true since the triangle whose sides are 5, 29. 30 has area 72, and altitudes 
144/5, 144/29, and 24/5, 

IL Remarks by J. L. Riley, Stephenville, Texas. 

On page 12 of CarmiehaeFs Diophantine Analysis we find the following theorem : 
g A necessary and sufficient condition that rational numbers x, y, z shall represent the sides of a 
rational triangle is that they shall be proportional to numbers of the form n(m 2 4* A 2 ), tn(n 2 + A 2 ), 
(m n)(mn — A 2 ), where m, n, k are positive rational numbers and mn > W, 

In deriving this result it pointed out that if x = n(m 2 + A 2 ), y = min 2 4- A 2 ), and 
z ~ ( w 4* n) (mn A 2 ), the area is h?nn(m 4“ n) (inn — A 2 ) and the altitude upon z is 2 Awn, 
If m, n, and h are integers (mn > A 2 ) we have a series of triangles for which the statement of Mr. 
Olson is true. 

2742 [1919, 36]. Proposed by c. N. SCHMALL, New York City. 

r 1 ^ ^ re f ory?s Ex( ? m P les in the Differential and Integral Calculus, 1841, Chap, VII, p. 124, ex, 
22, I find the following celebrated problem; “To find a point within a triangle from which if 
Imes be drawn to the angular points their sum may be the least possible." The author remarks 
that the direct solution of this problem is long and complicated, etc." Required a simple, 
brief solution, ' y: -4 /y4:Y4./T; ■ 

I. Solution by F. V. Morley, Johns Hopkins University. 

Consider the three points, a, fry (complex variable) as on a unit or base circle. Then th 
sum of the distances from the point x is 

^ 3 - a) (i — ~ j 


equal to a given segment. 

B 
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where x — a = pt, the distance times the turn, or direction factor, and x — l/« = p/t, the conjugate 
expression. Since (1) is to be a minimum, D x and D5 must vanish. As they are interdependent, 
either will suffice. 


Dx-Ia//' 


'Sx — 1 ja 

This means that sum of the three roots (the symmetric function si) vanishes in the equation 
(3) A 3 — Sit 2 “r Szi — S 3 “ 0. 

The (condition D* = 0 involves §2 = 0, so that equation (3) reduces to 


the roots of which are 


t* - sz - 0 
iy id'} CO^ty. 


when co is a cube root of 1. That is, the three angles at x are all equal to 120°. 

The argument may also be presented in its physical, instead of geometrical, aspect. The 
method in each case is the same. 

Consider a, ft y as centers of attraction for constant forces of equal magnitude. The total 
potential of x will then be the sum of the distances from x to the three points. For the total 
potential to be a minimum is to have equilibrium, and the resultant force in any direction must 
vanish. Hence, the three angles at x are all equal to 120°. It is to be noted that the partial 
derivative (D x ) of potential, expresses the resultant force with direction factor included. 

The well known construction for (the Fermat point) x is to draw on each side aft fty, ya, 
an equilateral triangle, outward, calling the free vertices y' f a\ ft, The points y', a, ft are 
concyelic, and it follows that the line y f x bisects the angle ax{3 and coincides with the line xy. 
x will therefore be the intersection of the three lines aa', /3ft, yy\ 

II. Solution by ft E. Moritz, University of Washington. 

Let Pi = (xi, yi ), i = 1, 2, 3, represent the angular points of the triangle expressed in 
Cartesian coordinates, P « ( x , y) any point within the triangle, and 0i the angle which the line 
.. p-p makes with the' positive direction of the a>axis. , Then, if D denotes the .sum of the distances 
of P from the angular points, we have 

D Si yl(x - Xi) 2 4- (y — yi) 2 . 

In order that D may be a minimum the partial derivatives of D with respect to x and y 
must be separately equal to zero; hence, 


x — .Xi 


that is, 


V ( x 


xi ) 2 + (y - yd 2 

COS $1 4“ OOS. ' 02 .4“ COS &3 ,s=s . ■ 0 j ' 
cos 0i 4* cos 02 = — • cos 03 , 


V(x - Xi) 2 + (y — yi) 2 

sin 0 i 4~ sin O 2 4- sin 0 8 = 0, 

sin 61 4“ sin 0 % - — sin 6 $. 

■ 02 ) = — 1? from which 


By squaring and then adding the resulting equations we get 2 cos (0i 

— $ 1 = 120°. Similarly, 0 $ — 62 - 120°, 61 — 0s = 120°. _ 

The problem, therefore, resolves itself into that of finding a point within the triangle at which 
the three sides subtend equal angles. This point is readily found as follows: 

Describe on two sides of the triangle segments of circles containing each an angle of 120 . 
The intersection point of these circles is the required point. If one of the angles of the triangle 
is equal to or greater than 120° the intersection point falls on or without the triangle. In that 
case no point within the triangle satisfies the required conditions. 

The following kinematic solution, while perhaps not simpler than the foregoing geometrical 
solution, has the advantage of being applicable to the more general problem, which I believe has 

never been solved, namely, . , 

Given n points in a plane, to find a point from which if lines be drawn to the n points their 

sum may be the least possible. . , , , . _ . . _ , , ■* . , 

Draw the triangle to a given scale on a drawing board and insert thumb tacks at the points 
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marking the vertices. Take a flexible string and fasten one end of it to one of the thumb tacks, 
say to A. Pass the other end of the string through a ring R, then around the thumb tack B, 
then back through the ring, then around the thumb tack at C, then once more through the 
ring R and then back to A. Now pull the free end of the string taut until the ring assumes a 
fixed position. The center of the ring R will be the required point. The proof is obvious. 

III. Note by William Hooter, Columbus, Ohio. 

The following extract from a paper by P. G. Tait 1 meets the requirement fully and is of 
interest historically: 

The following problem, originally proposed by Fermat to Torricelli, To find the point the sum 
of whose distances from three given points is the least possible , seems to have given considerable 
trouble to the older mathematicians, and even in modern times (see Gregory's Examples , p. 126) 
to have been solved in a very tedious manner. Simpler solutions have since been given (e.g,, 
Cambridge and Dublin Mathematical Journal , VIII, p. 92), but none, to my knowledge, so direct, 
as that indicated by Quaternions. The object of this note is to show the simplicity of the 
quaternion method. 

If a, P be the vectors of two of the given points, the origin being the third, and if p be the 
vector of the required point, we must have (by the conditions of the problem) 


Hence, 


Tp + T(a — p) 4- T{fi — p) a minimum. 
S[Up - U(a ~ P ) U(fi - p )]dp = 0 , 


for all values of Udp. Hence the versor sum in square brackets must vanish identically. The 
immediate interpretation is, that lines parallel to p, p — a, p — £ form an equilateral triangle. 
The required point is therefore in the same plane as the three given points; and their distances, 
two and two, subtend equal angles at it, which is the well-known solution. 

Equally simple is the quaternion solution of the same problem if more than three points be 
given. Let their vectors, to any origin, be a, ft y , etc., and let p be the vector of the sought point. 
We have 

2 • T(a ~ p) = minimum, 
from which, as above, 2 CF(« p) =0. 

Hence, if unit forces act at the required point , in the lines joining it with the given points, these 
forces are in equilibrium. Or, in another form, a dosed equilateral gauche polygon may be drawn 
whose sides are parallel to the lines joining the sought point with the given ones” 

IV. Solution by Otto Dunkel, Washington University. 

Suppose that at P, a point inside the triangle ABC, we have a minimum with AP =* n, 
BP = n, CP = r 3 . Then fi must be the minimum distance from A to the ellipse with foci B 
and C and passing through P, since for any point Q on the ellipse BQ + CQ » r 2 + r 3 . But the 
shortest distance from an external point to a closed convex curve is orthogonal to the curve and 
we know from the properties of the ellipse that n in this case must make equal angles with the 
focal rays and rs. Applying the same argument to r%, we see that r\, r%, r 3 must make equal 
angles with one another. 

V. Remarks and Historical Notes by R. C. Archibald, Brown University. 

This problem has been already discussed in the Monthly by Professors Jackson 3 and Johnson,® 
Professor Jackson's discussion is about the same as Gregory’s, The analytic treatment by 
Professor Moritz is practically iden tical with that given in 1853 by A. Gohen 4 and in 1902 by E. 

1 Proceedings of the Royal Society of Edinburgh , VoL 6~’^ 

P. G. Tait, Scientific Papers , VoL 1, 1898, pp. 76, 77. 

2 Volume 24 (1917), pp. 42-44. 

3 Volume 24 (1917), pp. 243-244. 

4 Cambridge and Dublin Mathematical Journal, VoL 9, p. 92. 
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Goursat, 1 and Ms kinematic solution is given in the latter part of Tait’s paper of 1867 from which 
Professor Hoover quoted. Tait concludes: “Tliis kinematical process, equally with the quater- 
nion one whose form directly suggests it, gives easily the solution of the more general problem, — 
To find a point such that m times its distance from A, together with n times its distance from B, 
etc., may be a minimum.” (For three points this is solved in Stegmann-Kiepert , Lehrbuch der 
Differ entialrechmmg, 7. Aufl. 1895, p. 260.) The problem of finding a point in a plane the sum of 
whose distances from any number of given points is a minimum was solved by Tddenat in Annales 
de mathematiques pures et appliquees (1810-11), pp. 285-291. 

The celebrated problem of our question was formulated by Fermat 2 in the seventeenth century. 
According to Viviani 3 he suggested it to Torricelli (before 1648, for Torricelli died in 1647), 
Torricelli discovered three solutions, one by “plane loci” (that is, with ruler and compasses), 
two others by “solid loci” (that is, by means of conic sections). He afterwards proposed it to 
Viviani in the following terms: “A triangle, each of whose angles is less than one-third of four 
right angles 4 being given; to find a point from which, if straight lines be drawn to its three angles, 
their sum shall be a minimum.” 

Viviani solved the problem after repeated efforts (he says, non nisi iteratis oppugnationibus 
tunc nobis vincere datum fuit) and his solution is given in the appendix to Ms Geometric t divinatio . 5 

The problem was treated by Thomas Simpson 6 in 1750. He gave the following construction 
for determining the Fermat point : Describe on BC a segment of a circle to contain an angle of 
120°, and let the whole circle BCQ be completed. From A to Qi the middle point of the arc 
BA'C draw AQ intersecting the circumference of the circle in P, which will be the point required. 
Because of this construction Simson has been credited with the theorem: If on the sides of a 
triangle ABC, equilateral triangles A'BC, B'CA and C'AB be described externally AA' } BB f 
and CC f are concurrent 7 — a construction -which Mr. Morley cites above. 

Simpson treats also the more general problem: Three points A, B, and C being given, to find 
the position of a fourth point V, so that if lines be drawn from thence to the three former, the 
sum a-AP + b*BP -f c-CP, where a, b, c denote given numbers, shall be a minimum. 

The further history of generalizations is very extensive. 

Also solved by P. J. Daniel, W. W. Goesline, R. A. Johnson, H. M. Roesee, 
J. Rosenbaum, L. Weisnee and the Peoposeb. 

1 Cours d } analyse maihematique tome 1; English ed. by Hedrick, 1904, pp, 130-131, See also 
G. Humbert, Cours d’ Analyse, tome 1, 1903, pp. 193-196. 

2 Oeuvres , Tome 1, Paris, 1891, p. 153: “Datis tribus punetis, quartum reperire, a quo si 
ducantur tres rectse addata puncta, summa trium harum rectarum sit minima quantitas.” See 
also Tome 3, 1896, p. 136. 

3 V. Viviani, De maximis et minimis geometria divinatio, Florentife, MDCLIX, p. 144. 

4 This careful statement is necessary for constructions indicated in solutions above. If 
one of the angles, A say, is equal to, or greater than, 120°, in a certain sense its vertex is to be con- 
sidered as the minimum point; compare the discussion of tins by Goursat, he by Bertrand in 
Journal de mathematiques pure et appliquees, tome 7 (1843), pp. 155-160, and by Sturm in J our- 
nalfur die reine und angewandte Maihematik, Vol. 97 (1884), p. 51, 

5 L.c., pp. 145-150. Vivianr's method of solution is reproduced in D. CresswelTs Maxima 
and Minima, Cambridge, 1812, pp. 120-121; second edition, 1817, pp. 121-122. 

6 Doctrine and Applications of Fluxions, London, 1750, § 36. 

7 The first formulation of the result as here stated seems to have been by T. S. Davies in the 
Gentleman’s Diary for 1830, p. 36. It is here shown also that AA' ~ BB f — CC f , Problems 
closely related to this are frequently published, e.g., in School Science and Mathematics , Feb., 1918, 
pp. 170-171; Jan., 1919, pp. 86-87; April, 1919, pp. 374-375. 
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NOTES AND NEWS. 

Edited by E. J. Moulton, Northwestern University, Evanston, III. 

Dr. J. S. Miller lias resigned the chair of mathematics at Emory and Henry 
College to accept a similar position at Hampden-Sidney College. 

Dr. W. W. Kusterman has been appointed associate in mathematics at the 
University of Illinois. 

Dr. E. P. Lane has resigned his position as instructor in Rice Institute to 
accept an appointment as assistant professor of mathematics at the University 
of Wisconsin. 

Mr. J. R. Osborn and Mr. W T . E. Armentrottt have been appointed assistants 
at the University of Kentucky. 

Dr. T. F. Holgate, of Northwestern University, has resumed his duties 
as professor of mathematics, after serving as Acting President of the Uni- 
versity for the last three years. Dr. Holgate was honored with the degree 
of Doctor of Laws by Queen’s University at the time of the installation of a 
new principal and chancellor on October 18. 

Dr. C. H. Yeaton has resigned his position as instructor in mathematics 
at the University of Minnesota to accept an appointment as professor of mathe- 
matics at the School of Engineering of Milwaukee. 

Professor P. P. Boyd, of the University of Kentucky, has been elected presi- 
dent of the Kentucky academy of science. 

Since his discharge from the national service, Mr. J. E. Dotterer has been 
appointed professor of mathematics and physics in Manchester (Indiana) College. 

At the University of Manitoba, Major N. B. MacLean, after active service 
in command of the Royal Garrison Artillery in France during the late war, for 
which he was awarded the Distinguished Service Order, was recalled last spring 
to take the directorship of the returned soldiers’ tutorial course during the 
summer. He has now resumed his duties as head of the department of mathe- 
matics and astronomy. He has been elected a fellow of the Royal Astronomical 
Society of Canada of which Professor H. R. Kingston, in the same university 
was elected president in 1919. Major N« R. Wilson, who also was in service in 
France, has now returned to his duties as professor of mathematics. 

Dr. C. P. Sousley, of the Pennsylvania State College, has been promoted 
from assistant professor to associate professor of mathematics. 


. 
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TwJ; .f B TpSrT 6 f B ' f 1 '^ ° f the AUeghen ‘ V Observatory of the 
University of Pittsburgh, has been elected director of the Yale Observatorv. 

of"th § Y j the nh eat l °! Mr ' E ' "l 1 ' f eCd ’ tHere is reIeased for tIle general purposes 
of the 1 ale Observatory one-third of his estate, which will add to Observatory 

funds an estimated Sb0,000 during the year. * 

Professor F. W. Beal of the University of Tennessee, has been appointed 
assistant professor of mathematics at the University of Pennsylvania. 

At Cornell University, Dr. F. W. Reed of the University of Illinois has been 

a Tf n in ! o Ct ° r 111 matIiematies - Mr. H. M. Lufkin, Mr. H. Poritsky, 
and Mr. II. A. Sturges have been appointed assistants. 

Dr. R. .J. T. Bell, of the University of Glasgow, has been appointed to the 
chair of pure and applied mathematics in the University of Otago, New Zealand. 
I will be recalled that Dr. Bell is the author of An Elementary Treatise on Co- 
ordinate Geometry of Thee Dimensions, editor of the fourth edition of Frost’s 
Curve Tracing [1919, 201-202], and an editor of recent volumes of the Proceedings 
°J the Edinburgh Mathematical Society . 

i P ™! eSSOr A ' ^lson, of Central University, Danville, Ivy., died in Novem- 
ber, 1918. 

Rev. C. J. Borgmeyer, professor of mathematics and astronomy in St. 
Louis University since 1896, died December 6, 1919, aged 58. He was one of 
the charter members of the Association. 

. Dr ‘ L ' G. Weld, director of the Pullman (111.) Free School of Manual Training 
since 1911, died at Chicago, November 29, 1919, as the result of an infected tooth. 
He was in his fifty-seventh year. Dr. Weld taught mathematics for about twenty- 
five yeais at the State University of Iowa where he was professor of mathematics 
and astronomy and head of the department 1889-1911, dean of the graduate 
college 1900-1907, director of the school of applied science 1903-1905, and dean 
of the college of liberal arts 1907-1910. He was the author of A Short Course in 
the Theory of Determinants (1893), of the section on Determinants in Higher 
Mathematics edited by Merriman and Woodward (1896), afterwards reprinted as 
a separate book, and of several pamphlets dealing with the history of Iowa. 

Dr. G. L. Demartres, professor of mathematics at the University of Lille, 
died in July, 1919, aged seventy-one years. His Corns de GSomSirie Infinitesimale 
(Paris, 1913) is familiar to many Americans. A Paris announcement of his 
death concludes: “II avait subi avee courage 1’oecupation allemande et con- 
tribue par son exemple a maintenir le fonctionnement du haut enseignement.” 

Nature reports the death on October 5 of Mr. G. W. Palmer who was ap- 
pointed senior mathematical master and master of the Royal Mathematical 
School at Christ’s Hospital in September, 1911. 
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Mr. P. E. B. JotjRdain, of Fleet, England, died on October 1 ; he was within 
a few days of being forty years of age. The following passage from a letter dated 
September 5, and addressed to the Editor-in-Chief of the Monthly, seems to 
indicate a premonition of the approaching end: 

“You may possibly be interested to know that Mittag-Leffler has suggested 
the publication of some of my correspondence with Cantor on well-ordering 
and other subjects. It is rather an interesting point to me because I have just 
succeeded in well-ordering any aggregate, and a proof will appear shortly in 
Acta Mathematica. If you are at all interested in the subject . . . there is no one 
to whom I would rather communicate the more or less interesting facts about 
this correspondence, and as a matter of fact my health is a rather doubtful 
quantity so that possibly I may not be able to finish up these things myself.” 

The Ponteeoulant Prize of the Paris Academy of Sciences has been awarded 
to Professor A. S. Eddington of England for his astronomical researches. 

Sir Oliver Lodge, the British physicist, is to deliver three lectures in Boston 
January 15, 20, and February 5. His topics are to be “The Reality of the 
Unseen,” “The Evidence for Survival,” and “ The Destiny of Man.” 

At the meeting of the Northeast Missouri Teachers Association at Ivirksville, 
Missouri, on October 24 Professor E. J. Wilczynski, of the University of Chicago, 
gave an address on “The Value of Mathematics” and “The Teaching of Algebra,” 
and Superintendent P. P. Callaway, of Moberly, spoke on “Mathematics as 
viewed by a superintendent and inspector.” 

At a meeting of the Association of Teachers of Mathematics in New England, 
at Boston University on December 6, the following papers were read by members 
of the Mathematical Association of America: “Modern Geometry as a stimulus 
to the high school teacher” by G. L. Wagar of Mount Hermon Boys’ School; 
“The two edged ruler” by J. L. Coolidge of Harvard University. 

At a meeting of the National Academy of Sciences in New Haven on November 
12, 1919, Air. J. K. Whittemore, of Yale University, presented (by invitation) 
a paper entitled, “The starting of a ship under constant power.” 

Professor Vito Volterra, of the University of Rome, delivered six lectures 
on the Hitchcock foundation at the University of California October 13-21. 
Four of these lectures dealt with “The propagation of electricity in a magnetic 
field,” and two with “Derivative functional equations.” During the week 
November 3-10 Professor Volterra delivered at the Rice Institute a course of 
three lectures on “Functions of Composition and a public lecture on “The inter- 
national organization of science during and after the war.” At the University of 
Illinois November 12-18 he lectured on “ Integro-differential equations” and at 
the University of Chicago, November 19—21 on “Organization of science during 
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and after the war” and “The propagation of electricity in a magnetic field.” 
On the same dates Professor George de Bothezat delivered lectures on, “The 
fundamental principles of dynamics” and “The present state of the theory of 
fluid resistance.” Professor Volterra has returned to Italy. 


At the Brussels meeting of the National Research Council several Inter- 
national Unions were formed. For other Unions, where the representation was 
insufficient Divisional Committees were formed. In Mathematics a Divisional 
Committee was nominated and charged with the duty of circulating a draft of 
Statutes so as to obtain the opinion of the principal bodies concerned. C. J. de 
la ValiJe Poussin was elected President, and the following four gentlemen as 
Secretaries of this Committee: Th. De Donder (Brussels); G. Koenigs (Paris); 
M. Petrowttch (Belgrade), V. Reina (Rome). 


i 


We have referred elsewhere (1920, 25) to the Journal of the Mathematical 
Association of Japan for Secondary Schools. The officers of the Association are 
as follows: President, Professor T. PIayashi of the College of Science, Tohoku 
Imperial University, Sendai; Vice Presidents, M. Mimori, honorary professor 
in the Tokyo Higher Technical School, and M. Kuniyeda, professor of mathe- 
matics in the Tokyo Higher Normal School; Secretary-Treasurers, I. Mori, 
professor of mathematics in the Tokyo Higher Normal School for Girls, and Miss 
K. Horiguchi, teacher of mathematics in the Higher Girls’ School attached to 
the last named normal school. 


Since the beginning of 1919 the editor of the Jahrbuch iiber die Fortschritte der 
Mathematik has been Dr. L. Lichtenstein. The publishers, Vereinigung wissen- 
schaftlicher Verleger Walter Gruyter u. Co., Berlin (formerly the firms: Goschen, 
Guttentag, Reimer, Triibner, and Veit), expect to issue two large volumes, the 
one for the years 1914-1915, the other for the years 1916-1917-1918. (See 1919, 
89, 103.) 

Concerning Edinburgh University Nature makes report as follows: “Since 
1914 the department of pure mathematics has occupied a separate building, the 
* Mathematical Institute. . . . This building contains lecture-rooms large and 

small, mathematical laboratory, reading-room with students’ library, research- 
room with a library of mathematical periodicals and advanced works, and rooms 
for the staff. The laboratory course comprises interpolation, construction of 
mathematical tables, numerical solutions of algebraic and transcendental equa- 
tions, numerical integration, least squares, graduation or adjustment, fitting of 
normal and skew frequency curves, correlation, practical Fourier analysis, 
spherical harmonic analysis, periodogram analysis, with drawing-board work in 
nomography, descriptive geometry and cartography. 

“The most recent development is the institution of a diploma in actuarial 
mathematics. This is intended for students who are employed in the numerous 
life insurance offices in the city of Edinburgh, and are, therefore, only part-time 
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students of the University, attending, however, day, not night, classes. The 
course which covers two years, is conducted on the mathematical side by Pro- 
fessor E. T. Whitaker, and on the actuarial side by Dr. A. E, Spkague, president 
of the faculty of actuaries. , , , 

“The Mathematical Institute is the meeting-place of the Edinburgh Mathe- 
matical Society, and houses the library of the Society. 

“In the department of applied mathematics, which is under the charge of 
Dr. C. G. Ivnott, arrangements have been made for the inclusion of special 
honor courses on wave-motion in matter and aether, kinetic theory of gases, and 
radiation. The former courses on dynamics, hydrodynamics, and elasticity have 
also been extended, one of the full-year courses being specially adapted to the 
needs of the student of engineering. There is also a post-graduate course on 
quaternion vector analysis.” 

The technical staff of the United States Ordnance Department lias been 
authorized to secure the services of five experts in mathematics and dynamics, 
at salaries ranging from $2,000 to $5,000, to conduct scientific research on 
ordnance problems, act as advisers on all mathematical and scientific problems, 
for the ordnance department, and keep up connections between the department 
and the scientific world. 

Increases in Salaries of College Teachers is the title of “Higher Education 
Circular No. 15” issued by the Bureau of Education, Washington, in July, 1919. 
Many interesting facts are given. 

At its recent Anniversary Meeting the Royal Society of London awarded the 
Sylvester Medal to Major Percy Alexander MacMahon whose 

researches on the combinatory analysis and on subjects allied to the partition of numbers are of 
the highest value, and display great originality and invention. He has shown equal power in 
the discovery and treatment of the wonderful ranges of partition theorems which are desirable 
from the theory of elliptic functions, and of similar theorems to be obtained by the application 
of analysis to purely arithmetical principles. 

At the same meeting of the Royal Society a Royal Medal was awarded to 
Mr. James Haywood Jeans who 

has . successfully attacked some of the most difficult problems in mathematical physics and 
astronomy. In the kinetic theory of gases he has improved the theory of viscosity, and., using 
generalized^ co-ordinates, has given the best proof yet devised of the equipartition of energy and 
of Maxwell's law of distribution of molecular velocities assuming the validity of the laws of New- 
tonian dynamics. In dynamical astronomy he took up the difficult problem of the stability of 
Hie pear-shaped form of rotating, incompressible, gravitating fluid at a point where Darwin, 
Poinear6, and Liapounoff had left it, and obtained discordant results. By proceeding to a third 
order of approximation, for which very great mathematical skill was required, he showed that 
this form was unstable. He followed this up by the discussion of the similar problem when the 
fluid is compressible, and concluded that for a density greater than a critical value of about one- 
quarter that of water the behaviour is generally similar to that of an incompressible fluid. For 
lower densities the behaviour resembles that of a perfectly compressible fluid, and with increas- 
ing rotation matter will take a lenticular shape and later be ejected from the edge. 
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cuA HA UI1Y IN SYNTHETIC GEOMETRY. 

By JOHN MATHESON, Queen’s University. 

(Bead before the Mathematical Association of America, September 5, 1919.) 

1. The geometry of Euclid was a geometry of particular cases. Its main 
characjmt.es were the logic of its argument and the sequence of its propositions. 

ht relationship between one theorem and another was only that of logical 
dependence ; and there was no attempt to find general principles which might 
underlie the separate theorems. The same was true of the later geometry of 
the conic sections. 

. , A c f rtiUn . a Biount of generalization has now been attained through the prin- 
ciple of continuity as suggested first by Kepler and developed more folly in the 
projective geometry of Poncelet. This principle involved two ideas,— 1st. the 
idea of infinity which led to that conception of the conic sections in which the 
parabola occupies a boundary position between the ellipse and the hyperbola, 
and which made possible more general statements of projective properties; 
and inn. the idea of imaginary points which led to the generalization of theorems 
to include the cases in which some of the elements involved are imaginary. 

1 he principle of continuity as thus developed has resulted in much that is 
distinctive in modern geometry. But very little has been done to examine the 
extent to which the application to elementary geometry of the wider notion of 
continuity , as applied to mathematical functions in general, will result in the 
discovery of greater generalization. Work along this line will be found valuable 
in the teaching of synthetic geometry. 

2. The following definitions will serve as a basis: 

_ y plane curve C is the locus of all the possible positions which a variable 
point P may take, in a definite order, according to some given law. 

(ii) Let A and B be two fixed points in C. Then P is said to move from A to B 
when it takes all its positions, in order, from /I to B. In such a case P is said to 
generate the segment AB of C. 

It will be seen that the movement, or motion, of P, as thus defined, has not 
necessarily all the characteristics of physical motion. 

(iii) Let L be a fixed point in the plane. If the distance PL becomes less 
than any assigned value, however small, as P moves in C from whatever direc- 
tion, then L is the limit, or the limiting faint, of the positions of P as it ap- 
proaches L. (Cf. Pierpont, Real Variables, vol. I, § 254.) 

Various cases of this may be illustrated as follows: Let AB be a line segment 
4 units long, I) its middle point, E any other point on it, and P a variable point 
on it. 
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(a) Let C be the segment AB. Then any point L on it is the limit ni 
the positions of P as P approaches it. In particular, -1 and B are limiting 
points. 

(b) Let C be AB with the middle point D not included. 1 hat is, as P 
moves in C it takes every position on AB except I), and AP takes every value 
from 0 to 4 except the value 2. Then it is the limit of the positions of P 
as P approaches it. This is an example of a point which is not on V and 
yet is the limit of points on C. 

(e) Let C be AB with the points between £ and D not included. That is, 
as P moves in C it takes every position on AB except those between A and D: 
and AP takes every value from 0 to AE and from 2 to 4 inclusive. Then E 
is the limit of the positions of P as it is approached from the left but not as 
it is approached from the right; and D is the limit as approached from the 
right but not from the left. Hence at E or I) a unique limit, according to 
the definition, does not exist. If, however, 0 were AE only, E would be a 
unique limit. 

(iv) If the limit L of the positions of P is itself a position of P, that is if L 
is on C, then the curve C is continuous at L. But at any point where L is not 
on 0, or where no unique limit exists, the curve C is discontinuous. 

Thus in (iii) (a) above, C is continuous at every point. In (Hi) (b) C is dis- 
continuous at D; and in (iii) (c) AE and I)B are continuous at every point, but 
C is discontinuous at E and 1). 

(v) A curve is continuous over any segment of it when it is continuous at 
every point of that segment; and the motion of P as it generates the segment 
is. a continuous motion. 

3. Motion of a line in the plane. 

Let P and P 7 be two distinct variable points which generate two curves 
C and C'. Then the line l, which is determined by P and P', is a variable line, 
and motes in the plane. A limit of l is defined as the line LL r , when P and P' 
simultaneously approach distinct limits L and IJ on C and O'. 

If 0" is any other curve in the plane which intersects / In P" and LI V in X", 
then P" approaches the limit L" when P and P' approach the limits L and IJ. 

motion of a line in a plane is continuous wherever it actually occupies 
its limiting position. 

The following particular eases may occur: 

(i) P and P' move continuously, and l occupies its limiting position LIJ 
at every stage. The movement of l is then continuous. 

(ii) P' is a fixed point and P moves continuously on a curve 0 which does 
not contain P'; then, in general, l rotates continuously about P'. 

(iii) Either P or P' has a point of discontinuity in its motion: l will have, in 
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it need not occupy its limiting position Ll n , and its moti< 
continuous. The following examples will illustrate this: 

{a) Let P and P' move on two 
straight lines c and <?' (Pig. 2), which ^ 

intersect at L, in such a way that the 
ratio LP: LP r is constant; and letP" l 
move on a line c n which does not 
pass through L. The line l moves 
parallel to itself ; and as P and P f ° 
approach coincidence at L, l ap~ p IG< 2 . 

preaches the limit LL". But as l 
is not determined at L, its motion is not continuous there, 
( b ) P moves on a circle c, and P f 
moves into coincidence with P', l ai 
which is 


t on c (Fig. 3). As P 
limiting position P'L" 
But l is not determined 
when P is at P f 9 and the rotation of l about P f at this point is therefore dis- 
continuous. 

If we fix, by definition, the position of l when P coincides with P' to 
be that of the tangent at P', we make the rotation of l about P' to be con- 
tinuous at every point as P moves over the whole circumference. 

4, Variable quantities. 

Ihe movement of points and lines in the plane implies the variation of quan- 
tities such as length, area, and angle. Thus if A of the triangle ABC moves in 
the plane while B and C remain fixed, the lines AB and AC rotate about B and C; 
and the lengths AB and AC, the area ABC, and the angles A, B, and C are 
variable quantities. 

The definitions of § 2 practically involve the following definitions concerning 
variable quantities: 

(i) If the value of a variable quantity, as it approaches a fixed value v, may 
be made to differ from v by less than any assignable quantity however small, 
whether it approaches through values greater or less than v, then v is the limit 
of the values of the quantity as it approaches v. (Cf. Goursat-Hedrick, Mathe- 
matical Analysis, vol. I, § 1.) 

(ii) If the limit of a variable quantity and its value at a point are the same, 
the variation is continuous at that point. (Cf. Pierpont, l. c., vol. I, § 339.) 

(iii) The variation of a quantity is continuous over any interval when it is 
continuous at every point of that interval. (Cf. Goursat-Hedrick, l. c., vol. I, 
§3.) 

Thus for example in Fig. 1 the length AP is continuous over the interval 
from 0 to AB in 2 (iii) (a); but it is discontinuous at I) in (b), and at E and D 
in (c), as P moves from A to B. 

5. In general, continuous movements of points and lines in the plane imply 
continuity in the variation of the quantities involved. Thus, for exapiple, the 
distance AP from a fixed point A to a pojnt P which moves continuously along a 
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curve is a continuous variable; Similarly the angle AGP between a line 01, \ 
which rotates continuously about a fixed point 0, and a fixed initial position (M 
is a continuous variable. In each case' the variable attains its limiting value 
when the point or the line reaches its limiting position. 

But examples are given in 3 (iv) (a) and 3 (iv) (6) of continuous movements 
of points which imply discontinuous movements of lines and lienee discontinuous 
variation in angle. In these cases the points reach their limiting positions where 
at the same time the angle need not attain it's limiting value. 

Similarly a continuous rotation of a line may determine a discontinuous move- 
ment of a point. Thus let 0 be a fixed point and 1 a fixed line (Fig, 4) ; and let a 

line m rotate continuously about 0 and intersect l in 
P. As m rotates about 0 , P moves continuously 
along l except when I and m are parallel. The move- 
ment of P and the distance A P are discontinuous at 
this point. 

On the other hand, if the point at infinity be de- 
fined as usual as a unique point on /, the movement 
of P along l, which is discontinuous when P is the point at infinity, implies a 
continuous rotation of m about 0. 

6. In a plane geometric figure some points may be considered fixed while 
others vary, as for example in the triangle ABC of § 4. Similarly in the quad- 
rangle ABCI) we may assume the points A, B, C to remain fixed and I) to move 
freely in the plane. The form of the quadrangle then changes. The angles 
at C, D, A and the lengths CD and DA are variable quantities, and are functions 
of D in the sense that their values depend on the position of 1). If D moves 
continuously these quantities vary continuously, except possibly where D coin- 
cides with one of the other points. When D approaches a limit, all the variable 
elements which depend on it approach at the same time their respective limits; 
and if no discontinuities exist they all have the values of their limits when I) 
• occupies its limit. 

As D moves along the curve DD" in Fig. 5, the angle BCD changes to BCD". 
In its variation it passes through a zero value when 1) is at D f ; and on the prin- 
ciple that a continuously increasing or decreasing variable 
changes sign on passing through a zero value, we say that 
BCD and BCD n have opposite signs. 

7. Suppose a finite set of variables to approach their re- 
spective limits at the same time ; and suppose a constant rela- 
tion to exist among these variables for all simultaneous sets 
of values preceding the limit. Then this relation will exist 
also.at the limit, provided no discontinuities appear. This 
is evident, for it is merely stated that a certain relation exists among a set of 
values when it exists for values which differ from them by as little as we please. 
The principle thus stated is important in that it leads to generalizations among 
theorems of geometry. The following examples are given in illustration: 


B 
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(I) ABC is a triangle inscribed in a circle, with A and B fixed, and G variable, 
on the circumference (Fig. 6). Then, frotn elementary geometry, the angle 
ACB is constant for all positions of C provided C remains 
on either the one side or on the other of AB. 

But assuming, as in 3 (iv) (£>),. that when C is at 5, f /\\ 

OB is the tangent BD at B , and that' therefore all the / \\ / 

elements involved are continuous as C moved into coinci- \j/ 

deuce with B, we have from the above principle that the ZA/r 

angle ABD is equal to the constant angle C\. Similarly 1 

the angle AC'E is seen to be equal to ABD. It follows fa 

therefore that the angle ACB is constant as C moves about fig. e. 

the whole circumference. 

This general statement includes the several theorems usually given in this 
connection in elementary geometry. It depends however on the assumption 
that CB occupies its limiting position BD when C comes to B . 

The theorems thus connected are: 

(a) Two angles at the circumference of a circle, standing on the same 
arc, are equal 

(b) The angles between a tangent and a chord from the point of contact 
are equal to the angles in the alternate segments. 

(c) An exterior angle of a quadrilateral inscribed in a circle is equal to 
the opposite interior angle. 

(ii) The rectangles on the segments of two intersecting chords of a circle 
are equal; that is, PA-PB = PC- PD. 

By moving P continuously, we find that the theorem takes the following 
additional forms : 

(a) The square on the ordinate from a point on the diameter of a circle 
is equal to the rectangle on the segments of the diameter. 

(6) The rectangles on the segments of two intersecting secants are equal. 

(c) If a secant and a tangent be drawn from the same point, the rectangle 
on the segments of the secant is equal to the square on the tangent. 

(d) The squares on the two tangents from a point are equal. 

(iii) The square on a side of a triangle, opposite an acute angle, is equal to 
the sum of the squares on the other two sides diminished by twice the rectangle 

„ on one of these and the projection of the other on it; that 

/tAA is, AB 2 = BC 2 + CA 2 — 2BC-DC. 

/v / The principle of this theorem includes also each of the 

\ / following : 

d o d" (a) When A moves to D (Fig. 7), the line segment 

Fig. 7. BA is divided externally at C; and for this divided line 

segment, BA 2 = BC 2 + CA 2 - 2 BC-CA. 

(b) When A moves to A', and DC vanishes, the theorem is: The square 

on the hypotenuse of a right angled triangle is equal to the sum of the squares 
on the other two sides. ;'u : , y - 
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(e) When A moves to A", D"C is negative and the angle UCA" is obtuse. 
Then A" If = BC 2 + CA m + 2 BC-CD". 

(d) When A moves to D", the line segment BA is divided internally at C; 
and for this divided segment BA 3 = BC 2 + CA- + 2BC-CA. . 

(iv) ABCD is a complete quadrangle with opposite pairs of sides AB and 
CD, AC and BD, and AD and BC; and E and F are the middle points of one 
of these pairs, say BD and AC respectively. Then from elementary geometry, 

AB 2 + BC 2 + CD 3 + DA 3 = AC 3 + BD 2 -f 4 EF 2 . 

This theorem, in principle, includes the following : 

(a) When D moves to B, AB 3 + BC 2 = 2B1’ 2 -j~ 2 AF 2 . That is, the 
sum of the squares on two sides of a triangle is equal to twice the square 
on half the third side and twice the square on the median to the third side. 

(b) When B and D move to//, any point on the line-segment AC, 
All 2 + HC 2 = 2AF 2 -f- 2/7/'-. That is, if a line segment be divided equally 
at one point and unequally at another, the sum of the squares on the unequal 
segments is equal to twice the sum of the squares on half the line and on the 
part between the points of section. 

(c) When D moves to C, and E therefore to the middle point 0 of BC, 
AB 2 = 4FG 8 . That is, the square on the base of a triangle is equal to four 
times the square on the line joining the middle points of the sides. 

Various other properties of the triangle and of the divided line segment may 

be obtained as particular cases of this general theorem. 

In the same way also properties of any polygon may be found in special 
forms as properties of any polygon of a smaller number of sides, or of the divided 
line segment. Examples (iii) and (vii) further illustrate the same idea. 

(v) The three radical axes of three circles taken two and two are concurrent. 
This theorem takes particular forms as one, two, or three of the circles become 

points. 

If the three circles become points, the theorem states that the right bisectors 
of the sides of a triangle are concurrent. 

(vi) S is a circle, tangent to four mutually external circles S u S 2 , S 3 , and S 4 ; 
and t n is a common tangent to Si and S 2 , etc. Then by Casey’s theorem 1 

B2D1 ± f 13^42 ± tut‘i3 = 0. 2 

This theorem takes particular forms as one, two, three, or four of the circles 
become points. Thus, for example, 

(a) If the four circles which touch S become points, the result is Ptolemy’s 
theorem on the concyclic quadrangle. 

1 Proceedings of the Royal Irish Academy, 1866. See also J. L. Coolidg eTTPr^sc^onlhe 
Circle and Sphere, Oxford, 1916, p. 38 .— -Editor. 

. 2 "? e . re , a ^ k/s denote common direct tangential segments, or those connecting two 
pairs [of circles] with no common member denote direct tangents and the other four transverse, 
or those which lack one subscript denote direct, and those which include it transverse tangential 
segments (Coolidge). * 
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(b) If the four circles which touch S become points and S becomes a 

straight line, we have the common theorem on four collinear points' A, B, 
C, I), viz : AB * CD + BC- AD + CA • BD - 0. 

(vii) A, B, C, D, E, F, are six points in any order on a conic section, and 
ABCDEFA is an inscribed hexagram. If AB and DE } BC and EF, CD and FA 
intersect in X , Y, Z, respectively, then XYZ is a straight line, the Pascal line 
of the hexagram. 

By moving vertices into coincidence, and assuming that their joins become 
tangents to the conic, we obtain this theorem in forms adapted to the pentagram, 
the tetragram, and the triangle. 

Thus, for example, the hexagram becomes a triangle if B moves to A, D 
to C, and F to E. The theorem then becomes: If a triangle be inscribed in a 
conic, the sides intersect, the tangents at the opposite vertices eollinearly. The 
line of collinearity is the Pascal line of the triangle. Or the theorem may be 
stated thus: If a triangle be inscribed in a conic, and another circumscribed at 
the vertices of the first, the two triangles are in perspective. The axis of per- 
spective is the Pascal line of the inscribed triangle. 

This list of example's may be increased indefinitely from both elementary 
and advanced geometry. It will be found everywhere that general principles 
may be discovered to underlie groups of theorems which in our ordinary teaching 
of the subject have had no relationship to one another. 


A NEW PROOF OF THE LAW OF TANGENTS 


By WM. F. CHENEY, Jr., Berkeley, Cal. 

1. In the triangle ABC, with angles A, B, and C, and sides a, 6, and c, assume 
b greater than c. Lay off AD along b, equal to c, and draw BD; then 

Z DBA = |(180 o - A) = |(R + C); 

1 Other geometrical discussions of the law of tangents may be found in the following sources : 
W. E. Johnson, Treatise on Trigonometry, London, 1889, p. 96; It. Levett and C. Davison, Ele- 
ments of Plane Trigonometry , London, 1892, pp. 170-171 (also in J. W. Mercer, Trigonometry for 
Beginners , Cambridge, 1906, pp. 259-260); E. Brand, Journal de rnatheniatiques elementaires 
(de Longchamps), 1895, pp. 153-154; E. M. Langley, Journal de rnatheniatiques elementaires 
(de Longchamps), 1896, pp. 3-4 (construction introducing Wallace's Line); E. W. Hobson, 
A Treatise on Plane Trigonometry , second edition, Cambridge, 1897, pp. 155-156; E. J. Wilczynski, 
Plane Trigonometry and Applications, Boston, 1914, pp. 105-106; and J. W. Young and F. M. 
Morgan, Plane Trigonometry and Numerical Computation , New York, 1919, pp, 47-48. 

The law of tangents in the usual form (except for notation) was first given by Vieta in the 
seventeenth century; Francisci Vietce opera mathematica, Lugduni Batavorum, 1646, p. 402: “ Vt 
adgregatum crurum ad differential!! eorundem, ita prosinus dimidiae sumxnse angulorum ad basin 
ad prosinum dimidiae differentiae.” 

Cf. A. von Braunmuhl, Vorlesungen uber Geschichte der Trigonometric , Teil 1, 1900, p. 188; 
Tcil 2, pp. 44-45; and other places referred to under heading u Tangentensatz ” in indexes. — •; 
Editor. HLLLLzP; CCff AS iAAF/C: "AfAACAC: ^ 
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2. Draw AP f the perpendicular bisector of BD, and produce it to meet BO 
at Q; then 

AP = BP- tan 4(5 + 0); 

and; 

PQ = BP • tan | (B- 0). 

3. Draw PR parallel to BC, bisecting CD at R; then 

All = |(5 -f c); jj/C 

and „ X \ 


therefore 
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Edited by W. A. Hurwitz, Cornell University, Ithaca, N. Y. 

DISCUSSIONS. 

Professor J. E. Trevor gave an example in the December number of the 
Monthly of an instance in which a theorem of analysis is of importance in thermo- 
dynamics. Another case of this sort is contributed by him as the first discussion 
in the present number. Corresponding to a change of independent variable, 
the form of a function is altered; it is readily shown that the rate of change can 
be represented as an ordinary derivative of another function closely related to 
the first. The notion is of use in connection with the heats of dilution of a 
solution. Instances in which mathematical conceptions arise in connection 
with applied science are always of value; even those mathematicians whose 
personal interests are principally in so-called “ abstract ” fields cannot afford 
to neglect the phases of mathematics sometimes termed “ practical.” 

In the study of analytic geometry beyond the more elementary portions 
determinants play an extremely important part; a glance at any treatise on 
projective or metric analytic geometry, on differential geometry^ or on non- 
Euchdean geometry analytically treated, will reveal page after page filled with 
resultants,, discriminants, Hessians, linear dependence, and other ideas based 
on determinants. In the elementary parts of the subject, however, determinants 
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play a negligible role. In most texts in common use, the determinantal form for 
the area, of a triangle is a solitary instance. Professor Foraker in the second 
discussion below gives an introduction to the use of determinants in the ele- 
mentary field. Most of his work consists of the statement of formulae; one 
theorem is proved, relating to the collinearity of the eircumcenter, centroid, and 
orthocenter of a triangle. It is scarcely to be expected that the material would 
be suitable for ordinary class use, but it will be of interest to a few students 
in any class. 

The third discussion is a plea for the more general use of the history of mathe- 
matics in connection with secondary and collegiate instruction. Attracted by 
an announcement of the plans of the National Committee on Mathematical 
Requirements, Mr. Laurin Zilliacus of the Bedales School in Petersfield, England, 
has written a letter on the subject to Professor II. W. Tyler, a member of the 
committee. With the permission of the writer, the recipient, and Professor 
J . W. Young, chairman of the committee, we reproduce nearly the entire letter, 
retaining the personal form in which it is written. The fact that Mr. Zilliacus 
has actual experience of the growth of interest and enthusiasm in a class through 


By J. E. Trevor, Cornell University. 

The “ heats of dilution ” of a solution are mathematical curiosities, in that 
these quantities are defined with reference to changes of the form of a function. 
When \f/(x) is a given function, and Sx is an arbitrary positive increment of the 
independent variable x, let it be supposed that a certain operation changes the 
value of a quantity <p from the value 


where a is a constant 
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' form of the function <p(x, Sx), and the rate of change of <p per unit increment of x 
mjp(x) is 

.. \p(x + Sx) — \p(x) — a-Sx d(\p — ax) 

inn 7 — — = —* 7 — — . 

8*-»o da: ax 

The heats of dilution of a solution are defined by such limits. 

Consider constant masses M\, M% of two component substances, such as 
salt and water or water and alcohol, capable of forming a homogeneous liquid 
mixture. Let the state of the body constituted of the masses Mi, J/ 2 be such 
that any mass mj of the jth component exists separately from the mixture of the 
masses Mj — mj and Mu, where Mk is the mass of the other component and 
Mj > mj > 0. In the case mj — 0, i.e,, when the body is a homogeneous “ solu- 
tion ” <j in a state of stable thermodynamic equilibrium under the pressure p 
at the temperature 8, let E(p, 8, M u d/ 2 ) be the energy and F(p, 8, M h J/ 2 ) 
be the volume of the solution, where p, 8, Mi, J / 2 are variable parameters. When 
the body is in a state cr 1 with separated parts, each in stable equilibrium at p, 6, 
its energy E\ and volume Vi are the sums of the energies and volumes of the 
parts. The “ enthalpy ” G of the solution a and the enthalpy Gi of the body 
in the state oq are defined by the equations 

XWX'i Q=E J rpV, ■ Gi — Ei -f- pV\, 

from which it follows that 

•VpSP: E — Ei — (G — G'l) — p(F— Fi). 

When the separate parts are brought together, under the constant pressure p, 
the state oq is transformed into the state a and the work - p(V - V{) is absorbed 
by the body. Hence, by the energy law, the heat absorbed by the body is the 
quantity G — G t . The particular case of this process realized when mj = Mj 
is the formation of the solution from its components. If g s is the enthalpy of 
unit mass of the jth component, the enthalpy Gi of the separate components is 
Migi M 2 g 2 , and the “ heat of mixing ” A G of the solution is 

(D g | : : J g ; ; ' AG ~ G — M m - M m 

where gi, g 2 are functions of p, 6. 

Consider now the dilution of the solution whose mass is M t + M», by addi- 
tion of the mass SMj of the jth component at p, 0. The value of the enthalpy 
of the body composed of the masses M L + M 2 and oMj is 

;. y : : 1 G(V, 9, Mi, Mt) + g s (p, 9)5M } 

before the operation, and it is 

(3 > _ 6(p, 8, Mj + 8Mj, M k ) . . 

after the operation. Both before and after the operation, the enthalpy of the 
body is a function of the constant quantities p, 8, M h M k , SMj. In the opera- 
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tion the enthalpy of the body changes in value because the form of the function 
changes from the form (2) to the form ( 3 ). Suppressing the constants v, 0 , M k , 
this change of value is 

G(Mj + BMj) - G(M/j - gfiMj. 

Since this expression denotes the heat absorbed by the body (Mj, M k , 6Mj) 
during the dilution, we have that the heat absorbed per unit mass of diluent 
added is the limit 

.. G(Mj -f SM f ) - G(Mj ) - gjSMj dG 


This quantity is the “ heat of dilution ” Ay of the solution {M x , ilf 2 ) for dilu- 
tion by the jth component of the mixture. 

Now by differentiating (1) we find 


Hence Ay is equal to the derivative SAG/dM, of the heat of mixing. Further, 
since it is known that G(p, 9, M x , M^) is homogeneous of degree one in My, M h 
and hence by (1) that AG is homogeneous of degree one in these variables, we 
have 

AG = MxAi + M 2 A 2 . 

It thus appears that the heat of mixing of a solution is a linear function of the 
two heats of dilution. 

II. Determinants in Elementary Analytic Geometry. 

By F. A. For aker, University of Pittsburgh. 

The general purpose of this paper is to indicate how some results in elementary 
analytic geometry may be conveniently expressed in determinant form. We 
shall consistently use the notation 


and shall in the usual way indicate the cofactors of elements of determinants by 
corresponding capital letters. The points P h P 2 , P 3 will be understood to have 
coordinates (aq, y x ), (x 2 , y%), (x z , y z ) respectively. It is well known that the 
area of the triangle P1P2P3 is §A, and that therefore the points P h P 2 , P 3 are 
collinear if and only if A = 0 . 

The equation of the line joining P x and P 2 is 
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in particular, the equation of a line having intercepts a 


The equations of lines respectively parallel and perpendicular to (2) through 
Pi are , „ 


The latter equation may also be written 


The equation of a line through Pi with slope m is 


the normal form of the equation of a line may be written 


■ ? : 


provided 29 + 0- 

All these equations are of the general type 


(9) «2, »2, «2 = U, 

' (h, K e s | 

or may be readily reduced to that type. Conversely, (9) represents a straight 
line unless A x = lh = 0. From (9) any of the usual forms may be derived; 
it is seen at once that the intercepts and the slope are 

a = — Ci[A h b = - Ch/Pi; ro += - A^Bi- 
The equation of a circle through the points Pi, Pi, P3 is 
a- 2 + f, a-, y, 1 

,, m *i 2 + 2 /i 2 , «i, 2 /i, 1 a. 

^ x 2 2 + yi, *2, 2/2, 1 

xf + yi, x 3) 2/3, 1 


( 10 ) 



If we interchange rows, change the signs in certain columns, and border with the 
quantities indicated, we have 

| *2*3 - *1*2 + ym - 2/12/2, 2/i — yh o 

1 3*^3 - *i*2.+ ym — ym, 1/2 -ys, 0 

. | *1**2 4~ Z/lg/2, 2/3, I 1 . 
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this may be written 

A (a: 2 + r) - | *i 2 + y?, I li, 1 | * — | Xi, x? + y?, 1 | y = | x? + yc, ** Vi | , 

where the meaning of the abbreviated determinants is obvious. Thus the 
circumcenter of the triangle P1P2P3 has the coordinates 


( 11 ) C x = ~\xP + y^, y u 1 


Qv — ^ | X{, Xi 2 + yr, 1 1 . 


The median through the vertex P x of the triangle P1P2P3 has the equation 





y, 1 


( 12 ) 


x u 

Vh 1 

= 0, 



X 2 + Xs, 

2/2 + ys, 2 


which may be written in the form 





X, 

y, 

1 



Xu 

yu 

l 


£1 + x 2 + .r 3 , 

yi + Vi + y%, 3 1 


From symmetry it is seen at once that the three medians intersect in a single 
point, the centroid, having the coordinates 


G x = l(xi + + Xz), Gy — \{yi + y 2 + 2 /s). 


The altitudes of the triangle P1P2P3 through Pi and P 2 have respectively 
the equations 


^ y, 

1 

: : ;■ 

4 

y, 

1 

xu yu 

1 

ii 

0 


Vi, 

1 

V ‘2 ~~ 2/3, ^3 “ x 2i 

. 0 


yi - yz, 

*3 — * 1 , 

0 


Solving, we find 


i XiXs ~ X 1 X 2 + 2/12/3 - yit/2, Vs ~ V 2 
| x 2 x z - X 1 X 0 + t/22/3 - 2 / 12 / 2 , yz - Vi 
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so that finally 

\Xi%3 + am, yu 1 1 

j *3*1 + l/ 3 ?/l, Hi, 1 j 

1 *1*2 ~f~ ym V}y_ 1. i 
*” • in lj 

v -j*2 2/2 l| 

j*3 Vi lj |- 

In like manner we may obtain y. The results involve the three subscripts 
symmetrically; therefore the point must be the intersection of each pair of 
altitudes. As the common intersection of the three altitudes, the orthocenter, 
we thus have 

j *2*3 + 2/->2/3, 2/1, 


(14) 


0 X = - | j * 3*1 + 2/32/1, 2/2, 

! *1*2 + 2/12/2, 2 /»> 

, i *1, *2*3 + 2/22/3, 


o v 


***2> 

a*3j 


*3*1 + 2/32/1, 
*1*2 + 2/12/2, 


1 

1 !, 
1 I 

1 

1 

1 


Prom (11)/ (13), (14) we have 

8 = A(W X - 2 C x 


Ox) 


n 

To 

"k 


!h 

jk 

Ik 


where 


Ti = Xi(%i + + a* 3 ) — (a*i 2 + yx) + + y^yf) 

= + xm + X 1 X 2 ) 4- (ym — 2/i 2 )t 


with similar expressions for r 2 , r 3 . Hence 


S = (*2*3 + *3*1 + *1*2) 

lj Vh 1 
1, 2/2, 1 

+ 

2/22/3, 2/1, 1 

Mi, 2/2, 1 

'« 

2/1 2 , 2/1, 1 
s/2 2 , 2/2, 1 


. I? y% ) . 1 


2/12/2, 2/3, 1 | 


; 2/a 2 , 2/a, 1 


The first determinant vanishes; each of the others is equal to (y 3 — ]k)(yi — yf) 
(V 2 — 2/1); therefore S = 0. We may similarly examine the ^-coordinates; we 
find that 

3G, - 2C X - 0* = 0, 

3 Q y - 2C V - = 0. 

Thus we have proved the theorem: The centroid lies one-third of the distance 
from the circumcenter to the orthocenter along the line joining them . 

If we have the equations of three lines given in the form 

(15) - aiX + hiy + a^Q [f* 1, 2, 8], 

the lines will form a triangle if D, C%, C%, C 3 are all different from zero. The 
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vertices of the triangle are then 


The coordinates of the circumcenter are seen by (11) and (16) to be 1 


The coordinates of the centroid are 


The coordinates of the orthoeenter are 

(A 2 A s + B 2 B 3 )Ci 2 , B u Ci I 

0 X = — TTTf TTTw (^^Ai + BsB{)Ci 2 , B 2 , 0 2 \, 

LxUMV- (il4+5lSt) ^ Ba> c 3 1 

A u (A2A3 + B 2 B 3 )Ct 2 , Ci J 

Oy — — n n n 7)2 ^ 2 > ( J ^Al + B 3 Bi)C 2 2 , C 2 \ . 

LltiL zU A Z , (AiA 2 + B 1 B 2 )C s ?, C 3 1 

The area of the triangle is Z> 2 /(2C'iC r 2C' 3 ). 

A few of the above results are well known; the others are easily proved. 
This paper is intended only as an introduction to work along this line and is 
not supposed to be exhaustive in any sense. 
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methods of presenting the subject. The particular lines of change which would 
result I am not qualified to predict, but 1 think it would be sale to say in general 
that (1) there would be a reduction in unnecessary drudgery as a true perfective 
of values was obtained; (2) the fundamental principles (e.g., compact number 
notation, symbolic statement, variation, limits, deductive reasoning) would 
stand out more clearly and comprehensively when it was seen how they had 
been gradually pulled out. from confusion, instead of their being, as at present, 
presented as part of a' complete and arbitrary structure; (3) there would be a 
living connection between mathematics and “practical” life in the minds of 
children who were shown how each has waited on the other throughout the ages. 

My own experience in a school of boys and girls of 11 to 19 years of age 
has convinced me that the coordination of mathematics with experimental 
science and the historical treatment of mathematics go hand in hand and together 
yield most fruitful results. A couple of lectures in the school on the history of 
mathematics roused great interest and led to many questions and some inde- 
pendent reading. A chart was displayed of the “ Stream of .Mathematical 
Knowledge ” from the earliest known times, showing how the thin trickle of 
isolated facts from the Egyptians was swelled by the Greeks into a great river of 
knowledge; how the river branched and wandered, increasing here and shrinking 
there, through the Arabs (with a great tributary from the Hindoos), the Homans, 
the Byzantines and the Moors, until with the advent of the printing press and 
the flight of the Byzantine Greeks from Constantinople the streams reunited in 
Europe, and swelled on every hand — there the chart ended, but it is to be con- 
tinued later. I found that the children were delighted as with a story, and 
that mathematics acquired a new meaning for them when linked up with his- 
torical familiars such as Athens, Alexandria, the Mohammedan conquests, 
Haroun al Raschid, the Moors of Spain, etc,, etc. 

In particular classes, too, the history was of great service. My difficulties 
with a Mechanics class vanished when a discovery in books (Cox’s Mechanics) 
enabled me to outline the development of our views of the solar system from the 
theory of epicycles through the Copernican system, Galileo’s trouble-bringing 
discoveries and Kepler’s Laws to Newton’s great work. The class was deeply 
interested, and grasped Newton’s Laws, circular motion, energy and momentum 
in a way I have never before experienced with a class. 

A beginner’s class in geometry was much helped by a short account of how 
Thales and his successors took experimentally determined facts from the Egyp- 
tians, investigated their explanation and deduced other useful facts from them: 
the meaning of a proof was quickly grasped, and very rapid progress made in 
what they regarded as an intellectual game. They themselves discovered 
experimentally the property of angles in a semicircle, and were probably as eager 
as Thales to find the explanation and proof. 

Summing up the benefits that struck me even during my short experience of 
teaching mathematics with a due regard for its history, I should say they are 
as follows: • - 'L: " : v 
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For the teacher: (1) The relative importance of various aspects of the subject 
becomes easier to determine, and hence what should be omitted and what empha- 
sized. 

(2) Indications are obtained of the order in which to introduce new knowledge, 
since the history of the world’s progress in mathematics is not without similarity 
to that of an individual (e,g., the late appearance in history of an understanding 
of the minus sign in algebra indicates where it should be attempted in the school 
study of this subject). 

(3) The difficulties of bteginners are more readily seen, for they are much the 
same throughout time. (A striking instance of this is the confusion between 
determinate and indeterminate problems — once pointed out, it never recurs.) 

For the taught: (4) An understanding of mathematics as a body of methods 
and knowledge that have grown and are still growing by the labours of men, and 
not as a curiously pointless and arbitrary set of rules and definitions. 

(5) A better grasp of underlying principles as the course of history makes 
them stand out more and more clearly. 

(6) A connection of mathematics with interesting and useful inventions. 

(7) The interest that any subject gains that is packed with anecdotes and 
stories. 

IV. An Introduction to Plane Trigonometry by Graphical Methods. 

By H. J. Ettlinger, University of Texas. 

It is not an uncommon experience of teachers of trigonometry to find students, 
who are plunged without warning into the definitions of the trigonometric 
functions, completely bewildered by the terms, sine, cosine, etc. It may be a 
good plan in taking a cold bath to immerse suddenly, but it is equally a good 
plan in teaching trigonometry to lead the student into the subject by a method 
which will directly connect it with his previous study of plane geometry. 

This summer in a course in trigonometry the writer developed at some length 
a graphical introduction, based on the use of the ruler, compasses, and protractor. 
This graphical substratum continued throughout the course as an essential 
element. 

As a student, the waiter recalls a frequent remark of one of his instructors, 
Professor Roever of Washington University, that the element of value contained 
in an accurately drawn figure is usually completely overlooked. The habit of 
drawing by means of instruments careful and accurate figures to represent 
mathematical situations should be developed as early as possible. Often such a 
figure suggests a solution; always it will provide a check. It serves admirably 
as an example of what modern mathematical rigor means, viz: clearness. 

The writer puts forward no claim to originality In this paper. A number of 
the ideas are to be found in the early chapters of Wilezynski and Slaught’s Plane 
Trigonometry (Allyn and Bacon). In the course as given the past summer, 
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however, the text was supplemented by further development and additional 
problems. 

The course opens with a review of plane geometry, covering the theorem of 
Pythagoras, similar triangles, and the construction of triangles. These theorems 
are treated in detail. The special case of similar right triangles is given careful 
attention. The construction of oblique triangles for the four eases is recalled. 
After pointing out the impossibility of measuring certain distances directly and 
the magnitude of error introduced when the measurement is possible, we proceed 
immediately to the graphical solution of triangles. 

The use of a ruler and compasses does not require explanation. For this 
work a ruler graduated to tenths of an inch is a distinct advantage, since with a 
little practice and the use of fine lines the student can soon estimate accurately 
to hundredths of an inch, A centimeter scale graduated to millimeters has its 
merits also. 

The rotation definition of an angle is now introduced and defined in terms of 
the arc subtended on a unit circle. For many purposes it is convenient to make 
the angle and this arc synonymous. For instance, it removes at once the mystery 
connected with the notation 6 = arc sin ?/. It also simplifies the radian unit of 
measurement. The use of a protractor to measure any angle should be explained. 

The student now accurately represents the actual situation in space on a 
sheet of paper. This he accomplishes by constructing a similar triangle to a 
suitable scale, and from his knowledge of similar triangles he readily sees why he 
obtains the correct values for the unknown sides and angles from the figure by 
direct measurement. For the solution of right triangles, cross-section paper is 
of great assistance. 

The area of any triangle is found by dropping a perpendicular from a vertex 
to the opposite side as base and measuring the length of the altitude thus obtained. 
The area is then computed by the usual formula. 

The construction of an accurate figure and the careful measurement of the 
unknown pa,rts of the triangle continues throughout the course in combination 
with a solution by computation. Later in the course, after the theory of logar- 
ithms has been explained and logarithms used in computation, the slide rule 
is presented as a graphical table of logarithms. It is the belief of the writer that 
the graphical introduction facilitated the understanding of the principle of the 
.slide rule.' 

Ihe transition from the graphical method to the use of trigonometric func- 
tions is easily made by pointing out the limitations of accuracy to the above 
constructions. Triangles having small angles and situations demanding more 
accurate results can be cited. The need for a computation method is appreciated. 
A course given without this kind of an introduction must necessarily plunge the 
student into the definition of the trigonometric ratios similar to the arbitrary 
definitions of the theory of functions. This point of view a freshman cannot 
understand. : ■ , v ■ 

After the trigonometric functions have been defined, the class constructs a 
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two-place table of sines and cosines by drawing the angles and measuring the_ 
lengths. The graph of the sine curve, and cosine also, is drawn, using the data 
just obtained. This establishes at once the connection between sines and cosines 
and waves. 

The construction of an angle when one of the ratios is given is a useful appli- 
cation of the graphical method. The angle is measured by means of the pro- 
tractor, and the other ratios are scaled off. Squared paper is very helpful for 
this work. Finally, it should be pointed out that at this time the inverse trigono- 
metric functions should be introduced as nomenclature for the angles just con- 
structed, and not, as is usually done, at the very end of the course. 

It occurs to the writer that some teachers might contend that in a short 
course in plane trigonometry there is no time to give to the considerations dis- 
cussed in this paper. In reply the writer can only cite his experience of this 
summer. The course covered twenty-eight lecture periods, each fifty minutes 
in length. Out of these, four were devoted to hour quizzes, and two more, to 
review at the end of the course. In addition to the graphical introduction, all 
the topics of the average text on plane trigonometry were covered, including 
proofs for all the formulae used, trigonometric identities, and trigonometric 
equations. The only curtailment necessary was in the time ordinarily devoted 
to the last topic. 

From the point of view of interest it may be stated that this introduction 
makes a strong appeal to all classes: the future engineer always on the alert im- 
practical methods, the bright student studying mathematics for its own sake, 
as well as the “ prerequisite for the A.B.” individual. The method, more- 
over, is valuable per se inasmuch as it is the one used during the late war to 
solve problems in aerial navigation, artillery and orientation, and plane sailing 
where first approximations were desired. These fields alone provide a wealth 
of simple problems. 


RECENT PUBLICATIONS. 

REVIEWS. 

Mathematical Essays and Addresses. 

The Human Worth of Rigorous Thinking : Essays and Addresses . By Cassius 
J. Keyser. New r York, Columbia University Press, 1916. 314 pp. Price 
$1.75. 

Whitehead and Russell’s imposing Principia Mdthematica furnishes a sys- 
tematic treatise of the most recent and horoughgoing philosophy of mathe- 
matics and as such is addressed to those well grounded in mathematics and logic; 
Shaw's smaller book, The Philosophy of Mathematics , presents the various aspects 
of mathematics to graduate students, A pleasant task has been assigned to the 
reviewer, that of describing and evaluating Professor Ileyser's delightful essays 
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and addresses in which he interprets to what are largely noiwnatlit'irmtieal 
audiences the inner spirit of mathematics. Only a mathematician can appreciate 
the difficulty of his undertaking, and only one who reads or listens to these may 
know the pleasantness and the effectiveness of the interpretation. These essays 
are in part known to many through their appearance in such widespread journals 
as Science , The Ilibbert Journal , and The Journal of Philosophy, P^chuhgn 
and Scientific Methods . 

The style in which these essays are rendered must he at once the* satisfaction 
and the despair of all mathematicians— the satisfaction because the Mibject has 
so able an exponent, the despair because so very few indeed— let us say one-half 
of one per cent.!— of the profession have had their tongues touched by so live 
a coal from the altar. 

Strictly speaking, the title applies only to the first three addresses: “The 
human worth of rigorous thinking,” "The human significance of mathematics,” 
The humanization of the teaching of mathematics,” and to the (-losing address 
“Mathematics.” Pointing out in his first address that mathematics may be 
characterized by its aim of thinking rigorously whatever is, or may become, 
rigorously thinkable, or by the collected results of this rigorous thinking, lie 
examines “ the just claims to human regard of perfect thought and the spirit of 
perfect thinking.” To comprehend this fully, one must have come to know what 
rigorous thinking is through a close study of some one or more distinctively 
mathematical treatises, of the role of rigorous thinking in the history of civiliza- 
tion, and of the numberless applications of mathematics to engineering and the 
natural sciences. This last study makes it evident that “all thinkers and espe- 
cially students of natural science are engaged, both consciously and unconsciously, 
both intentionally and unintentionally, in the mathematization of concepts — 
that is to say, in so transforming and refining concepts as to fit them finally for 
the amenities of logic and the austerities of rigorous thinking.” As examples of 
this are adduced the concepts of continuity, function, and infinity. At this 
phase of the development of the subject he takes issue with Bergson and William 
James in their attack on the method of concepts, the modern method of science, 
contending that instead of the aim and ideal of intellect being the understanding 
and subjugation of matter, the essential function of concepts is something more 
than this, viz., to quote Diotima, “lam persuaded that all men do all things, and 
the better they are, the better they do them, in the hope of the glorious fame of 
immortal virtue.” He instances further the great difficulty or utter impossibility 
which these men have on psychological grounds of explaining such contradictions 
as those, for example, involved in bridging over the transition from sensations, 
finite in number, to concepts, infinite in multiplicity. What the intellect has 
done is rather to create for itself a world of conceptual magnitudes which is free 
from the contradictions of the world of the senses; these magnitudes form the 
subject-matter of science. The aim of this creative intellect is to preserve and to 
promote the life of the intellect itself, to think in accordance with the laws of its 
being, to bring all its laws and methods into complete harmony. Thus “science 


1920 .] . RECENT PUBLICATIONS. 67 

and especially mathematics, the ideal form of science, are creations of the intellect 
in its quest of harmony.” 

The second address, delivered at the University of California in 1915 before 
the American Association for the Advancement of Science and affiliated organiza- 
tions, is too well known to demand a full analysis. Various approaches to the 
study of the human significance of mathematics are suggested, the historical, 
the utilitarian, the logical, and the spiritual, the last furnishing the theme for the 
address, viz., the relation of mathematics to the supreme ideals of mankind. 
The sovereign passion of mankind is for release from life’s limitations and the 
tyranny of change. Our human aspirations find their highest unity in the quest 
of a stable world. This quest is to be made, not in the world of sense, but in 
that of concepts. When on this road toward perfection thought has attained a 
high degree of refinement, precision, and rigor, we call it mathematical thought. 
Yet all thought, mathematical or non-mathematical, refined or crude, possesses 
the unity of being human. Along with the great contributions of theology, 
philosophy, jurisprudence, art and science to the wealth of the world’s knowledge, 
mathematics has shown to the world that “ there exists a stable world of pure 
thought, a divinely ordered world of ideas, accessible to man, free from the mad 
dance of time, infinite and eternal.” At the risk of evoking a disclaimer from 
Professor Keys.er, one may fairly say that in his protest against the limitation of 
the motivation of the intellect to a superiority over the material he shares much 
in common with the ideals of the pragmatists, 1 while his theory of science, and of 
mathematics in particular, is almost identical with that of Poincare. 

The thesis of the third address, more briefly summarized, is that hope of im- 
provement in the teaching of mathematics, in secondary schools and colleges alike, 
lies in the possibility of humanizing it, in recognizing that it is not sufficient to 
say that mathematics possesses its high position as a great human enterprise 
because it has given the world a metrical and computatory art essential to the 
conduct of daily life, furnishes countless applications to engineering and the 
natural sciences, and is an excellent means of giving mental discipline. It is not 
sufficient even to say with the mathematician that mathematics is the science 
of pure thought. Rather is it to be said and to be shown in our teaching that 
its human significance penetrates all fields, it lives in all the activities of men and 
of nature. ;■ ^ f b :• ^ ■ AAV /■/■■■■ VT 

The next four articles, the thirteenth, and the last may be classed together, 
treating as they do such general mathematical notions as the dimensions of the 
universe, hyperspace and infinity. Advisedly avoiding the philosophical ques- 
tions as to the nature of space and accepting it merely as “a vast region or room 
around us, an immense eternity, locus of all suspended or floating objects of 
outer sense,” the speaker in “ The walls of the world” attempts a bold task in 
seeking to interpret even to an audience of scientists Pascal’s characterization of 
space: “Space is an infinite sphere whose center is every where and whose surface 
is nowhere.” A grasp of the notions of infinite sequences and of the equality of 

1 E. B. Perry, Present Philosophical Tendencies, third impression, p. 268. 
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two such sequences, such as would he sufficient for the comprehension of hiscni’s 
statement, is doubtless not to be gained from a single hearing; -fortunate is it. 
that the address is available in a form which will allow those interested to reflect 
more carefully on the notions involved. While Lucretius’s argument for the 
infinite extent of the universe is in a clear fashion shown to depend on a confusion 
of the terms “boundless” and “infinite,” the suggestion is made through a 
reference to infinities of higher order that our reason may enable us to go in 
thought beyond the confines even of our infinite universe. 

The next article, “Mathematical emancipations 51 (1906), and the thirteenth, 
“ Concerning multiple interpretations of postulate systems and the ‘existence 5 of 
hyperspace 55 (1913), offer a more scientific treatment of the same subject as the 
foregoing. The former defines “dimension 55 with due accuracy and develops 
instances of magnitudes of successively increasing dimensionality, leading up to 
the fact that ordinary space is not inherently and uniquely three-dimensional. 
For example, the plane is a three-dimensional space of circles since each circle is 
determined by three parameters; and on the oilier hand ordinary space is by 
the same test a four-dimensional space of lines or of spheres. This interpretation 
of hyperspace, which is of course essentially that familiar to mathematicians, 
has the merit of being simple, of making it unnecessary to pass beyond the 
bounds of the universe or to transcend the limits of intuition. Hypers pace of 
points however exists not for imagination or intuition, but only for thought and 
reason. The question of imagining configurations in a hyperspace of points is a 
question of psychology, not of mathematics, but it can be readily shown that the 
structure of a fourfold figure can be traced out by its significant analogy with a 
three-dimensional figure. 1 On the score of accuracy it should be remarked 
that “Jove nods 55 when color is named as an example of three-dimensionality 
in its dependence on the three primary colors; this is true only in the sense of 
homogeneous coordinates, for a given color depends manifestly only on the two 
independent ratios of these three components. 

The thirteenth article considers the comparative advantages of the languages 
of geometry and analysis, and argues that ^-dimensional geometry has every 
kind of existence that may be attributed to ordinary geometry of space. 

To the assumptions of modern science that the universe is an organic system 
of order and that it is the sole system of law and order, “The universe and beyond 15 
opposes the view that above every nature there is a supernatural, a hypercosmie. 
In support of this view it is noted that while mathematics may be defined as 

1 In the presentation of this subject the reviewer has commonly advanced from the straight, 
line to the square, and from this to the cube, pointing out that in our picture of the cube right 
angles and lines of equal length do not always appear as such; it is then noted that if a hyper cube 
of four dimensions is to be constructed, one would erect a cube on each of the six faces of this 
cube extending into the fourth dimension, these cubes being “adjacent” in sets of three, and the 
“outer vertices,” eight in number, would determine the last of the eight cubes which bound the 
hypercube; the number of edges, faces (squares), and vertices are enumerated by analogy with 
two and three dimensions, and finally the picture of the hypercube (the projection into three- 
dimensional space) is given , this comprising a cube entirely outside a second cube with the pairs 
of corresponding vertices joined by eight lines. 
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the science of measurement, direct or indirect, and of position, as the science of 
operations, etc., as characterized by its content, we may also define it by its 
method as in the well-known definition of Benjamin Peirce; and since pure 
mathematics is intrinsically concerned with accuracy, correctness and complete- 
ness in its logic rather than with the truth of its applications to our universe, 
which is the domain of natural science, it may conceivably deal with that which 
transcends the sensible universe, as when for example one deals in euclidean 
| and non-eudidean geometries with inconsistent systems of consistent relationships. 

; The article, Mathematics, ’ ’ supplements the characterization of mathe- 

matics as given in the preceding paper by a presentation of the growth of mathe- 
l matics as a science through the critical movement grounded in the study of the 

| theory of functions and of the foundations and in a study of symbolic logic which 

: discloses the basis of logic as identical with the basis of mathematics. The back- 

[ ground of Iveyser’s writing seems clearly to be the philosophy of mathematics 

embodied in Whitehead and Russell’s Principia MatkemaMca , the first two 
volumes of which he has reviewed in the twelfth chapter of the present collection, 
y (The reader who desires to follow the discussion intensively needs to refer for 

1 Russell’s latest interpretations to his recently published Introduction to Mathe- 

matical Philosophy .) Hamilton’s and Schopenhaueris indictments of mathe- 
; matics are rejected by Iveyser as consisting of malicious misrepresentation; 

those of Huxley as based on actual ignorance of the nature of mathematical 
; thinking in its relation to observation and causation. It is not surprising that a 

writer so zealous for the purity and for the spiritual values of mathematics should 
! in the closing part of this paper disparage the term “ applied mathematics '” and 

: distinguish sharply between mathematics and natural science. This indicates a 

divergence, partly of emphasis, partly of definition, from the usage of the many 
I who view mathematics as inclusive of its applications. 

Incidentally taking issue with the views of Professor Royce as to the possi- 
bility and validity of existence proofs of the infinite, the seventh article considers 
l “The axiom of infinity.” Mankind by the need of considering the indefinitely 

I small and the indefinitely large has been forced through mathematics, as through 1 

\ ethics and philosophy, to treat the infinite. This search has brought high 

\ rewards, even if it were found to be an insoluble problem. The studies of 

j Riemann, Bolzano, Dedekind and Cantor are suggested as having for the first 

j time in history obtained a logical hold on infinity. The contention is rightly 

j made that when some modern critics characterize Bolzano’s definition of infinity ; 

| based on the inexhaustibility of a class as a negative definition, or of the infinite 

i as the really positive and the finite as the negative, the distinction is not essential 

J , , but represents merely an arbitrarily chosen point of view. Yet, to the reviewer’s : 

: mind, Professor Iveyser is guilty of this very “verbal legerdemain” when he 

:j insists that Royce, Russell and others are wrong in saying that the concept of the 

; infinite denies the axiom of the whole and part because the common-sense axiom 

is applicable only when there is a number telling now many; this contention 
stands or falls solely with the particular definition given to the terms involved. 
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The most interesting portion of this essay is the argument 1 that it is impossible 
to prove the existence of the infinite, that the demonstrations of such existence 
involve reasoning in a circle, and that one must instead adopt the axiom of infinity 
which states that “conception and logical inference alike presuppose absolute 
certainty that an act which the mind finds itself capable of performing is intrin- 
sically pcrformable endlessly, or, what is the same thing, that the assemblage of 
possible repetitions of a once performable act is equivalent to some proper part 
of the assemblage.” 

The remaining articles are contributions to educational discussions. “The 
permanent basis of a liberal education” points out that amid, the unceasingly 
changing state of knowledge there are certain great invariant facts which should 
be enshrined in any plan providing a liberal education; such facts are the immense 
past of mankind, the material universe in which we find ourselves, our dependence 
on the world of ideas, the social character of our world, the fact of the human 
future, and the discipline of beauty. 

The address on “Graduate mathematical instruction ...” calls upon uni- 
versity departments to offer such courses as will enable students to gain a general 
knowledge of the problems and methods of these fields even though specializing 
in other departments. It is maintained on the ground of experience and observa- 
tion that there is an opportunity for such courses and a distinct duty of the 
universities in the matter, in spite of the fact that the intrinsic technicality of 
each subject may make it difficult and in part impossible for the instructor to 
make it known to the non-specialist. The reviewer may in this connection 
instance the philosopher Josiah Royce, who in the later part of his life with the 
wealth of his intellectual equipment studied the fundamentals of modern mathe- 
matics with the double effect of showing in his writings an unusually intelligent 
and an unusually sympathetic grasp of mathematics in its philosophical bearings. 
How happy a contribution might be made to a clean-cut organizing and harmoniz- 
ing of the various systems of philosophy if only more frequently mathematicians 
would bring to that study the instrumentality of their critico-logical training! 
Keyser would demand as a prerequisite only a year of collegiate mathematics, 
since in his view the material most valuable for such a vocational instruction 
does not depend on the calculus. The course would comprise a presentation of 
the nature of mathematics, of postulate systems and the role they have played 
in ancient and modern times, the function concept, the limit concept, the calculus, 
the theory of poiiffc sets, invariants, and groups. 

Three other chapters are of more general import, one of which, “ Mathematical 
productivity in the United States” (1902) might wisely have been supplemented 
by the encouraging contrast which a summary of present conditions would 
furnish. RvM'ri. ri ' ■ ; • 

W. D. Cairns. 

1 C. J. Keyser, “The axiom of infinity and mathematical induction/’ Bulletin of the American 
Mathematical Society, Vol. 9, May, 1903. 
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Note on Prime Numbers. 

In my review of the first volume of Dickson’s History of the Theory of Numbers 
in this Monthly (1919 , 402), I quote from page 425 of the History the conjecture 
of M, Cantor (correctly reproduced from his paper) that three successive primes 
are not in arithmetical progression unless one of them is 3. Through the kindness 
of Professor F. II. Loud my attention has been called to the fact that the con- 
jectured theorem is false. In fact from a table of primes it is easy to find sets 
of three consecutive primes with common difference 6, for example. The four 
primes 251, 257, 263, 269 are successive and are in arithmetical progression. 

R. D. Carmichael. 

Plane Trigonometry and Numerical Computation . By J. W. Young and F. M. 

Morgan. New York, Macmillan, 1919. 12mo. 7 + 122 pp. Price $1.25. 

The Preface: “Ever since the publication of our Elementary Mathematical Analysis (The 
Macmillan Co., 1917) we have been asked by numerous teachers to publish separately, as a text- 
book in plane trigonometry, the material on trigonometry and logarithms of the text mentioned. 

“The present textbook is the direct outcome of these requests. Of course, such separate 
publication of material taken out of the body of another book necessitated some changes and an 
introductory chapter. As a matter of fact, however, we have found it desirable to make a number 
of changes and additions not required by the necessities of separate publication. As a result 
fully half of the material has been entirely rewritten, with the purpose of bringing the text abreast 
of the most recent tendencies in the teaching of trigonometry. 

“ There is an increasing demand for a brief text emphasizing the numerical aspect of trigo- 
nometry and giving only so much of the theory as is necessary for a thorough understanding of the 
numerical applications. The material has therefore been arranged in such a way that the first 
six chapters give the essentials of a course in numerical trigonometry and logarithmic computation. 
The remainder of the theory usually given in the longer courses is contained in the last two 
chapters. 

“More emphasis than hitherto has been placed on the use of tables. For tins reason a table 
of squares and square roots has been added. Recent experience has emphasized the applications 
of trigonometry in navigation. We have accordingly added some material in the text on naviga- 
tion, have introduced the haversine, and have added a four-place table of haversines for the benefit 
of those teachers who feel that the use of the haversine in the solution of triangles is desirable* 
The material can, however, be readily omitted by any teacher who prefers to do so.” 

NOTES. 

The fifth quinquennial Table des matieres of Revue semestriette des publications 
mathematiques was published in 1918, It covers volumes 21-25 (1913-1917). 

Noordhoff of Groningen published in 1918 the second volume of the Oeuvres 
completes de Thomas Jan Stieltjes which are being issued under the auspices of 
the Amsterdam mathematical society. It is a quarto volume of^over six hundred 
pages. The first volume, which was about one-third smaller, appeared in 1914. 

The fourth edition of Appell’s Traite de micanique rationnelle , tome 1, was 
published in 1919. It contains about five pages more than the third edition — 
Recent publications by R. de- Montessus.de Ballore are: Introduction a la theorie 
des courbes gaudies algebriques (Paris, Croville-Morant, 1918); the sixth enlarged 
and thoroughly revised edition of the elementary algebra part of C. de Comber- 
ousse’s Cours de mathematiques (Paris, Gauthier-Villars, 1919) ; and the Yearbook 
of the Universities to which we have already made reference {1919, 358). 
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Recent catalogues of second hand mathematical hooks: Xu. 07 ; 195 titles in 
mathematics and physics), Galloway and Porter. Cambridge, England; No. 778 
(3336 titles in exact and applied science), Henry Sothenui and < o., 140 Strand, 
W, C. 2, London. The latter catalogue includes the library of Olaus Heirrid. 


Among the articles in Retisfa maternal ica Hispano-* 1 mcriaum, September, 
1919 are: “El tratado de la logaritmica de Juan Cararauel” by !). F. Dieocez 
pp, 203-212 (including facsimiles of two pages of tables); and 4 La teoria de los 
grupos en la enciclopedia matemaf iea ” by G. A. Miller., pp, 229-282. Cf. 
1919 3 302. 

The 'frontispiece of Popular Astronomy for November, 1919 is a group picture 
of members and visitors at the Ann Arbor meeting of the American Astronomical 
Society, September 2-5. Among those in the group are the following members 
of the Association: E. TV. Brown, W. D. MacMillan, F. R. Moulton, and E. ]), 
Roe, Jr. Elsewhere in the issue is a fine portrait of Benjamin Baillaud (director 
of the Paris observatory, and first president of the International Astronomical 
Union), and a picture of the Palais des Academies where t he meetings of the 
International Research Council were held in Brussels last July. 

Science , for December 19, records that at a recent meeting of the corporation 
of Yale University it was voted “to extend the sincere congratulations of the 
corporation to Professor Ernest Brown on the completion of his monumental 
work on the Tables of the Motion of the Moon , and to assure him that the university 
considers the work that he has done on these volumes as among the most im- 
portant scientific contributions ever made by an officer of Yale University/’ 

G. Bell and Sons, London, have announced the publication of Nomograph}/ 
by S. Brodetsky, and of Differential Equations and their Applications by PI. 
Pioggio. — Dunod, Paris, has published a French translation, by A. E Gerard, 
of Silvanus P. Thompson’s Calmdus Made Easy (first published anonymously 
in 1910) with the title: Le ccdcul integral cf differentiel a la portee de tout le atomic* 

Engineering Education . Essays for English. Selected and edited by R. I\ 
Baker (New Fork, Wiley, 1919) includes the following: Under the heading 
The Origins of Engineering Education, “ Evolution of the scientific investigator” 
by S. Newcomb, pages 3-28 (reprinted from the Smithsonian Institution Report , 
1904); under the heading The Bases of Engineering Education — Mathematics, 
“The place of mathematics in engineering practice” by W. H. White, pages 
103-112 (reprinted from Nature , September 19, 1912), and “On the relation of 
mathematics to engineering” by A. Ranmn, pages 113-121 (reprinted from the 
Sibley Journal of Engineering , January, 1914). Each essay is preceded by a 
brief biographical sketch of the author. 

The following paragraph appeared in Nature for November 27: 

“The unfailing energy of Prof. Pearson’s department at University College, London, has now 
resulted in the production of a series of tracts published by the Cambridge University Press. 
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The objects of this new series are not only to publish new tables (as well as to republish old and 
inaccessible tables), but also in due course to issue works on interpolation, mechanical quadratures, 
calculating machines, and other matters of importance to the practical computer. The first of 
the series is before us, and is entitled Tables of the Bigamma arid Trigamma Functions , by Eleanor 
P airman. The work contains tables of the logarithmic derivate of the Gaussian . H-f unction 
and of its derivate, in addition to some useful miscellaneous information concerning these two 
functions. The functions are tabulated to eight places of decimals at intervals of 0.02 from 0 to 
16, with tables of second differences. There seems no doubt that this series will be of extreme 
value to computers, and we must feel deep gratitude to Prof. Pearson for using the resources at 
hk disposal in producing it. Finally, it should be said that the appearance of the first of the 
series is up to the standard which w T e have grown accustomed to expect from the Cambridge 
University Press.” 

ARTICLES IN CURRENT PERIODICALS. 

Annals of Mathematics, 2d series, volume 21, no. 1, September, 1919: “Investigation 
of a class of fundamental inequalities in the theory of analytic functions” by J. L. W. V. Jen- 
sen [translation from the Danish by T. H. Gronwall], 1-29; “Functions of limited variation in 
an infinite number of dimensions” by P. J. Daniell, 30-38; “A new sequence of integral tests for 
the convergence and divergence of infinite series” by R. W. Brink, 39-60; “Calculation of the 
complex zeros of the function P(z) complementary to the incomplete gamma function” by P. 
Franklin, 61-63; “Total differentiability” by E. J. Townsend, 64-72. 

Athenaeum, 1919, November 14: “Einstein’s theory of gravitation” by X., 1189 [Last 
paragraphs: “Einstein supposes that space is euclidean where it is sufficiently remote from 
matter, but that the presence of matter causes it to become slightly non-eucMdean— the more 
matter there is in the neighbourhood, the more space will depart from Euclid. By the help of 
this hypothesis, together with his previous theory of relativity, he deduces gravitation— very 
approximately, but not exactly, according to the Newtonian law of the inverse square. 

“The minute differences between the effects deduced from his theory and those deduced 
from Newton are measurable in certain cases. There are, so far, three crucial tests of the relative 
accuracy of the new theory and the old. 

“(1) The perihelion of Mercury shows a discrepancy which has long puzzled astronomers. 
This discrepancy is fully accounted for by Einstein. At the time when he published his theory, 
this was its only experimental verification. 

“ (2) Modern physicists were willing to suppose that light might be subject to gravitation, 
Le., that a ray of light passing near a great mass like the sun might be deflected to the extent to 
which a particle moving with the same velocity would be deflected according to the orthodox 
theory of gravitation. But Einstein’s theory required that the light should be deflected just 
twice as much as this. The matter could only be tested during an eclipse among a number of 
bright stars. Fortunately a peculiarly favourable eclipse occurred this year. The results of 
the observations have now been published, and are found to verify Einstein’s prediction. The 
verification is not, of course, quite exact; with such delicate observations that was not to be 
expected. In some cases the departure is considerable. But taking the average of the best series 
of observations, the deflection at the sun’s limb is found to be 1.98”, with a probable error of about 
6 per cent., whereas the deflection calculated by Einstein’s theory should be 1.75”. It will be 
noticed that Einstein’s theory gave a deflection twice as large as that predicted by the orthodox 
theory, and that the observed deflection is slightly larger than Einstein predicted. The dis- 
crepancy is well within what might be expected in view of the minuteness of the measurements. 
It is therefore generally acknowledged by astronomers that the outcome is a triumph for Einstein. 

“ (3) In the excitement of this sensational verification, there has been a tendency to over- 
look the third experimental test to which Einstein’s theory was to be subjected. If Ms theory is 
correct as it stands, there ought, in a gravitational field, to be a displacement of the lines of the 
spectrum towards the red. No such effect has been discovered. Spectroscopists maintain that, 
so far as can be seen at present, there is no way of accounting for this failure if Einstein’s theory 
in its present form is assumed. They admit that some compensating cause maij be discovered to 
explain the discrepancy, but they think it far more probable that Einstein’s theory requires some 
essential modification. Meanwhile, a certain suspense of judgment is called for. The new law 
has been so amazingly successful in two of the three tests that there must be something valid 
about it, even if it is not exactly right as yet. 
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“Einstein’s theory has the very highest degree of aesthetic merit : every lover of the Leant ifu! 
must wish it to be true. It gives a vast unified survey of 1 he opera! ions * >f nu i tire, wit h a t ivlmica L 
simplicity in the critical assumptions which makes the wealth .of deductions astonishing. It is a 
case of an advance arrived-" at by pure theory: the whole effect of Einstein’s work is to make 
physics more philosophical (in a good sense), and to restore some of that, intellectual unity which 
belonged to the great scientific systems of the seventeenth and eighteenth centuries, but, which 
was lost through increasing specialization and the overwhelming mass of detailed knowledge. 
In some ways our age is not a. good one to live in, but for those who art* interested in physics 
there are great compensations. .”] 

Journal of the Indian Mathematical Societal volume II, no. 4, August, 1919: 
“Progress report” by D. D. Kapadia, 121; “Mr. S. Ramanujan, B.A., F.H.S.,” 122 and portrait 
frontispiece [“Was bom of poor parents in December, 18SS, at Erode in the Madras Presidency 
. . , In 1910 he went to Madras ■ with two good . sized note books filled with Ms researches in 
mathematics and with the help of some friends obtained a clerk’s post in the Harbour Trust 
Office. This enabled him to remain in Madras and work at mathematics with the help of books 
and periodicals which were made accessible to him there. In 1912, having one day seen the 
remark in Mr. G. H. Hardy’s tract on Orders of Infinity that the precise order p(x) had not yet 
been ascertained and having himself arrived at a result relating to it, he opened correspondence 
with Mr. Hardy sending him some of his results on continued fractions and theory of numbers. 
Mr. Hardy was struck with the grandeur of the results' and wrote to him an appreciative letter 
asking for more of his results in other branches of mathematics. On receiving these, which were 
mainly in definite integrals and elliptic functions, Mr. Hardy discovered in Ramanujan a great 
mathematician and asked him if he would go to Cambridge . . , The University of Madras 
granted Mr. Ramanujan a special scholarship of the annual value of £250 for throe years and he 
sailed for England in March, 1914 . . , An account of Ms work while in England' has already 
appeared in the February, 1917 number of this Journal. ... In recognition of ins abilities in 
mathematics he was elected a fellow of the Royal Society in 1917, and in 1918 he was granted a 
Fellowship of Trinity. The University of Madras has also been pleased to give him an annual 
grant of £250 for another period of five years without imposing any condit ions regarding residence 
or work. Since May 1917 he has not been keeping good health. He returned to India in March 
last for the sake of Ms health and is now residing . . . very near the place of his birth”]; “On 
the cartesian oval” by V. II. Aiyar, 123-144; “Borne difficulties met with in reading mathematics 
without a teacher; a complaint against text-books” by W. A. Garstin, 145-154; “Astronomical 
notes” by T, P. B. Sastri, 155; Problems and Solutions, 150-160; “Mathematics (in brief) from 
current periodicals,” i-iii. 

Mathematics Teacher, volume 12, no. 1, September, 1919: “An experiment in niofiva- 
tion” by W. S. Sehlauch, 1-9; “Scales for the study of children’s characteristics” by E. S. Smith. 
10-16; “Applied mathematics in high schools: some lessons from the war” by W. E. Brceken- 
ridge, 17-22; “A junior high school course in mathematics” by Emily Renshaw, 23-27; “A 
simple method of reconstructing a hyperbolic paraboloid” by E. J. Cuy (Couyundjopoulos), 
28-29; “The national committee on mathematical requirements,” 30-32; Editorials, Book 
Reviews, Notes and News, 33-40. 

Messenger of Mathematics, volume 48, no. 9, January, 1919: “Note on the deflec- 
tion of beams” by W. H. Macaulay, 129-130; “Laws of facility of error” by A. R. Forsyth, 131- 
144— No. 10, February: “On Napier’s circular parts” by W. W. Johnson, 145-153 lHistorieal|; 
‘ Theorems in the expansion of polynomials, obtained by an application of the calculus of residues ” 
by E. A. Milne, 153-159; “The dissection of rectilineal figures” by \V. H. Macaulay, 159-160. 

Nouvelles Annaxes DE Mathematiques, volume 78, June, 1919: “Reduction h une 
forme normale d’un systeme d’6quations difflrentielles simultanecs lineaircs a coefficients con- 
stants” by H. Vogt, 201-209; “Le th£or6me de Feuerbach dans les eubiques” by Malgouzon, 
210-213; Demonstration du tbfioreme de Chasles sur les arcs 6gaux de lemniseate” by F. Rali- 
trand,^ 213-215; “Sur les conditions pour qu’une fonction P(x, y) -f iQ(x, y) soit monogene” 
by M. Fr&ffiet, 215-219; “Groupes de points sur Phyperbole dquilatere” by J. Ser, 220-228; 
Questions and solutions, 230-240. 

Penn syl vania School Journal, volume 67, April, 1919: “The Courtis tests in arith- 
metic” by W. A. Boyer, 480-481. 

. , Proceedings of the American Philosophical Society, volume 58, 1919: “Graph- 
ical representation of functions of the Nth degree” by F. E. Nipher, 236-240. 
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Revue de Metaphysique rt be Morale, volume 26, no. 5, September-October, 1919: 
Etllc l e l critiqlles ‘~ 4<Les prinei Pes de F analyse mathematique par Pierre Boutroux” by M. Winter, 
649-66/ [Last sentences : “Le livre que nous venons d’analyser donnera au jeune geometre line 
vue d’ensemble de la science a laquelle il travaille. L’ouvrage de M. Boutroux interessera egale- 
ment le phiiosophe; les grands courants de la pensee qui se dissimulent sous les theories matlie- 
matiques y sont discretement decrits: Fauteur nous signale les heurts, les chocs qui en resuitent. 
II n’a pas cru devoir rester f au-dessus de la melee’. II a pris parti, il a defendu les idees qui nous 
semblent les plus conformes au developpement de la science.”] 

RETOE 1>e PHILO SOPHIE, annee 19, no. 4: July— August, 1919: “Mathematique et meta- 
physique” by P. M. Perier, 3S4-395 (to be continued); “ Pierre Duhem (1861-1916)”, 457-462 
[Quotations: “ M. Duhem Pierre-Manrice-Marie naquit k Paris le 10 juin 1861. Eieve du college 
Stanislas, il se voue k l’etude des sciences et se prepare k 1’Eeole Normal© Superieure. Il y est 
admis a Page de vingt et un ans. Son intelligence lucide, son travail obstine, le fpnt bientot 
classer parmi les meilieurs sujets. Apres ses trois annees d’etudes, le nouvel agrdge, sort! premier 
du concours, aurait pu avoir Mte de jouir de la situation qu’il s’etait cr<§6e. Les deux annees 
suivantes, il demanda et obtint la faveur de rester k l’Ecole en vue de perfectionner sa formation 
scientifique. . . . Peu d’hommes cependant ont ete de tous points plus meritants que M. Duhem. 
Magnifiquement done du point de vue intellectuel, a la fois historian, phiiosophe et surtout savant, 
il sut allier a la science abstraite des dispositions artistiques, qui ne laissaient pas de surprendre 
dans Fhomme du chiffre et de F abstraction. Partout oh il s’offrait a lui, dans Fart, en literature, 
dans Farchiteeture ou dans la nature, le beau ne le trouva jamais indifferent. Sa faculte esthetique 
n’explique-t-elle pas le charme singulier et la coloration de sa parole et surtout de sa claire com- 
position?”]. 

Retoe Phelosophique be la France et be l’etranger, annee 44, September-Oc- 
tober, 1919: “ L’imagination pure et la pensee scientifique” by J. Segond, 297-321. 

Retoe scientifique, ann^e 57, no. 17, 6-13 September, 1919: “Le temps et sa mesure” 
(suite) by M. Moulin, 517-527. 

School Review, volume 27, no. 8, October, 1919: “Geometry by analysis” by H. O. 
Barnes, 612-618. 

School and Society, volume 10, August 23, 1919: “What and how far have military 
courses and training contributed to the college curricula?” by P. P. Boyd, 219-224— October 11: 
‘‘The National Committee on Mathematical Requirements,” 435-437. 

School Science and Mathematics, volume 19, no. 8, November, 1919: “A practical 
method for demonstrating the error of mean square” by H. F. Roberts, 677-692 [bibliography 
on page 692]; “How x came to stand for unknown quantity” by F. Cajori, 698-699 [Quotation: 
“As a matter of fact, there is no evidence, worthy of serious consideration, to show that x was 
used as the symbol for unknown quantity before the publication of Descartes’ Geom&trie, in 
1637”]; “A ‘flu’ dream in mathematics” by W. A. Austin, 701-713; “Horner’s method ” by 
Elizabeth Sanford, 726 [First of five verses: 

“Have you ever asked why asjdums were filled 
With people whose sweet dispositions were killed? 

It’s because of one man, with a Mother Goose name, 

Who invented a system to drive folks insane. 

That’s Horner.”]; 

“Force, work and power — their relation. Note on relation of work to heat added” by S. A, 
Garlick, 727-731; “Nineteenth meeting of the Central Association of science and mathematics 
teachers,” 751; Problems and solutions, 755-758; “New outline map of the United States on 
the Lambert projection,” 760; “The National Committee on Mathematical Requirements,” 
763-764; Review by G. A. Miller of Cajori’s History of Mathematics (new edition, New York, 
1919), 768, 770. 

Science, new series, volume 50, November 7, 1919: Review by H. S. White of T. Smith 
and R. W. Cheshire’s Constructional Data for S7nall Telescope Objectives and Additional Data, etc. 
(London, 1915-1916), 437-439 — November 21; “The history of science and the American 
Historical Association” by E. J. Benton, 478; “The deflection of light by gravitation and the 
theory of relativity,” 478-479 — November 28: “The historical point of view in the teaching of 
science” by G. A. Miller, 489-493 [Address before the Missouri State Teachers Association. First 
two paragraphs: “The teachers of Missouri should take special interest in the history of science 
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at the present time in view of the fact that the American Association; for the Advancement of 
Science is expected to meet soon in this state and the question of forming a special section of this 
association for the purpose of considering topics in the history of science is to ho raised during this 
meeting. Teachers of mathematics have an additional reason for taking-' an- unusually keen 
interest in tins subject just now in view of the appearance during the past summer of two very 
important books on the history of their subject, 

“One of these is entitled ‘History of the Theory of Numbers’ and was prepared by Professor 
L. E. Dickson of the University of Chicago, while the other bears the more general title 4 A History 
of Mathematics’ and was prepared by Professor Florian Cajori, of the University of California, 
who holds the unique position of a regular professorship of the history of mathematics in a uni- 
versity. The former book is the first volume of the most complete history of number theory ever 
written and marks an epoch in American mathematical literature, while the latter is technically 
only a ‘revised and enlarged edition’ of a book which appeared a quarter of a century ago under 
the same title, but the changes are so extensive that it too may be regarded as practically a new 
work.”} 

Scientific Monthly, volume 9, no. 5, November, 1919: “The controversy on the 
origin of our numerals” by F, Cajori, 458-464. [The article closes with the following summary: 
“The following are the outstanding facts: 

1. The earliest reliable record of the use of our numerals with the zero is an inscription of 
867 A.D. in India. 

2. The validity of the testimony of early Arabic • writers ascribing to India the numerals 
with the zero is shaken, but not destroyed. 

3. There is not a scintilla of evidence in the form of old manuscripts or numeral inscriptions 
to support the Greek origin of our numerals. 

4. At present the hypothesis of the Hindu origin of our numerals stands without any serious 
rival. But this hypothesis is by no means firmly established. 

As a by-product of the discussion of recent years we must admit that, on the evidence pre- 
sented, the claim that our numerals and the zero were used in India as early as the fifth cent tiry 
must be abandoned; our earliest apparently reliable evidence belongs to the ninth century. We 
must also abandon the claim that the early Hindus used the abacus, the rule of ‘double false 
position/ and the process of ‘casting out the nines.’ These corrections are due to G. R. Rayed] 

University of Texas Bulletin, no. 1904, January, 1919: A comparison of the' pro 
miums of the Teachers Insurance and Annuity Association with those of other legal reserve com panics, 
by E. L. Dodd, 19 pp. 


UNDERGRADUATE MATHEMATICS CLUBS. 

Edited by U. G. Mitchell, Univ#sity of Kansas, Lawrence. 

The Mathematics Club of the University of Kansas, Lawrence, Kansas. 

[1918, 35, 450, 459; 1919, 208.] 

The officers of the club for the year 1019-20 are as follows: President, Jessie 
Craig ’20; vice-president, Beatrice Hagen ’20; secretary-treasurer, Evelina 
Watt ’20; reporter, Etna Morrison ’20; faculty adviser, Professor Ellis B. 
Stouffer ; program committee, the faculty adviser, the secretary, the reporter and 
Ruth Kelsey ’20. 

Belov are given the programs for the year 1919-20, as announced in the printed 
folder issued by the club. 

October 9, 1919: “Codes and Ciphers” by Professor Ulysses G. Mitchell. 
October 23: “The game of nim” by Etna Morrison ’20. 



November 13: “I)e Moivre’s theorem” by Lucile Noah ’20. 

December 11 : “Hyperbolic functions” by Marie McKinney ’21. 

January 8, 1920: “Sailing quicker than the wind” by' Marie Shaklee ’21; 

“Famous problems of antiquity” by Nadene Weibel ’21. 

January 22: “Mathematics of the calendar” by Lillie Strand ’21. 

February 12: “Life and works of Newton” by Hilda Bushnell ’21; “The Leib- 
niz-Newton controversy” by Wayne Stevenson ’20. 

February 26: “Mathematical machines” by Victor Mellenbruch Gr., and Eran 
0. Burgert Gr. 

March 11: “Mathematics in France” by Professor Solomon L. Lefschetz; 

“Mathematicians of America” by Professor Cyril A. Nelson. 

March 25: “Flatland” by Nina McLatchey Gr. * Play “Flatlanders” by mem- 
bers of the club. 

April S: “Origin of number symbols” by Marie Power ’20. 

April 22: “Geometric fallacies” by Marie Brown ’21. 

May 13: “Magic squares” by Pearl L. Mellenbruch Gr. 

May 27: Annual picnic. 

The Mathematical Club op Rockford College, Rockford, Illinois. 

[1918, 188, 409.] 

The officers of the club for the year 1918-19 were: President, Ruth Gleasman 
19; vice-president, Dorothy Jamison ’20; secretary-treasurer, Lucy E. Brown 
’20. 

The following programs were given during the year. 

September, 1918: Initiation of new members. 

November: “The Ueberfeld Horses,” from Maeterlinck’s The Unknown Guest, 
by Lea Gordon ’20. 

December: “Problems in paper cutting” by Aline Bartholomew ’20. 

January, 1919: “Comet’s tails” by Professor Bessie I. Miller. 

February: “Magic squares and mathematical tricks” by Dorothy Jamison ’20. 
March: Geometrical recreations — “Geometrical fallacies” by Anna Foster ’21; 
“Geometrical paradoxes” by Bohnmilla Hrdlicka ’21; “Geodesics” by 
Elizabeth Rearick ’20. 

April: “Shol-t cuts in calculation” by Margaret Dodd ’21. 

May: “The theory of probability” by Ruth Gleasman T9. 

Membership in the club is limited to students who have taken or are taking 
elective work in mathematics. At present there are seventeen members. The 
officers for the year 1919-20 are: President, Dorothy Jamison ’20; vice-president, 
Virginia Schneider ’20; secretary-treasurer, Frances Regan ’21. 

The University of Saskatchewan Mathematical Society, 
Saskatoon, Saskatchewan. [1918, 270, 460.] 


On account of the interruption of the University work by the influenza 
epidemic no meeting of the society was held during the vear 1918-19 before 
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Christmas. The first meeting of the new year was held in February, 1919. 
Gladys Shannon ’20 presented a paper on “The concept of infinity in geometry.” 
The paper was followed by considerable discussion and it was decided that the 
subject should be given further consideration at the second meeting. 

The second meeting was held at the residence of Professor Lloyd L. Dines 
and about twenty members were present. The discussion of the subject of the 
first meeting was continued by John H. Simester 20, Lillian Williamson 21, 
Helen Fernald ’21 and Gladys Shannon ’20, as well as by nearly all of the other 
members present. 

The third and last meeting for the year 1918-19 was held at the residence of 
Dean George H. Ling and about fifteen members were present. John H. Simester 
’20 presented a paper on “The logic of algebra” and after a discussion of it 
several interesting problems were presented by members of the club. A resolu- 
tion was introduced and passed unanimously that hereafter the society should 
be called “The Shuttleworth Mathematical Society of the University of Sas- 
katchewan” in honor of the late Roy Shuttleworth, who was the first president 
of the club and who fell in France in August 1918 after having won the Military 
Medal for distinguished services. 

The following officers were elected for the year 1919-20: President, John II. 
Simester ’20; vice-president, Gladys Shannon ’20; secretary-treasurer, Andrew 
M. Ridout ’21. 

The Mathematics Club of Vassar College, Poughkeepsie, N. Y. 
[1918, 136, 456; 1919, 2G4.] 

The officers for the first semester of the year 1918-19 were: President, Helen 
Thompson ’19; vice-president, Susan Burr ’20; secretary-treasurer, Helen Lewis 
’20; faculty member of executive committee, Professor Elizabeth B. Cowley; 
student member of executive committee, Mildred Booth ’20. 

Below are given the programs for the year 1918-19. 

October 4, 1918: Business meeting for election of officers for first semester. 

After the election the members of the club “took a hike.” 

November 6: “Spherical aberration” by Professor Henry S. White; “Some 
mathematical fallacies” by Kathleen Millay ’21. The members of the club 
had an animated discussion over the fallacies. Some problems were proposed 
for solution before the next meeting. 

December 3: “Air resistance against rotating projectiles” by Eliza Sommerville 
’20; “Underwater trajectories and phenomena of flight” by Mildred Werntz 
’20. It was announced that Amy Davison ’21 had solved the problems pro- 
posed at the last meeting. It was also announced that a list of examples and 
questions that were intended to test personal efficiency had been placed on 
the bulletin board. They had been clipped from a newspaper. 

January 16, 1919: A play “Elatlanders” 1 written by Kathleen Millay ’21 
and Lucille Free ’21 was presented by members of the club. 


1 Published in full in the June, 1919, number of the Monthly, pp. 264-267. 
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February 27: Election of officers for second semester: President, Helen Thomp- 
son T9; vice-president, Susan Burr '20; secretary-treasurer, Helen Lewis '20; 
faculty member of executive committee, Professor Cowley; student member 
of executive committee, Mary Coye '20. 

Subject of program “ The fourth dimension." Mary Coye '20 explained 
it by the use of an analogy; Katherine Jaeger T9 gave historical data; Amy 
Davison '21 discussed some of the theoretical aspects. 

It was recommended that in the future some of the meetings be held in 
other places than in Rockefeller Hall (recitation hall). 

April 10: “.A brief account of the life of Lewis Carroll" by Pauline Chrisler T9; 
“Lewis Carroll as a mathematician" by Christie White T9; “An adaptation 
of Stephen Leacock's essay on ‘A, B, and C'" (reading) by Jean Proutt T9. 

The meeting was held in senior parlor. Mrs. II. S. White and some fresh- 
men were invited as guests of the club. After the formal program and 
business session were over tea was served. 

May 20: The club had a picnic near the “old lake." A short business meeting 
was held and then mathematical games were played until supper time. 

The officers elected for the first semester of the year 1919-20 are: President, 
Mildred Booth '20; vice-president, Amy Davison '21; secretary-treasurer, 
Susan Burr '20; faculty member of the executive committee, Professor Cowley; 
student member of the executive committee, Mary Coye '20. 

SUMMARY NOTES— 1919. 

The establishment of the Students Army Training Camps at various uni- 
versities and the outbreak of the epidemic of influenza in the fall of 1918 inter- 
fered greatly with the work of undergraduate mathematics clubs. Of thirty- 
three clubs which reported during 1919 on the work of the school year 1918-19, 
nineteen — University of Alabama, University of Chicago, University of Colorado, 
Greenville College, Grinnell College, University of North Carolina, University 
of Oregon, Swarthmore College, Albion College, Columbia University, Denison 
University, Harvard University, University of Illinois, University of Kansas, 
University of Kentucky, University of Maine and University of Nebraska 
do not mention any meetings during the period from September first 1918 to 
January first 1919 and the first eight of these clubs are reported as remaining 
inactive during the entire school year. Nearly all of these inactive clubs have 
reported that they expect their work during the year 1919-20 to be back to 
normal activity again. 

One new club, that of the University of Iowa, was organized in April 1919. 
During 1919 the Monthly has published reports of the activities of twenty 
different clubs. These reports included accounts of more than 100 meetings and 
a list of about 160 topics discussed. Discussions of two club topics, “The 
Number tt" and “'Codes and Ciphers," have been published and some sug- 
gestions given as to forms of entertainment for social meetings. 
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Edited by B. F. Finked and Otto Dunked. 

[Send all communications about Problems and Solutions to R. F* FIXKEL, Springfield, Missouri.] 

PROBLEMS FOR SOLUTION. 

2806. Proposed by WARREN WEAVER, Throop College of Technology. 

The Maxwell law for the distribution of velocities among the molecules of a gas shows that, 
considering a velocity of given magnitude, it is equally probable that it have any direction. Find 
an expression for the probability that the velocity of a molecule m* (whose velocity relative to 
the mass motion of the gas is k') when measured relative to the velocity h of a molecule mi (k less 
than fc') shall make with, k an angle falling within the limits 0 and 8 + dQ. 

2807. Proposed by S. A. COREV, Des Moines, Iowa. 

Establish the identity 


BENNETT, University of Texas, 


2808. Proposed by A. A, 

Let f(x) denote an arbitrary frequency distribution function. 

(1) Show that the condition that frequencies when compounded follow the law for simple 
frequencies is that the iteration of f(r~t ) in the sense of integral equations leaves this kernel 
unaltered, i.e., 

(i) f(r ~ t) - f ~ bC °f(r — s)f(s — t)ds and, hence, this kernel is singular. 


Cf. David F. Barrow, Annals of Mathematics, second series, vol. 19 (1917), p. 97 

(2) Show that f(a , x) satisfies (i) for every real value of a , when 


~ sin ax, for — c < x < c, c being arbitrary, real and positive but fixed. In par- 
/(a, x) = - ticular c may be infinite. 

0 f for x < — c. 

’ \ for x > c. 

(3) Show that for a given c, and 0 < a <b, f{h, x) ~~ f(a, x) and /(a, x) are orthogonal. 

(4) Show that the Gaussian normal probability function satisfies (i). Consider its expansion 
in terms of the orthogonal functions of (3). 

(5) Show that for c finite, /(«, x) cannot be defined by means of a Fourier series, save for 
discrete values of a , since for a varying within certain restricted segments, the Fourier coefficients 
of f{a,x) remain unaltered. Show that when a Fourier representation is possible, the series 
reduces to a trigonometric polynomial. 

2809. Proposed by the late L. G* WELD. 

Find the nth term of the series defined by the relation, Ui +3 = m -J- m + i, in which Ui = us = 1. 
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2810. Proposed by H. S. UHLEE, Yale University. 

In. the expansion of the following determinant or eliminant, find the total number of terms, 
and the number of terms having the coefficients + 1, — 1, + 2, — 2, +3, — 3, + 4, — 4, + 5, 
- 5, + 6, - 8, + 10, respectively. 


h 

a 

0 

0 

B 

A 

0 

0 


c d e 0 0 0 
b c d e 0 0 
a b c d e 0 
0 abcde 
ODE 0 0 0 
BODE 0 0 


B O DE 0 
ABODE] 


2811. Proposed by 3 , L. EBLEY, Stephenville, Texas. 


Given the cube roots of 60, 61, 63, and 64, to find the cube root of 62 by the method of 
differences. 

2812. Proposed by C. N. SCHMALL, New York City. 

If F(x, y, z) be a homogeneous function of x, y, z, which becomes p, w) by the elimination 
of x, y, z, by means of the equations dFjdx = u, 9 F / Oy = v, dF/dz = w; show that 


dF / dF 


dwj ' 


2813. Proposed by PAUL CAPEON, U. S. Naval Academy. 

An ellipse having the major-axis 2a and the eccentricity «, is revolved first about its major 
axis, forming a prolate spheroid, then about its minor axis forming an oblate spheroid, bhon 
that the surfaces of these spheroids are, respectively, 


and 


2Ta 2 (l/e'Vl — e 2 sin” 1 e 4* 1) 

27ra 2 j* 2 4" 1 / «(1 € 2 ) ^ € ) ] * 

SOLUTIONS OF PROBLEMS. 


339 (Calculus) [June, 1913; May, 1919]. Proposed by T. H. GEONWALL, Washington, D. C. 
To show that for any real value of x 

I & /sinzNl^ _1_ , 

\d^\~) = =»i' + l’ l*"\ * /I W + 1 


I. Solution by Otto Dunkel, Washington University. 

The function y = sin x/x, x + 0; y - 1, * = 0, is single-valued and continuous for all values 
of x and it can be expressed as a power series 

' „ x 2 , & 

2/ = l“3!+5! • 

all other values of x. Hence, we may write the sequence of equations for finding the denvatives 


2 y r + xy" = sin (it 4- $)> 


xy = sin x, y + %y f - sin ( 2 a ) 7 

(' . / 'll 4“ 1 

• • • , (» + W n) + xi/ n+1) = sm ^ - - 


ir 4* $ 


)■ 
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and hence 


The proof of the second inequality may be carried through in the same manner 

II. Solution by H. S. Uhler, Yale University. 
Let r s (sin x)Jx and s « sin x, then 


In order to find an explicit formula for the general derivative of r with respect to x in terms of n, 
x, sin x, and cos x we may proceed as follows: 

Case 1. n even. Multiply equations (ft), (ft. — 1), (ft — 2), (« — 3), * • *, (2), (1), (0) by ~f 1 


respectively, and add the results. We then find 


Fa (x) * cos x 


where 


The upper or lower signs are to be used throughout according as n is of the form 4m or 4m — 2, 
respectively; m - 1, 2, 3, • • * . When n ~ 4m, the number of terms in F i(x) and Fz(x) is 2m + 1 
and 2m, whereas when n ** 4m — 2 the number of terms in F\(x) and F*(x) is 2m and 2 m — 1, 
respectively. 

Case 2, n odd. Multiply equations (ft), (n — 1), * * *, (1), (0) by the same factors as were 
used above, observing that the signs of the last three factors will now be +, — ; and add. 


Fz{x) * cos x rb 


F*(x)'S in x 


where 
F Z (X) m 1 
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■ n _ 1 (n - l)(n ~ 2) , (n - 1 )(n - 2) (n - 3)(n - 4) 
” 4 ^') ~ 1 a - 2 + & 

, (» - 1)(» ~ 2) 


±^ T (n : 


l)(n - 2) ••• 2-1 


The upper or lower signs are to be used throughout according as n is of the form 4m — 1 or 4m — 3, 
respectively. When n — 4 m — 1, or n — 4m — 3 the number of terms in both Ft(x) and Fi(x) 
is 2 m or 2m — 1, respectively. In all cases, the total number of terms in the right hand members 
of formulae (A) and (B) is % + 1. 

The following properties of these formulae will help to throw light on the general problem. 
Since Fi(x), Fs(x) t Fs(x), and F.i(x) involve only even powers of x it is seen, at once, from the 


outstanding factors db : 


, n cos x . ■ cos x 

± — , and =F — — , 

x 2 ’ x 7 


n sm x 


that d n rldx n j when numerically 


equal positive and negative values are substituted for x (n being always a positive integer), does 
not change sign for n even, and it does change sign for n odd. Hence the graph of y = d n r/dz n 
is symmetrical with respect to the y - axis when n is even. On the other hand, the ordinates are 
equal in magnitude but opposite in sign for x ~ 4- c and x — — c, when n is odd. When x is 
neither zero nor infinite it is evident that d n r/dx n is finite, continuous, and single-valued. By 
reducing all terms of the right-hand members of (A) and (B) to the common denominator a;" 4 * 1 
we see that d n r/dx n assumes the so-called indeterminate form 0/0 when x = 0. Differentiating 
the re-written numerators of (A) and (B), and dividing each result by djdx(x n+1 ) t i.e., by {n + l)x n , 

we find =b 


x n cos X 
(n 4- ljx n 

for x we obtain d= 


and 
1 


=b , respectively. Cancelling x n and then substituting zero 

4 " 1 )X- 

, „ and 0 for the limits of d n rjdx n corresponding, respectively, to even and 

% “T 1 

odd values of n. Finally, since | sin x | > 1, and | cos x | > 1, (A) and (B) show that d n r/dx n van- 
ishes as x becomes infinite, n remaining finite. It has thus been demonstrated that, for all values 
of :r, d n rjdx n is a finite, continuous, and single-valued function of x. 

The properties of d n r/dx n just proved show that the greatest numerical values of this deriva- 
tive may be obtained from its algebraic maxima, and minima, if it possesses any . Accordingly 
the next step in the argument is to establish the existence of maxima and minima. 

A necessary condition that d n r/dx n shall have maxima and minima is d* l+1 r/dx n+i ~ 0. . Hence 
it must be shown that the (n + l)th derivative can always vanish when neither n nor x is infinite. 
When n is even, n 4- 1 is odd so that formula (B) applies. When n is odd, n 4- 1 is even and 
formula (A) applies. It is not necessary to write out separately and in detail the equations for 
d nn r!dx n+1 = 0 since both assume the form 


fix) - sin x = xF(x)'Cos x 


(C) 


where fix) and F(x) are polynomials in x 2 , each having integral coefficients and a term free 
from x. 

We are to show that the necessary condition (C) is an equation which always has real roots 
in addition to x = 0. Now fix) = 0 and Fix) = 0 either have one or more real roots in common, 
or they have no common root. If such a root be admitted then a proof of the existence of a 
real root of condition (0) would be superfluous. Supposing that fix) == 0 and F(a’) = 0 have 
no common root we may demonstrate the existence of real roots of equation (C) in the following 
manner. 

In the first place, assume that both fix) = 0 and F(x) == 0 have real roots. Then take a 
positive value of x, R say, which is greater than the numerically largest root of fix) — 0 and 
Fix) = 0. Also imagine the curves y - fix) -a in® and y « xF(x).- cos. c plotted to the same 
scale on the same diagram, and consider the possibility of the two loci having real intersections. 
For values of x between R and 4- « the curves can cross the axis of * only when sin a; and cos * 
vanish, for we have chosen R too large to permit either fix) or Fix) to become zero. The curves 
(* > R) intersect the :r-axis at alternate points which have the constant interval r/2. In short, 
for x > R> the loci have the general nature of y - sin x and y * cos x except in so^ far as each 
trigonometric ratio is multiplied by a function of x that is finite, continuous, and single-valued 
(“damped” harmonic curves). It is clear, therefore, that for x > R the loci intersect each other 
in an infinite number of discrete real points and hence that equation (C) has an infinite number 
■ of real roots. ' ' , 4 v : ■ . 
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Therefore, when d n+1 r/dx n+1 = 0, we have also 


where d n+ ~s]dx n has the values — sin x } -f* cos a?, + sin x, ~ eos.r corresponding, respectively, 
to * ~ ^ m > 4m ““ h 4m — 2, 4m — 3. Now (cos x)jx cannot here vanish for a Unite value of 
* P ec ause the necessary condition (C) is not fulfilled (as explained above) when cos a; » 0. Again 
(sm x)jx cannot vanish for a non-infinite value of x since, as before, condition (C) prevents sin x = 0 
for x ^0 } and the ratio (sin x)/x approaches 1 for a 0. Consequently it has been shown that 
the necessary condition for the occurrence of maxima and minima of d n r/dx n is also sufficient. 

We are now prepared to discuss the values of d n r/dx n at its maxima and minima. The 
[n + l)th equation of the original list would be 

d n+1 r n + 1 = d»+Vs 

dx^ 1 x dx n ~ x dx n +i * 

Hence, when d n+l rld,x n+1 = O we have also 

d n r _ __ 1 d n+l s 
dx n ~ n -f I * dx*+i * 

where d» +1 s/(fe»+i has the values > cos a, + sinz, - cos a:, -sin a: associated, respectively, 
I*’ 4W | "A 4 ” 1 . ~ 2 ’ 4w ~ 3 / Tller efore, | d-'r/dx" | equals l/(» + 1) • | cos x 1 or 
f li + ;2'Jf 1 ? :C ,l wl ? en n 18 even or odd > respectively. Since ] cos a- ] <l and i sin a; <1 it 
hn°LVt 1 d *!*? 1 c 1 anno 1 t i e f eed vy + !)• As we have seen that (<7) is satisfied by 7 = 0 
but not by any integral multiple of either ± (tt/2) or ± », the final results of the analysis may 


for n even, 


| _ j < __ ? f or n 0 dd, or for n even and x 4= 0. 

Remark. In the special case n « 1, I have followed the numerical values of 

dr _ x cos x — sin# 


itS s gr SS test arithmetic maximum, which occurs when 
tor 119 15 55.87 * *0- The corresponding value of | dr/dx | is 0.436182 
12.8 per cent, less than 1 /{n -f 1) = 1/2, 
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Attention must next be turned to 


Writing c in place of 1 — cos x the general equation is found at once to be 

d n u n d n ~ 2 u _ 1 d n c 

dx n x dx n ~ l ~ x dx 11 ' 

Using precisely the same multipliers and method as before, we obtain 


When n is even, (A'), and x is given pairs of values + a and — a, d n u/dx n assumes values 
that are equal in magnitude but opposite in sign. On the other hand, when n is odd this deriva- 
tive alters neither in sign nor In magnitude when x is changed from + a to — a. Hence, when n 
is odd y — d n u/dx n is symmetrical with respect to the axis of ordinates. 

Since all the separate terms of formulae (. A * ) and (BO involve either sin.r, or cos x, or j n in 
the numerator and some positive integral power of x in the denominator we see that d n u/dx n is 
finite for all values of x between 0 anjd oo . When x becomes infinite d n u/dx n = 0. When x = 0 

x n sin 

the indeterminate form 0/0, when treated in the usual way, gives dt f° r n even > anc ^ 

X n COS X 1 

=F / — tt ' c — : to n odd. Therefore, for x = 0, the nth derivative of u is equal to 0 or T 

(n + l)x n w f 1 

according as n is even or odd, respectively. 

For sake of brevity and variety, the question of the existence of maxima and minima may be 
settled by making use of the elementary properties of plane curves. The fraction c/x is finite, 
continuous, single-valued, with an infinite number of maxima and minima. Whenever u has a 
maximum or a minimum du/dx vanishes. In other words, du/dx changes sign for every value 
of x that corresponds to a maximum or a minimum of u. Also the general formulae (AO and {B r ) 
show that any derivative is finite, continuous, and single-valued. Therefore, du/dx must likewise 
have an infinite number of maxima and minima. We then apply the foregoing argument to 
du/dx and d 2 u/dx 2 , and so on indefinitely. Obviously the same line of reasoning could have been 
applied to r and all of its ^-derivatives. The earlier proof was presented in extenso because of 
its rigor and probable instructive value. 

Proceeding as in the case of r, we find that, when d n+1 u/dx n+1 = 0, 

d n u __ 1 _ d*+ l c 

dx n ~ n + 1 dx n+1 ' • 

Accordingly, at a maximum or minimum, 

I equals — • | sin x | or — !~v * I cos £ | 

| dx n 1 n 4- 1 n + 1 

according as n is even or odd. Finally we conclude that 

I ~z ! = — , for n 0( fd, 


j < - f or n even, or f or n odd and a; =j= 0. 

| dx n I n + 1 * J 

2732 [1918, 444], Proposed by PAUL CAPEON, U. S. Naval Academy. 

A conical cup, filled with fluid, stands with the vertex upward on a smooth horizontal sur- 
face. The inner and outer surfaces of the cup are similar cones of revolution, having altitudes h and 
h(l + x);the ratio of the specific weights of the material of the cone and the fluid is a; the height of 
a barometer column of the fluid is ho. Show that for equilibrium 

~*° (1 + #) 2 4* <r%0- + % 4* # 2 /3) < 2/3. 
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Solution by the Proposer. 

Let w be the specific weight of the fluid; then the atmospheric pressure is who. Let a be the 
inner radius of the cone and P = the vertical component of the pressure between the fluid and 
the cone. 

The weight of the fluid is IvaViw, and 

The weight of the cone is £ira 2 /?.<rw[(l + #) 3 — 1]. 

The pressure between the horizontal surface and the cone is 7 rcPhw. 

The atmospheric pressure upon the cone has the vertical component xa 2 (l J r z) 2 wfa. 

From the equilibrium of the fluid, 

P + Ivdrhw — irOrhw. 

From the equilibrium of the cone, 

Irtfhall'K 1 + xY - 1] + ra?(l + x)hch 9 < P = §ir 0 ?hn'. 

Hence, for equilibrium, 

|- 0 (1 + zf- + <r.t(l + x + x ! /3) < 2/3. 

2733 [1918, 444]. Proposed by 3 . L. RILEY, Stephenviile, Texas. 

An ellipse of constant eccentricity passes through the focus of a parabola and has its foci 
on the curve. Find the envelopes of its axes. 

Solution* by William Hoover, Columbus, Ohio. 


Let F be the focus, (a, 0) of the parabola, 


y 2 = 4ax; 


( 1 ) 


Fij F i} the foci, (an, yi), (a? s , 2 / 2 ) of the ellipse in any one of its positions; 2*4 , e, the major axis and 
constant eccentricity. 

We have 

FFj + FF S = 2.4, (2) 

FFi = %i + a, and PP 2 — x» + and hence 

. 2a -f Ah + £2 — 2x4 . (3) 

Let the equation of the major axis of the ellipse be 

y = mx -f b. (4) 

Eliminate y from (4) and (1), and we have the quadratic giving the abscissas Xi, x» of Pi, Pg, 

(5) 


and so 

Similarly eliminating x, 
and then 
and (3) becomes 
Again, 

From (5), 
and from (7), 

From (6) and (11), 
and from (8) and (12). 


m z x 2 — (4a-— 2hm)x + b 2 = 0 

Xi + Xz = (4a — 2 brn)/m 2 . 
my 2 — 4a y +• 4 ah ™ 0, 

■ yi + 'jfe. = 4 aim, ... 

(2am 2 — 2 bin + 4 a) [nr = 2*4. 

(P1P2) 2 - (a?i - £s) 2 + (571 - yO* » 4 AV. 
= 6 2 /m 2 , 

2 /i 2/2 = 4ab/m. 

. (# 1 . — 0 ,'g) 2 ~ 16a (a — hrn)fm: l } 

(yi “ 2 / 2) 2 = 16a (a - bm)Jm\ 


(6) 

(7) 

(S) 

(9) 

( 10 ) 

(ID 

( 12 ) 

(13) 

(14) 
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Substituting (13) and (14) in (10), 

16a (1 + m 2 ) (a bm )fmt — 4A% 2 . (15) 

From (15) and (9) we obtain: * ' ■ 

4a (l + mr){a — bm) 2 np) 

{a(l . + m 2 ) -f a — bm} 2 ’ . A ■ 

An accommodating feature of this problem is the analytical form of the left member of (16) . 
Let 

a — • bm == a(l + m 2 ) tan 2 e; (17) 

then (16) becomes 

2 tan e 0 . . 0 

.... = 2 sm « cos € = sm 2e = e. 

1 + tan 2 e 

consistent with e not > 1 for the ellipse. Substituting b from (17) in (4), the equation of the 
major axis is the quadratic in m, 

(x — a tan 2 e)m 2 — yni + a (1 — tan 2 e) = 0. (18) 

The condition for equal values of m in (18) is 

y 2 ~ 4a (1 — tan 2 e)(£ — a tan 2 e), 

the envelope of the major axis. 

The equation of the straight line through the center of the ellipse and perpendicular to (4) is 


or, substituting b from (17) and arranging, 

ym? +' (x — 2 a — a tan 2 e)m 2 — a sec 2 € = 0. 

Differentiating with respect to the variable parameter m, we find m 
and (19) becomes 

A' 

y 2 = — (x — a — a sec 2 e)K 

J 27 a sec 2 e v ’ 

the envelope of the minor axis of the ellipse. 

Also solved by the Proposer. 
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Edited by E. J. Moulton, Northwestern University, Evanston, 111. 

Assistant Professor A. F. Carpenter, of the University of Seattle, has been 
promoted to an associate professorship of mathematics. 

At the University of California, Associate Professor C. A. Noble has been 
promoted to a full professorship of mathematics, and Assistant Professor B. M. 
Woods to a full professorship of aerodynamics. 

Mr. E. D. Meacham, of the University of Oklahoma, has been promoted to 
an assistant professorship of mathematics. 

Assistant Professor H. H. Conwell, of the University of Idaho, has been 
promoted to an associate professorship of mathematics. 
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Dr. R. A. Arms, of Juniata College, lias been appointed instructor in mathe- 
matics at the University of Pennsylvania. 

Assistant Professor K. P. Williams, of Indiana University, after serving as 
captain with the Rainbow Division in France, has returned and been promoted 
to an associate professorship. 

Associate Professor R. B. McClenon, of Grinnell College, has been promoted 
to a full professorship of mathematics. 

Dr. J. V. DePorte has been appointed assistant professor of mathematics 
at the New York State College for Teachers, Albany. 

Assistant Professor Florence P. Lewis, of Goucher College, has been pro- 
moted to an associate professorship of mathematics. 

At Yassar College, Assistant Professor Louise D. Cummings has been pro- 
moted to an associate professorship and Dr. Mary E. Wells to an assistant pro- 
fessorship of mathematics. 

Dr. J. W. Campbell, of Wesley College, Winnipeg, has been appointed asso- 
ciate in mathematics and astronomy at the State University of Iowa. 

New appointments at the University of Wisconsin for the present year, not 
previously announced, include: Messrs. C. D. Ehrman, I. \\ . Trayleh, J. E. 
Davis, H. L. Olson, M. Ingraham, F. E. Rechart, and Misses E. M. F. Feltges 
and B. Albright to instructorships; and Messrs. T. M. Dahm, I). R. Lamont, 
R, R. Knoen, and D. J. Stewart to assistantships. 

At the University of Minnesota, Mr. R. M. Mathews and Miss Olive 
Atwood have been appointed instructors in mathematics. 

Assistant Professor T. E. Mason, of Purdue University, has been promoted 
to an associate professorship. 

Dr. C. M. Hebbert has been appointed instructor in mathematics at the 
University of Illinois. 

Assistant Professor Arthur Ramsey has been promoted to a professorship of 
mathematics in Grove City College. , 

Miss Ottilia W. Dueker has been appointed professor of mathematics 
and Dean of Women at Friends University, Wichita, Kansas. 

Adjunct Professor J. J. Luck, of the University of Virginia, has been promoted 
to an associate professorship of mathematics. 
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Professor F. J. Holder, of the University of Pittsburgh, has been appointed 
professor of mathematics and dean of the school of commerce at Mercer Univer- 
sity, Macon, Ga. 

Associate Professor R. P. Stephens, of the University of Georgia, has been 
promoted to a full professorship of mathematics. 

Mr. J. J. Tanzola has been appointed instructor in mathematics at Cooper 
Union. 

Dr. C. C. Bramble, of the U. S. Naval Academy, has been promoted to an 
assistant professorship of mathematics. 

At the Armour Institute of Technology, assistant professor W. C. Krath- 
wohl has been promoted to an associate professorship and Dr. W. L.^ Miser, 
of the University of Arkansas, has been appointed assistant professor of mathe- 
matics. 

Dr. C. H. Forsyth, of Dartmouth College, lias been promoted to an assistant 
professorship of mathematics. 

At the College of the City of New York, Mr. Harry Hangman has been 
appointed instructor in statistics and Dr. H. F. MacNeish instructor in mathe- 
matics. 

Capt. L. L. Btjrchnall, scholar of Christ Church, Oxford, has been ap- 
pointed lecturer in mathematics in the University of Durham. 

Sir J. J. Thomson, master of Trinity College, Cambridge, who recently 
resigned the Cavendish professorship of experimental physics, has been elected 
to the newly established professorship of physics. This professorship is with- 
out stipend, and will terminate with the tenure of office of the first professor 
unless the university determines otherwise. 

Dr. J. Protjdman has been appointed professor of applied mathematics at the 
University of Liverpool. 

Professor Paul Appell, dean of the faculty of sciences, Paris, has resigned 
from the office that he has held for sixteen years. 

Dr. H. Lebesgue, of the University of Paris, has been promoted to a pro- 
fessorship of the application of analysis to geometry. Professor Lebesgue has 
been elected president of the Societe mathematique de France for the year 1919. 

At the University of Nancy T. Got, professor in the Lyc6e Marseille, and M. 
Leau, professor in the Lycee St. Louis, are each giving a course m mathematics. 
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The following have been appointed maitres de conferences: J. Chapelon and 
J, Kampe be Feriet at the University of Lille, M. Janet at the University of 
Grenoble, and P. Humbert and E. Turriere at the University of Montpellier. 
Dr.’ Humbert is to serve during the absence of Dr, A. Deri joy, who is at the 
University of Utrecht, and Dr. Turriere replaces Professor H. Villat, called to the 
University of Strassburg. 

C. F. A. Currier, professor of history and political science at Mass, Institute 
of Technology since 1S91 died Sept. 6, 1919, aged 62 years. “ His natural bent 
was mathematics/' and in early years lie collaborated with Wentworth in preparing 
the “Teachers Solutions'’ for the series of mathematics text-books. 

Dr. James Maclay, professor of mathematics at Columbia University since 
1905, died on November 28, 1919, aged fifty-five years. He studied at the Uni- 
versity of Berlin two years, received his doctorate from Columbia in 1899, was 
instructor in mathematics there 1895-1901, and adjoint professor 1901-1905. 

Professor W. Gross, of the University of Vienna, died October 29, 1918, at 
the age of thirty-two years. 

The death is reported of Dr. J. Keller of the technical school at Zurich. 

Professor Emile Dumont, of the Institut Michot-Montgenost at Brussels, 
was killed in action in the late war. 

Popular Astronomy reports that Dr. Viktor Knoree, who was for many years 
an observer at the Berlin Observatory died on August 25, 1919, at the age of 
seventy-eight. He came of a family long connected with astronomy. His 
grandfather was an observer at Dorpat and his father was director of the obser- 
vatory at Nikolajew in South Russia. 

The deaths of the following professors are reported in I'En-seignemenf mathe- 
matique for October: Antoine Gob, of Athene royal at Liege, at the age of fifty- 
one; E. Bottcher, of the University of Leipzig, Aug. 5, 1919, at the age of seventy- 
two; O. Dziobek, 1919, and F. Grafe, December 2, 3918, both of the Char- 
lottenburg Technical School and both at the age of sixty-three; E. Netto of the 
University of Griessen, on May 2, 1919, at the age of seventy-two; R. Sturm of 
the University of Breslau, on April 12, 1919, at the age of seventy-seven; K. T. 
Reye and J. Wellstein, both formerly at the University of Strassburg, Reye, 
in June, 1919, at the age of eighty-one and Wellstein on June 24, 1919, in his 
fiftieth year. 

This Monthly announced the death of Professor H. G. Zeuthen {1919, 323 
and 404) on the authority of L'Enseignement mathematique for June. He did 
not die till January 6, 1920. 
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Professor G. N. Watson, of the University of Birmingham, has been elected 
fellow of the Royal Society of London. 


Professor E. Pascal, of the University of Naples, and Professor E. Almansi, 
of the University of Rome, have been elected national members of the Reale 
Accademia dei Lincei, of Rome. Professor G. Farro, of the University of Paris, 
has been elected a corresponding member. 

Professor E. Gottrsat, of the University of Paris, has been elected member of 
the Paris Academy of Sciences, in the section of mathematics, and Professor 
H. Andoyer, of the Sorbonne, in the section of astronomy. Professor Goursat 
succeeds Professor E. Picard, who has been chosen perpetual secretary of the 
academy, Professor E. Cosserat, of the University of Toulouse, has been elected 
non-resident member of the academy. 

Professor H. Fehr, of the University of Geneva, has been elected foreign 
correspondent of the Royal Society of Sciences of Liege. 

Professor H. von Mangoldt was elected president of the Deutsche Mathe- 
matiker-V er einigung for 1918-19. Professor Felix Ivlein was honorary presi- 
dent for the same period, in honor of the fiftieth anniversary of his doctorate, 
celebrated on December 12, 1918; Professor Klein celebrated his seventieth 
birthday on April 25, 1919. 

Professor J. M. Tatlor, of Colgate University, recently completed fifty 
venrs as a. teacher of mathematics in that institution. It was most fitting, 


or and Doctor of Laws on Elihu Root. Professor Taylor is the 
;ries of mathematical texts for schools and colleges which have 
sed. Professor H. E. Slaught reports that the calculus text of 
being tried out in manuscript form when he was a sophomore 
1881, and he wishes to testify that much of his inspiration and 
mathematics may be traced to that course and others under Pro- 
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the Savilian professorships in 1619 , and the first holders of them were Briggs and Bain bridge, the 
former of whom had been the first- Gresham professor of geometry, hriggs, \\ hn. like* Savin. 1 , was 
born near Halifax, is best, known for his notable works on logarithms and his iimmaey with 
Napier, and the details of his life are generally familiar. Biunbridge did not rise to the same 
celebrity as his colleague, which may be partly accounted for by the fact, that he was 1 rained as a 
physician, and while Savilian professor of astronomy he was also Linaere reader in medicine. 

A supplementary list (see 1919 , 420) of Degrees of Doctor of Philosophy in 
mathematics' conferred in. the.' academic year 1918-1919 is as follows: 

University of California: Clyde Lynne Earle Wolfe, “On the indeterminate 
cubic equation x z + Dy s + DV — 3 Dxyz = 1.” 

University of Illinois : Jessie Marie Jacobs, “The trilinear binary form as a 
cubic surface.” 

University of Indiana: Gertrude Ione McCain, “ Series of iterated linear 
fractional functions— character of the functions”; Harold Eichiioltz Wolfe, 
“A study of plane circle to circle transformations by means of tetracyclic co- 
ordinates.” 

University of Pennsylvania: Wayne Sensenig, “The invariant theory of 
involutions on conics.” 

At the fourth annual meeting of the Mathematical Association of America, 
Professor D. E. Smith, of Columbia University, was elected president, and Pro- 
fessors Helen A. Merrill, of Wellesley College, and E. J. Wilczyxko, of 
University of Chicago, vice-presidents. The members of the Council, elected to 
serve for three years were Professors 11. D. Carmichael, E. R. Hedrick, II. E. 
Slaught, and J. W. Young. 

At the annual meeting of the American Mathematical Society in New York, 
December 30-31, 96 members were present and 38 papers read. The officers 
elected included the following: as vice-presidents, Professors C. N. Haskins 
and R, G. D. Richardson; as members of the council to serve until December, 
1922, Professors T. H. Hildebrandt, E, Kasner, W. A. Manning, and H. H. 
Mitchell, 

At the thirty-fourth annual meeting of the American Historical Association 
at Cleveland, Ohio, a “ Conference on the History of Science ” was held on Decem- 
ber 31, 1919. The following papers were read: “History of Egyptian medicine” 
(illustrated) by Professor T. W. Todd, Medical School, Western Reserve Uni- 
versity; “Peter of Abano, a medieval scientist” by Professor Lynn Thoendyke, 
Western Reserve University;- “The history of algebra” bv Professor L. C. Kar- 
pinski, University of Michigan; “The problem of the history of science in the 
college curriculum” by Professor Henry Crew, Northwestern University. 
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PRESS COMMENTS 

American' Mathematical Monthly — “A delicious humor is found in many of its pages-’’ 

Science — “ It is difficult to imagine that any teacher, student or scholar could fail to find instruction 
' and delight in this book of gems.” 

Educational Times (I/mdon) — “ Dr. Moritz has been at great pains to secure ' accuracy of both text 
and reference, not only for its own sake but in the interest of his readers, and in cases where the 
. passage has been derived.. from a work in a foreign language, a masterly translation is the form in 
which the Quotation is offered.” . 


THE MACMILLAN CO, 


©4-66 Fifth Ave., New York 


Teachers of Mathematics, Men and Women, needed for College and School va- 
cancies. Salaries, $1500 to $2400. Apply for enrollment to 


THE INTERSTATE TEACHERS’ AGENCY 


Macheca Building 


New Orleans, Louisiana 


Now Ready 

All Solutions of the 678 Problems in 

Bowser’s c< Analytic Mechanics” 

In blue print form ; lettered in draftsman’s style. Sold either singly or 
by chapter. Price of single solution ranges from 20 to 60 cents. Choice 
of any solution 60 cents. Reduction in price by the chapter. Cash with 
order. 

Harry Gwinner, Md. state College, Co ^ a p n d rk 


The American Mathematical Monthly 

No reprints of articles are furnished to contributors free of charge. Two or three 
copies of an issue are, however, sent to contributors of longer articles. Orders 
for reprints, at rates indicated below, should be made when returning galley 
proof to the Editor-in-Chief. 


25 copies $1.45 $2.50 $3.75 $4-55 100 copies $2.35 $4.05 $5.7( 

50 “ 1.70 3.00 4.45 5.35 150 ...... 2.90 4.95 7.01 

75 “ 2.05 ,3.55 5.15 6 .00 200 ** . 3.20 5.40 7.7C 

Covers extra, on regular stock: 50 copies $1.00, and 1c for each additional copy 





The American Mathematical Monthly 

OFFICIAL ORGAN OF 

The Mathematical Association of America 

Is the Only Journal of Collegiate Grade in 
The Mathematical Field in this Country 

Most, of its mathematical contributions can be read and understood by 
those who have not specialized ih mathematics beyond the Calculus. 

The Historical Papers include not only those of a research character, 
but also some in less technical form. 

The Questions and Discussions, which are timely and interesting, 
cover a wide variety of topics. 

Surveys of the contents of recent books and periodicals constitute a 
valuable guide to current mathematical literature. 

The Topics in the department of Undergraduate Mathematical Clubs 
have excited wide interest both in this country and in Great Britain. 

The Notes and News cover a wide range of interest and information 
both in this country and in foreign countries. 

The Problems and Solutions hold the attention and activity of a 
large number of persons who are lovers of mathematics for its owm sake. 

There are other journals suited to the Secondary field, and there are 
still others of technical scientific character in the University field: but the 
Monthly is the only journal of Collegiate grade in America suited to the 
needs of the non-specialist in mathematics. 

The Mathematical Association of America now has over eleven 
hundred individual and institutional members. There are already nine 
sections formed, representing twelve different states. The Association has 
held so far two national meetings per year, one in September and one in 
December. The sections hold one meeting and some cases two meetings 
each year. All meetings, both national and sectional, are reported in the 
Official Journal, and many of the papers presented at these meetings are 
published in full. 

The slogan of the Association is to include in its membership every teacher 
of collegiate mathematics in America and to make such membership worth 
while. Application blanks for membership may be obtained from the Sec- 
retary, W. D. Cairns, 27 King Street, Oberlin, Ohio. 



THE MATHEMATICAL ASSOCIATION OF AMERICA 


FOURTH ANNUAL MEETING OF THE MATHEMATICAL 
ASSOCIATION OF AMERICA. 


The fourth annual meeting of the Association was held at Columbia University 
on Thursday and Friday, January 1 and 2, 1920, in conjunction with the annual 
meeting of the American Mathematical Society, which was held on Tuesday and 
Wednesday, December 30 and 31, 1919. There were 143 in attendance at the 
sessions, including the following 108 members of the Association: 

G. R. Adams, Brown University. . A. A. Himwich, Physician, New York City. 

Joseph Allen, College of the City of New Anna M. Howe, Dana Hall, Wellesley, Mass. 

York. L. S. Hulburt, Johns Hopkins University. 

R. C. Archibald, Brown University. W. A. IIurwitz, Cornell University. 

C. S. Atchison, Washington and Jefferson 

College. Dunham Jackson, University of Minnesota. 

8. A. Joffe, Asst. Actuary, Mutual Life Ins. 
Clara L. Bacon, Goucher College. Co. 

Ralph Beatley, Horace Mann School for 

Boys. Edward Kasner, Columbia University. 

A. A. Bennett, University of Texas. 

E. G. Bill, Dartmouth College. W. D. Lambert, Coast and Geodetic Survey. 

C. L. Bouton, Harvard University. ' Marcia L. Latham, Hunter College. 

Joseph Bowden, Adelphi College. D. D. Leib, Connecticut College for Women. 

g . S. Brown, Hamilton College. Florence P. Lewis, Goucher College. 

aniel Buchanan, Queen’s University. H. M. Lufkin, Cornell University. 

R. W. Burgess, Brown University. 

H. B. Mitchell, Columbia University. 

W, D. Cairns, Oberlin College. C. N. Moore, University of Cincinnati. 

Mary E. Caster, Paterson, N. J. Frank Mobley, Johns Hopkins University. 

J. A. Clarke, W. Philadelphia High School H. M. Morse, Harvard University. 

for Boys. F. D. Murnaghan, Johns Hopkins University. 

J. B. Coleman, University of South Carolina. 

G. M. Conwell, N. Y. State College for E, J. Oglesby, New York University. 

Teachers. F. W. Owens, Cornell University. 

J. L. Coolidge, Harvard University. Helen B. Owens, Cornell University. 

Elizabeth B, Cowley, Yassar College. 

C. H. Currier, Brown University. George Paaswell, Civil Engineer, New York 

City.. . 

Eleanor C. Doak, Mount Holyoke College. Alexander Pell, Bryn Mawiy Pa. 

E. L. Dodd, University of Texas. Anna J. Pell, Bryn Mawr College. 

Fletcher Ditrell, Lawrenceville School. S. S. Penn, New York, N. Y. 

L. R. Perkins, Middlebury College. 

II. S. Everett, Bucknell University. 

Patrick Rafferty, Holy Cross College. 

T. S. Fiske, Columbia University. W. W. Rankin, Jr., University of South Caro- 

W. B. Fite, Columbia University. lina. 

J. A. Foberg, Crane Junior College. W. Ii. Ransom, Tufts College. 

T. M. Focke, Case School of Applied Science. II. W. Reddick, Cooper Union. 

L. J. Reed, Johns Hopkins University. 

A. S. Gale, University of Rochester. C. N. Reynolds, Jr., Wesleyan University. 

W. V. N. GarretsonJ Rutgers College. J. B. Reynolds, Lehigh University. 

R. E. Gilman, Brown University. R. G. D. Richardson, Brown University. 

O. E. Glenn, University of Pennsylvania, L. H. Rice, Tufts College. 

W. C. Graustein, Harvard University, 

Paul Saurel, College of the City of New York. 
W. M, Hamilton, U. S. Nautical Almanac Raleigh Schorling, Lincoln School. 

Office. ' ; Sherk, University of Buffalo. 

H, E. Hawses, Columbia University. L. P. Siceloff, Columbia University. 

Olive C. Hazlett, Mount Holyoke College. W. G. Simon, Western Reserve University. 

E, R. Hedrick, University of Missouri. Lao G. Simons, Hunter College. 



H". S. Vandiver, Cornell University. 

C. A. 'Waldo, Washington University. 

. Evelyn Walker, Hunter College* 

J. L, Walsh, Graduate School, Harvard Uni- 
versity. 

H. E. Webb, Central High School, Newark, 

N. J. 

Eula A. Weeks, Cleveland High School, St. 
Loins, Mo, 

Mary E. Wells, Vassar College. 

E. E. Whxtford, College of the City of New 

York. 

F. B. Wiley, Denison University. 

' W. A. Wilson, Yale University. 

F. S. Woods, Mass. Institute of Technology. 

J. W. Young, Dartmouth College. 

S. D. Zeldin, Mass. Institute of Technology. 


C. G. Simpson, Pennsylvania State College. 

Mary E. Sinclair, Obcrlin College.. 

H. E. Sl aught, University of Chicago. 

Clara E. Smith, Wellesley College. 

D. E. Smith, Columbia University. 

J, P, Smith, Georgetown University. 

P. F. Smith, Yale University. 

Sarah E. Smith, Mount. Holyoke College. 

W. M. Smith, Lafayette College. 

Marion E. Stark, Wellesley College. 

J. S. Taylor, Mass. Institute of Technology. 

H. D. Thompson, Princeton University. 

J, I. Tracey, Yale University. 

A. B. Turner, College of the City of New York. 

Bird M. Turner, Phebe Anna Thorne Model 
School, Bryn Mawr College. 

P. H. Underwood, Ball High School, Galves- 
ton, Tex. 

C. B, Upton, Teachers College. 

The general topic for all the sessions of this meeting was “Mathematics in 
Relation to the Allied Sciences.” Speakers were invited from five different 
scientific fields; namely, Physiology, Crystallography, Physical Chemistry, 
Biometry and Vital Statistics, and Physics. In each session the number of 
papers was limited to two in order that ample time might be given to general 
discussion. The wisdom of this arrangement was fully justified as shown by the 
marked and prolonged interest in the discussion after each paper. It is worthy 
of note that among these five branches of science the one which seemed to call 
for the widest range of mathematical applications, as set forth by the various 
speakers, was in connection with research in Physiology. By common consent 
it was acknowledged that the Association is deeply indebted to these speakers 
for the information and inspiration contributed by them on this occasion. Credit 
is due to Professor II, E. Hawkes, chairman of the program committee, for the 
arrangement and successful outcome of the program. 

On Wednesday evening, between the sessions of the Society and the Associa- 
tion, a joint dinner and social gathering was held in the new Students Hall of 
Barnard College where about 115 members and their friends were present. 
Professor E. W. Brown presided and short addresses were given by Professor 
Frank Mobley, president of the Society, Professor II. E. Slaught, president 
of the Association, Professor Dunham Jackson, Professor T. S. Fiske, Professor 
R. G. D. Richardson, Professor H. E. Hawkes, and Professor J. L. Coolidoe. 
The arrangements for the dinner and for all matters of comfort and convenience 
connected with the meetings were made by Professor T. S. Fiske, chairman of 
the committee on arrangements. A;® ' * 

As usual at the annual meetings, interest in the election of officers of the 
Association grew in intensity and the balloting continued up to the hour of the 
business meeting on Friday morning. The total number of ballots cast was 
considerably larger than last year. It is hoped that the number taking advan- 
tage of this franchise privilege may steadily increase until a large percentage of 
the members shall become thus active. 
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At the close of the final session a formal and unanimous resolution was passed 
expressing appreciation of the hospitality of Columbia University, of the services 
of Professor Fiske as chairman of the committee on arrangements, and of Professor 
Hawkes as chairman of the program committee. 

President Slaught presided at each of the three sessions. The following 
seven papers were read : 

(1) “ Mathematics for the physiologist and physician ” by Dr. H. B. Williams, 
Assistant Professor of Physiology, College of Physicians and Surgeons. 

(2) “The regular solids and the types of crystal symmetry ” by Dr. P. L. 
Saitrel, Professor of Mathematics, College of the City of New York. 

(3) “ The mathematics of physical chemistry ” by Professor G. B. Pegram, 
Dean of the School of Mines, Engineering, and Chemistry, Columbia University. 

(4) “The mathematics of biometry” by Dr. L. J. Reed, Associate Professor 
of Biometry and Vital Statistics, Johns Hopkins University. 

(5) “An experiment in conducting freshman mathematics courses 5 ’ by Dr. 
F. B. Wiley, Professor of Mathematics, Denison University 

(6) Preliminary report of the National Committee on Mathematical Require- 
ments by Dr. J. W. Young, Professor of Mathematics, Dartmouth College. 

(7) “Mathematics for students of physics” by Dr. Leigh Page, Assistant 
Professor of. Physics, Yale University. 

Abstracts of the papers and discussions follow below, the numbers corre- 
sponding to the numbers in the list of titles: 

(1) It seems to have been generally assumed that students intending to 
enter upon the study of medicine or the biological sciences need only the most 
elementary training in mathematics. The biological sciences in the main, how- 
ever, rest entirely upon the fundamental sciences of physics and chemistry. 
Without adequate preparation in these sciences the biological student will be 
greatly handicapped in his studies and if he attempts in later life to enter upon 
serious original research in his chosen field he will meet almost insurmountable 
obstacles and be apt to commit most absurd mistakes. 

The ideal preparation would be a very thorough training in physics, chem- 
istry, and physical chemistry, with all the mathematical preparation which such 
training presupposes. Since this would be in itself the work of a life-time, some 
sort of compromise must be effected. A fairly definite list of the desirable 
courses in mathematics was given by Dr. Williams. 

It was suggested that for students of medicine especially the usual courses 
in general biology, zoology, histology, comparative anatomy and the like be 
omitted from the preparatory course and mathematics, chemistry and physics be 
substituted. Given a good ground w r ork in these fundamental sciences, the 
student will be able at any later time to extend his field of knowledge by inde- 
pendent reading without the help of instructors. Much of the work ordinarily 
taken in the academic courses by these students is duplicated in the medical 
school. 
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Medicine is both science and. art. For those who aspire to know anything 
of the science, training in fundamentals is essential, and if one intends to partici- 
pate in the advance of the medical sciences a very thorough training should be 
secured. The best work in physiology has always been clone by men whose 
preliminary training was exceptionally good. 

In the discussion of this paper, Professor Slaught told of a student holding 
the doctor’s degree in zoology who is now taking a year’s course in calculus 
because it was found necessary for later biological research. 

Professor D. E. Smith gave voice to the general feeling of surprise on the part 
of the hearers that so extensive a training in mathematics was called for. In 
answer to his questions Dr. Williams stated (1) that students can ordinarily 
assimilate the material in plane and solid geometry most readily in their high- 
school years, can then best spare the time for that work and can at that period 
most easily get into their memory the facts of elementary mathematics; (2) 
that analytic trigonometry is a useful possession if a student has the time for 
its study, the speaker himself having used it in science related to medicine; and 
(3) that the hyperbolic functions are useful for the physiologist in alternating 
current theory, which is needful in certain researches in physiology. 

In answer to inquiries made by Professor Hawkes, Dr. Williams gave further 
detailed suggestions. The theory of probability and of the errors of observation 
are important in their physiological bearings. Again, in the study of the nature 
of nerve impulse the simple physical theory proved inadequate to cover the facts 
and it was necessary to attack the investigation as a problem in electrical con- 
duction on the theory that the nerve behaves like a submarine cable; measure- 
ments were made sufficient to compute the characteristics of the nerve and an 
artificial cable was constructed such that the curve of electrical response of the 
artificial cable could hardly be distinguished from that of the nerve studied. 
It was further found that the variations due to temperature changes agreed 
with the electrical theory. The studies on the heart by electrical means made 
by Eintoven of Leyden were possible because of his being well trained in mathe- 
matical investigation; his invention of an electrometer which is a well-known 
modification of the D’Arsonval galvanometer was directed by his study of mathe- 
theory. Many times the physiologist meets with formidable mathematical 
notation in his reading of physics papers, and he should be able to command this 
as well as the purely physical material. 

Professor Archibald drew attention to O. Fischer’s article “ Physiologische 
Meehanik (Bewegungsphysiologie)/’ 1904, with its bibliography of over four 
hundred titles, in Encyelopcidie der mathematischen Wissensch often. 

Professor Jackson reported that Dr. Dryer of Minnesota in a recent address 
on the use of mathematics in medicine instanced the application of statistics to 
the study of blood pressure; when the blood volume in animals was compared 
with bodily weight, it was found that the former was proportional, not to the 
latter as formerly supposed, but more nearly to the bodily surface, this surface 
having been found experimentally to be approximately proportional to the two- 
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thirds power of the weight. There was no suggestion of any a priori reason foi 
the relation between surface and weight such as would have been, familiar tc 
one trained in mathematics. 

Professor C. N. Moore spoke of the curve representing the time-rate of healing 
of wounds, which follows an exponential law. Two observations made only a 
short time apart determine the curve and any important deviations from this 
curve occurring within the next few days indicate a pathological condition which 
calls for investigation. 

Professor Hurwitz remarked that if the value of mathematics for the various 
sciences is to be emphasized, college teachers must be able to show such advan- 
tages not merely for the exceptional investigator, but as well for a considerable 
proportion of the students of science. 

Professor Bennett related a case where the author of a paper at an educational 
gathering spoke of the area under a curve as representing the number of observa- 
tions, and the chairman of the meeting remarked that the paper was very inter- 
esting but of course one could not expect to understand the mathematical portion ! 
Professor Bennett also mentioned a limited study of periodic functions as desirable 
early in the course in algebra. 

Professor Fiske closed the discussion by stressing the need of teaching more 
than the bare matter which the majority will probably use; rather is it our duty 
to continue as much as ever to give all the mathematical instruction which we 
find possible. 


(2) The object of Professor Saurehs paper was threefold. In the first place, 
it was pointed out that, as the result of the work of Hessel, Bravais, Gadolin, 
Curie, and Lorentz, it was now possible to present in very simple form the solution 
of the problem of finding all the finite groups of operations that can be formed by 
means of rotations about axes passing through a given point and inversion's with 
respect to that point. In the second place, it was shown that the solution of this 
problem leads directly to the enumeration of the types of crystal symmetry. 
Finally, a set of symbols and of names for the thirty-two different types of crystal 
symmetry was suggested which, is believed to be simpler than any set in use 
at present. 

Mr. Wintringham told of Jager’s work on crystal symmetry, the symmetry 
of animal and vegetable forms, including such studies as that of the pineapple. 

Professor Archibald brought out the statement from Professor Saurel that 
Gadolin’s contributions in respect of the thirty-two types of crystal symmetry 
were not essentially new, his axes of inverse symmetry being equivalent to 
HesseFs earlier treatment, viz., rotation followed by reflection on a plane, but 
were more in harmony with the modern methods of treatment. The study by 
the Greeks of the regular solids (fundamental in crystal classification) involved 
propositions on “golden section/ 5 and Professor Archibald pointed out: (1) that 
Kepler was enthusiastic regarding this “section 1 ’ (which he termed “divine”) 
and the manner in which it arose in connection with growths and the Fibonacci 
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series; and (2) that these elements were fundamental in a theory., likely to 
revolutionize the whole modem theory of design, described by Mr. Jay Hambidge 
in Dynamic Symmetry: The Greek Vase , soon to be issued by the Yale University 


(8) Dean Pegram stated that the student who has college calculus such as pro- 
vided by the customary three-hour course for a year should find little difficulty 
mathematically with any of the literature in the most recent text books and trea- 
tises in undergraduate courses in physical chemistry. It would be of advantage to 
the student of physical chemistry if 'his course in calculus included some ele- 
mentary work in the solution of differential equations. Students looking forward 
to advanced work in chemistry should certainly not be allowed to make the 
mistake of failing to take such a course in the calculus, and preliminary to this 
it needs to be assumed that they have had good training In algebra and analytic 
geometry. The subject of the mathematics of statistics as applied both in the 
theory of measurements, and more especially in the kinetic theory of gases, is of 
interest in chemistry, but the demands in this direction appear not to be large 
at the present time. 

Teachers of mathematics in college can perform good service to their students 
who are looking forward to work in chemistry by utilizing preferably for illustra- 
tive purposes equations and processes of the type that occur frequently in physical 
chemistry. At this point in Ms paper Dean Pegram cited about fifteen types of 
algebraic and differential equations which the undergraduate student of physical 
chemistry should be able to handle. These are for the most part familiar to all 
teachers of elementary calculus, yet it Is of value to have them grouped together 
as they occurred in Dean Pegram’s paper. 

The Mariotte-Guy Lussac law, j. m = RT , with the modified forms: 


(r — b ) = RT, (Clausius) 


(Dieterici) 


Adiabatic equation of a perfect gas, pv k 
Expressions for saturated vapor: 

log p = a + ba* + c/Y 


(Hertz-Nernst) 


First law of thermodynamics 
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second law of thermodynamics 


with the incidental training needed here in dealing with partial differentiation 
exact differentials and related topics! 

Ordinary and partial differential equations of the following types: 
Monomolecul ar .reaction : 


bimolecular reaction 


and similar forms involving three or more factors, 
Catalyzed reaction: 


Diffusion 


The normal probability curve (y — he v2j> ) in finite or differential form, with 
similar formula arising in the kinetic theory of gases: 


I he following were mentioned as the chief texts of interest in this study: 
Lewes’s System of physical chemistry (three volumes); Nernst’s Theoretical chem,- 
istry, Washburn s Physical chemistry, Partington’s Higher mathematics for students 
of chemistry, Mellor’s Higher mathematics for students of physics and chemistry. 

While a good course in calculus prepares a student to do work in physical 
chemistry, advanced students of chemistry in our universities are finding it very 
desirable and profitable to put much time on advanced courses in physics and 
in pure mathematics, since the development of chemistry is sure to be in the 
direction of more elaborate mathematical formulation of its theory. 

In the discussion that followed, Dean Pegram stated that the extent to which 
the teacher of mathematics should go into the interpretation of these equations 
is conditioned quite largely by a number of circumstances, such as the student’s 
ability and previous training, the instructor’s training and inclination, the place 
of the mathematics courses in the curriculum relative to the courses in physical 
chemistry. If the mathematician gives to the student a facility in mathematical 
operations such as are suggested by these equations, he performs a valuable 
service. The pupil’s interest may well be aroused by giving him the significance 
of the quantities appearing in these equations if this seems feasible. 
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Professor Hunvitz mentioned a teacher of thermodynamics who demands 
considerably more than the amount called for by the speaker, e.g>, differential 
geometry (elliptic, hyperbolic and parabolic points), the non-vanishing of the 
Jacobian as the condition- for reversibility of a transformation. Professor Pe grain, 
however, pointed out that his program had been proposed for undergraduate 
preparation, not necessarily for graduate students, who might well be expected 
to continue with more advanced courses suited to their particular needs. 

In answer to a question by Professor Burgess, the speaker said that while the 
ability to fit curves to experimental data may wisely be acquired in under- 
graduate years if time allows, adequate preparation in the fundamental courses 
must certainly be assured. 

Professor Jackson emphasized the fact that we must be very explicit in our 
instruction in the fundamental courses, commending the usual and evidently 
needful practice in thermodynamics of indicating not merely the variable with 
respect to which the partial differentiation is made, but as well the quantity which 
is held fast. 

(4) In this paper Professor Reed attempted to outline the ideal course of 
mathematical training for students expecting to enter the field of bio- 
metry. In brief this mathematical training consists of courses in algebra, 
trigonometry, analytic geometry and calculus given in much the usual way, 
together with a course in the modern statistical methods of treating observed 
data. This latter should include a discussion of probability leading up to the 
normal curve, a brief discussion of mechanics treating in particular the principles 
of moments, and a consideration of methods of treating frequency curves, correla- 
tion, and “curve fitting.” This statistical theory should be developed from the 
principles of moments rather than by the familiar “least squares” method as 
the former is more flexible. The above course would give the student in any of 
the natural sciences the mathematical background necessary for the treatment of 
the majority of his problems. 

When questioned by Professor Hawkes, Dr. Reed stated that the year course 
in calculus and a semester course in statistics are sufficient as undergraduate 
preparation, but that further courses should be added in preparation for research. 

Professor Fite emphasized the desirability of some limited amount of proba- 
bility with examples other than those so commonly drawn from games of chance. 

In reply to Professor Richardson, the speaker said that he had for several 
years given with apparent success a course in calculus, three hours per week for 
a semester, to students of chemistry, devoting a fair amount of time to drill in 
using Peirce’s Table of Integrals; on the other hand Professor Richardson main- 
tained that he had not been able to accomplish this in so short a time. Professor 
Ransom held that this question depends largely on the number of functions which 
the student needs to be able to handle, and that for the most part the student in 
his reading along scientific lines needs not so much to set up the differential 
equations, nor even to integrate the equations, since the author gives the Integra- 
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tion for the eases most commonly met with; rather does he need to be able to 
understand the language, to know what it is all about. Professor Jackson 
expressed his agreement with Professor Richardson, said that even after a 
solid year’s course in calculus the student too often fails to get an adequate 
grasp of the notions of derivative, integral, etc., just as we may in our despair 
have noted that the last notion the pupil gets in analytic geometry is the con- 
nection between the curve and the equation! On the question of brief courses 
in calculus, integration chiefly by use of tables, etc., Professor Slaught suggested 
that what is most needed is a certain maturity of judgment and power which 
can come only through much practice both in translating problems into the 
language of calculus and in actually carrying out the steps of the work both in 
differentiation and integration. 


(5) Professor Wiley’s paper was inserted at the close of the session on Thurs- 
day afternoon by unanimous consent. He has been conducting an experiment 
in handling freshmen by an individual method which contains some unique 
features. The plan involves: (1) a laboratory arrangement whereby each 
student works by himself definite assignments which he gets from a head assistant 
as rapidly as he is able to complete the work satisfactorily; (2) a corps of 
assistants chosen chiefly from among the best students in the upper classes, who 
are rewarded partly by the honor conferred upon them, partly by the benefit 
derived from the practice teaching involved, and partly, in some cases, by tuition 
exemption; (3) a scheme of credits based upon the completion of certain assign- 
ments and the passing of certain general and special tests. Each student has 
opportunity to confer with the regular instructor as well as with the special 
assistants, and groups of students working on practically the same assignments 
are encouraged to confer together and may meet at intervals for joint conference 
with the instructor. 

The paper inspired numerous questions as to the mechanical details and as 
to the practicability of the scheme, the answers being given for the most part in 
the above abstract. 


(6) Professor Young made a report of progress on behalf of the National 
Committee on Mathematical Requirements. In addition to news items of 
interest already published in previous issues of the Monthly, announcement was 
made of the fact that the U. S. Bureau of Education has agreed to publish the 
reports of the committee. Professor Young also made a plea for cooperation on 
the part of teachers of mathematics and mentioned several new reports which 
are in preparation by the committee. A preliminary report on a suggested 
revision of the work in mathematics of the first two years of the high school is 
ready for publication and will soon be issued by the Bureau of Education. Copies 
of this report will be mailed to all members of the Association and of the Society.' 
This report has been discussed by a large number of secondary associations and 
clubs, and the committee has had the benefit of suggestions from such sources 
as well as from individuals all over the country. [Compare 192 (', 145-140], 
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To Dr. DurelFs request that the committee would propose as an alternative 
a plan incorporating a course in algebra as such and a course in geometry as 
such, since there are many who object to unified courses, Professor Y oung replied' 
that the report is meant to cover what the committee believes should be the con- 
tent of the first two years of the high-school course and that the committee does 
not intend to suggest any preference as between separate and so-called correlated 
courses. 

Professor Dodd expressed his apprehension that where the committee recom- 
mends that “more emphasis should be placed on the acquisition of insight and 
power and less time devoted to acquiring mere facility in the solution of formal 
exercises/;’ the latter part might unfortunately be observed by teachers the 
country over without a like endeavor to adopt the first part. 

Professor Young also gave a statement of the fundamental considerations on 
the basis of which it is proposed to revise the present college entrance require- 
ments. Suggestions from any source are desired in this connection. The state- 
ment in full follows. 

December 30, 1919. 

To the Council of the Mathematical Association of America: 

The National Committee on Mathematical Requirements was requested 
by your body at your meeting in December, 1918, and by the Council of the 
American Mathematical Society also in December, 1918, to undertake a recon- 
sideration of the definitions of college entrance requirements as formulated by 
a Committee of the American Mathematical Society in 1903. 

The National Committee is concerned with the study of a desirable reorganiza- 
tion of courses in mathematics in secondary schools and colleges and with pro- 
posals for the improvement in the teaching of this subject generally. The subject 
of college entrance requirements is only one phase of the w r ork for which this 
committee was organized. 

The National Committee felt that it could not profitably attack the problems 
connected with the revision of college entrance requirements until it was fully 
acquainted -with present tendencies and movements in secondary education 
relating to mathematics, nor until its own ideas as to desirable changes in secon- 
dary school courses in mathematics had assumed a certain degree of definiteness. 
Accordingly, the consideration of college entrance requirements was postponed. 
At a meeting of the National Committee on November 1, 1919, however, the 
problems connected with the desirable mathematical preparation of college 
students were discussed. We are able, therefore, to make the following pre- 
liminary report of progress: 

We call attention to the following facts as bearing on the problem under 
consideration. 

(a) There is general recognition of the principle that secondary-school courses 
in mathematics, especially the introductory courses, should be planned so as to 
be of the greatest possible value to the pupils taking them, whether these pupils 
ultimately go to college or not. College entrance requirements should not 
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influence the organization or the teaching of such courses to the impairment of 
their general value. 

(b) The growth of the junior high school movement is developing a group of 
courses in mathematics for the seventh, eighth, and ninth school years which 
may differ in organization and classification of subject matter from the traditional 
division into elementary algebra, plane geometry, etc. A proper articulation 
between secondary school and college may make it desirable, even though it be 
not necessary, to take such new organization of subject matter into account in 
formulating college entrance requirements. 

The results secured under present entrance requirements are unsatisfactory 
mainly for two reasons: 

(a) Too many students on entering college lack a sufficient understanding of 
mathematical principles and sufficient power in applying them. 

| (b) loo many such students are found to be weak in carrying out the simpler, 

f but fundamentally important, operations of arithmetic and algebra. 

| lb °ur opinion the fault is not as much with the topics listed in the definitions 

of the “ units ” of college entrance requirements as it is with the type of instruction 
generally given. The latter, moreover, is greatly influenced by the character of 
the prevailing type of entrance examination. 

We believe that the definitions of “ units” should be revised by eliminating 
from the requirements in algebra some of the technically more complicated and 
relatively less useful topics (for example, the extraction of the square root of a 
polynomial) and by specifying more definitely the extent to which the study of 
t the remaining topics should be carried; in particular, by definitely limiting" the 

difficulty and complexity of the formal manipulative exercises. This would allow 
I more time for securing understanding of principles, for practice in applying them, 

I and for thorough drill in the simpler fundamental operations, both' numerical 

1 and algebraic. 

As previously indicated, however, improvement in the preparation of students 
entering college must be sought primarily in the instruction in secondary schools. 

In general this instruction does not place sufficient emphasis on understanding 
and insight, and is too exclusively concerned with the development of mere skill 
or facility in formal manipulation. The colleges bear a considerable share of the 
responsibility for this condition, in that the prevailing type of entrance examina- 
tion, which exerts a powerful influence on instruction, has overemphasized the 
formal exercise. Steps should, therefore, be taken to bring about a change in 
such examinations. They should be more consciously formulated to test the 
candidate’s understanding of principles and his power of applying them, as well 
as his ability to perform the necessary simple fundamental operations accurately 
and expeditiously. Formal exercises should be in the minority, instead of the 1 
majority as at present. More emphasis should be given to verbal problems and 
these should be graded with the utmost care as to difficulty and as to the powers 
which they are intended to test. 7 / 

There should, moreover, be added to the definition of the “units” a definite 
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statement as to the specific abilities which should be developed (such as the 
ability to understand and use a formula, the ability to interpret an algebraic 
result in a concrete. setting, the ability to analyze and solve concrete problems, 
etc.). 

The following principles have accordingly been tentatively adopted to govern 
our proposed reconsideration of college entrance requirements in mathematics: 

1. The scholarship implied in the present customary requirement of units 
should not be lowered. 

2. Drill in algebraic manipulation should be limited to those processes and 
to the degree of complexity necessary for a thorough understanding of principles 
and required by the probable applications either in common life or in subsequent 
mathematics. 

3. More emphasis should be given to such immediately useful elementary 
topics as : 

(a) The understanding and use of the formula. 

(b) The interpretation of graphic representation and the use of graphic 
methods. 

4. More emphasis should be placed on the acquisition of insight and power and 
less time devoted to acquiring mere facility in the solution of formal exercises, 

5. While specific minimum requirements in separate subjects like algebra, 
geometry, etc., are still necessary, adequate provision should be made, perhaps 
through the so-called comprehensive examination, for the pupils in those schools 
who are developing “general courses'” in mathematics where these subjects are 
not taught in separate courses. 

6. College entrance requirements should be stated not only in terms of 
subjects and topics but also in terms of specific mathematical abilities to be 
developed. 

7. Means should be found to introduce a proper and desirable amount of 
flexibility into the requirements in order to encourage progress in secondary 
education through the experimental introduction of new topics and methods. 
On the basis of these principles we hope to formulate our final report for sub- 
m’ssion to the Council not later than its next summer meeting. 

Respectfully submitted, for the Committee, 

J. W. Yocng, 

vd y y : ;v y '.'■■■y ; ■ ' Chairman. 

(7) The subject of mathematical needs of students in physics, as presented, in 
Dr. Page’s paper naturally divides itself into two parts: first, the mathematical 
needs of the undergraduate student in physics, and second, those of the graduate. 

The elements of algebra and trigonometry are essential prerequisites for an 
undergraduate course in physics. The parts of algebra of importance are the 
solution of equations of the first and second degree, simultaneous equations of the 
first degree, logarithm s and exponentials, and the binomial theorem; Dr. Page 
pleaded for more thorough preparation in these topics and greater practice in 
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their application, even at the expense of those 'parts of the subject which the 
undergraduate is likely to have less occasion to use. At the very beginning of his 
course in physics the student takes up composition and resolution of vectors, and' 
in order to obtain a clear idea of the significance of these directed quantities he 
must have a good working knowledge of the elements of trigonometry. It is 
more important that he should be able to distinguish readily sine from cosine 
when neither side of the angle is horizontal, than that he should be acquainted 
with a large number of trigonometrical relations which lie may never have occa- 
sion to use. 

Very early in his course in physics, the student takes up derivations which 
can be explained satisfactorily only by the use of the calculus. It seems un- 
fortunate to the teacher of physics that the college course in general, physics is 
usually given before the student is able to use the calculus; the student’s compre- 
hension of the calculus suffers when he is deprived of the excellent opportunity to 
apply it which is afforded by the study of physics. The tendency to bring into 
freshman courses in mathematics at least the elements of differentiation and 


integration was looked upon with favor, and hope was expressed that this move- 
ment will permeate down to the last year of high school. 

The mathematical preparation of the man who intends to pursue graduate 
study and engage in research in physics cannot be too thorough. Its value to 
him is of two kinds: first, it provides him with tools which are essential for his 
work, and second, it trains him in those habits of logical thought which are 
exemplified preeminently in mathematical reasoning. 

The first requirement of the graduate student in physics is a good course 
in advanced calculus and ordinary differential equations. Soon after must 
v come courses in partial differential equations, and the study of Legendre’s, 
Bessel’s and Laplace’s functions, in order to enable him to solve problems in 
electrostatics and allied subjects. The historical importance of Fourier’s series 
involved in the solution of problems on the flow of heat has been greatly aug- 
mented by applications of this form of analysis to the theory of radiation. Some 
knowledge of the theory of probabilities is essential before courses in statistical 
mechanics and the kinetic theory of gases are undertaken. 

Above all, emphasis was laid on the importance of vector analysis to the 
student of physics. With few exceptions, all the important quantities with 
which physics deals are either vectors or the scalar products of vectors. As 
mathematics is employed by the physicist as a tool in carrying out reasoning in 
physics, it is important that the notation employed should emphasize the physical 
rather than the mathematical significance of the logical processes involved. 
Hence the superiority of vector over scalar analysis. Of the current notations, 
none is comparable in simplicity and utility to that of Gibbs. One who has been 
brought up on this form of vector analysis and has made constant use of it 
cannot help feeling astonished that it has not been universally adopted by 
physicists. 

In discussing this paper Professor Ransom held that while the speakers on 
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the program . maintained that students expecting to go into scientific work need 
a wide acquaintance with mathematics, it is still to be said that many students 
do not know early enough what courses they need or even that there are 
mathematical subjects which serve their special purposes. Here is the oppor- 
tunity for a survey course of a half year, where the instructor advisedly does 
the greater part of the work and suggests what will be of later use, a course 
which is profitable for sophomores, certainly for juniors and seniors. Such a 
course would help in furnishing a better knowledge of the language of mathe- 
matics. Professor Page replied that the student would doubtless not know of 
the requirements for, say, electrodynamics and the electromagnetic theory 
of light, where some such course as Gibbs's vector analysis is essential; he 
will, if wise, ascertain from his instructor in physics or from some other well 
informed person what the necessary preparation is. Professor Coolidge de- 
scribed a survey course at Harvard characterized by the students as “ seeing 
mathematics"; the course was elected for the most part by those who had no 
adequate preparation in earlier mathematics and proved a disillusionment for 
those who had hopefully inaugurated the plan. Professor Hurwitz instanced a 
similar course at Cornell in which the instructor refused to make it an easy 
course, the result being that its enrollment has been very small. He added 
that uneducated laymen can today pick up a popular science journal and can 
from this acquire the essential principles of new methods in nontechnical 
language; nevertheless only the exterior results can thus be transmitted, and it 
is our distinct duty to contribute as far as may be through mathematics also to 
the development of a well-informed public. 

Professor Hawkes made the very important remark that much of what is 
sought through survey courses can be done by mathematical clubs. We need 
merely to refer to the past few volumes of the Monthly to see how much of this 
desirable work has actually been accomplished in the live universities and colleges 
of America. Dr. Helen Owens said that the junior mathematical club at Cornell 
considers application of mathematics to other subjects, thus enabling students 
to get preliminary notions of the mathematical courses needed in other branches. 
The experimental plan, which thus far has included applications to physics, 
statistics, actuarial work and chemistry, has proved very interesting. 

A good natured controversy between Professors Bowden and Page as to 
whether Professor Gibbs was a pure mathematician or a member of the depart- 
ment of physics, turned the discussion to the question of a coordination between 
the two departments. Professor Page said that the pure mathematician does 
not keep closely enough in touch with the experimentalist and his work is apt 
to suffer so far as its immediate usefulness to the physicist is concerned. 

Professor Woods emphasized the portion of the paper that called for those 
parts of differential geometry send other advanced mathematics which in recent 
years have become .of the utmost importance to the physicist and chemist, e.g., 
the Einstein theory. He also thinks it unfortunate to teach physics without 
calculus. Under a new, plan at the Massachusetts Institute of Technology, 
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trigonometry is an entrance requirement, the freshman begins with calculus, even 
before he studies analytic geometry; this course is to be followed by a course in 
the beginnings of analytic geometry for one term, then further work in calculus. 

Meeting of the Council of the Association. 

The following seventy-two persons and two institutions, on applications 
duly certified, were elected to membership: 

To individual membership . 

W. c. Bartol, A.M. (Bucknell); Ph.D. (Adrian). Prof, of math, and astr., 
Bucknell Umv., Lewisburg, Pa. 

Annette Bennett, A.M. (Columbia). Head of dept, of math., Eureka Coll., 
Eureka, 111. 

W. N. Birciiby, A.M. (Colo. College). Pasadena, Cal. 

L. L Bonnet, A.B. (Bates College). Asst, prof., Middfebury Coll., Middlebury, 

F. E. Brasch. Asst, reference librarian, John Crerar Library, Chicago, 111 
W. M. Brodie, M.E. (Va. Polytech. Inst.); A.M. (Columbia). Prof., Va. 
Polytech. Inst., Blacksburg, Va. 

J. S. Brown, A.M. (Texas). Prof., Southwest Texas St. Normal CoIIeae. San 
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W. L. Hart, Pli.D. (Chicago). Asst, prof., Univ. of Minnesota, Minneapolis, 
Minn.- 

J. R. Hitt, B.S. (Miss. 'Coll.) . Asst, prof,, Mississippi Coll, Clinton, Miss. 

Yen Huang Ho, A.B. (Cornell). Grad, stud., Cornell University, Ithaca, N. Y. 
J. B. Jackson, A.M. (Columbia). Asso. prof., Univ. of South Carolina, Colum- 
bia, S. C. 

J. S. W. Jones, D.Sc. (Washington Coll.). Prof., Washington Coll., Chester- 
town, Md. 

G. B. King, A.B. (Ark. Cumberland College). Prof., Cumberland Coll., Clarks- 
ville, Ark. 

J. R. Kline, Pli.D., (Pennsylvania). Asso., Univ. of Illinois, Urbana, 111. 

L. C. Knight, Ph.B. (Wooster). Asst, prof., College of Wooster, Wooster, Ohio. 
Elmer Latshaw, Grad, preparatory engineering course (Drexel Inst.) Meeh. 

designing, W. Philadelphia, Pa. 

Lena R. Lewis, A.M. (Texas). Head of dept, of math., Thorp Spr. Chr. Coll., 
Thorp Springs, Tex. 

H. M. Lufkin, S.T.B. (Phila. Div. Sell.). Asst., Cornell Univ., Ithaca, X. Y. 

R. M. McDill, A.M. (Indiana). Prof., Hastings Coll., Hastings, Neb. 

Martha P. McGavock, A.M. (Chicago). Head of dept, of math., Sullins Coll., 

Bristol, Va. 

J. B. Meyer, M.S. (Purdue). Head of dept, of math., St. Normal School, 
Valley City, N. D. 

Norman Miller, Pli.D. (Harvard). Lecturer, Queens Univ., Kingston, Can. 

E. B. Mode, B.S. (Boston Univ.). Instr., Boston Univ., Boston, Mass. 

II. M. Morse, Ph.I). (Harvard). Benjamin Peirce Instr., Harvard Univ., Cam- 
bridge, Mass. 

G. W. Mullins, Ph.D. (Columbia). Asst, prof., Barnard Coll., New York, N. Y. 

M. A. Nordgaard, A.M. (Maine). Asst, prof., Grinned Coll, Grinned, Iowa. 
Yeisuke Ono. First Higher School, Tokio, Japan. 

Helen B. Owens, Ph.D. (Corned), ' Instr., Cornell Univ., Ithaca, X. Y. 

S. F. Parson. Head of dept, of math., No. Ill St. Normal School, De Kalb, 111. 
W. H. Pearce, A.M. (Michigan). Head of dept, of math., Central St. Normal 

School, Mount Pleasant, Mich. 

LI. P. Pettit, A.M. (Kentucky). Asst., Univ. of Illinois, Urbana, III 

E. C. Phillips, Ph.D. (Johns Hopkins). Prof, of math, and astr M Woodstock 
Coll, Woodstock, Md. 

Hillel Poritsky. Asst, in math, and phys., Cornell Univ., Ithaca, N. Y. 

C. Lois Rea, A.B. (Allegheny). Prof, of math, and sc., Cedarville Coll, 
Cedarville, Ohio. 

F. W. Reed, Ph.D. (Virginia), Instr., Cornell Univ., Ithaca, N. Y. 

J. N. Rice, Ph.D. (Catholic Univ.). Instr., Catholic Univ., Washington, D. C. 
J. M. Robb, A.M. (Michigan). Head of math, dept., high school, Everett, Wash. 

G. M. Robison, Ph.D. (Cornell) . Instr., Cornell Univ., Ithaca, N. Y. 

L. V. Romig, A.M., M.S. (Michigan). Prof., Augustana Coll, Rock Island, III 
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C. D. Rose, A.M. (DePamv). Prof, of math, and astr., Nebr. Wesl. Univ., Uni- 
versity Place, Neb. 

Raleigh Schorling, A.M. (Chicago). Prim, High School, Lincoln School, 
New York, N. Y. 

W. H. Schuerman, C.E. (Cincinnati). Dean of school of eng. and prof, of 
t P ui> e and appl. math., Vanderbilt Univ., Nashville, Tenn. 

W. H. Siierk, A.M. (Chicago). Prof, of math., Univ. of Buffalo, Buffalo, N. Y. 
G. A. Shook, Ph.D. (Illinois). Prof, of math, and physics, Wheaton Coll., 
Norton, Mass. 

C. L. Shell, A.M. (Bridgewater). Head of dept, of math., Bridgewater Coll., 
Bridgewater, Ya. 

J. P. Smith, A.M. (Woodstock). Prof, of freshman math, and asst. Georgetown 
Univ. Observ., Washington, D. C. 

M. G. Smith, Ph.D. (Illinois). Head of dept, of math., Greenville Coll., Green- 
ville, III. 

F - J- Taylor, A.B. (St. Thomas). Prof., College of St. Thomas, St. Paul, Minn. 
J. S. Taylor, Ph.D. (California). Insr., Mass. Inst, of Tech., Cambridge, Mass. 
J. A. Tobin, A.M. (Woodstock). Pro 
mech., Boston Coll., Newton, Mass. 

R. S. Tucker, A.B. (Harvard). Instr. 

C. B. Upton, A.M. (Columbia). Asso. 

bia University, New York, N. Y. 

II. S. Vandiver. Instr., Cornell Univ., 

J. L. Walsh, A.M. (Wisconsin). Gra< 

Mass. 

E. W. White, A.M. (Columbia.) Dean and prof, of math., Carson and Newman 
Coll., Jefferson City, Tenn. 

C. O. Williamson, M.S. (Ohio Univ.). Instr. in appl. math., Coll, of Wooster, 
Wooster, Ohio. 

To institutional membership. 

New Hampshire College, Durham, N. II. 

The College of Wooster, Wooster, Ohio. 

The Council appointed the following Associate Editors of the Monthly 
for 1920: 

Albert A. Bennett, 

Edward L. Dodd, 

Otto Dunkel, 

Benjamin E. Finkel 


Mass, 
ge, Coinin' 


Cuthbert F. Gummer, 
Derrick N. Leiimer, 
Henry P. Manning, 
Raymond B. McClengn. 


Ulysses G. Mitchell, 
Elton J. Moulton, 
David E. Smith, 
Horace S. Uiiler. 

It was voted that the incoming president of the Association appoint a com- 
mittee of five members to report at the summer meeting of the Association on 
the question of its incorporation and on changes in the constitution necessary to 
carry such action into effect. 
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A committee of three was appointed to cooperate with a corresponding 
committee of the American Mathematical Society, if appointed, to consider the 
best policy with respect to holding meetings in conjunction in the future. 

The invitation of Wellesley College for the Association to hold its summer 
meeting there in 1921 was referred to this committee. 

It was voted that the Association hold its 1920 summer meeting in Chicago 
if suitable arrangements can be made. A formal invitation has since been re- 
ceived from the University of Chicago. 

Annual Business Meeting of the Association. 

The secretary-treasurer announced the names of those elected to membership 
since the summer meeting of the Association. He reported also the death during 
1919 of the following six charter members: 

C. L Alexander, professor of mathematics, Texas Christian University (Sep- 
tember 7); 

C. J. Borgmeyer, professor of mathematics, St. Louis University (December 6); 
F. E. Chapman, Gulf Coast Military and Naval Academy (October 1) ; 

W. E. Etzel, rev. father, College of St. Thomas (February 3) ; 

James Maclay, professor of mathematics, Columbia University (November 28) ; 
L. G. Weld, director, Free School of Manual Training, Pullman, III (November 28) . 

The election of officers for the year 1920 was conducted by mail and in person 
at this meeting, as provided by the constitution. The tellers (Elizabeth B. 
Cow t ley and A. S. Gale) appointed by the Council reported the result of the 
balloting as follows, 333 ballots having been cast: 

For President: It. G. D. Richardson, 162 votes; D, E. Smith, 168 votes. 

For Vice-Presidents: Helen A. Merrill, 198 votes; R. E. Moritz, 105 votes; 

H. L. Rietz, 164 votes; E. J* Wilczynski, 185 votes. 

For additional members of the Council (to serve until January, 1923): R. P, 
Carmichael, 181 votes; E. L. Dodd, 106 votes; E. R. Hedrick, 215 votes; 
L. C. Karpinski, 115 votes; D. N. Lehmer, 1.19 votes; II. E. Slauglit, 212 
votes; Oswald Veblen, 169 votes; J. W. Young, 205 votes. 

The following were accordingly declared elected : 

President, D. E. Smith, Columbia University. 

Vice-Presidents: Helen A. Merrill, Wellesley College, and E. J. Wilczynski, 
University of Chicago. 

Additional members of the Council: R. D. Carmichael, University of Illinois; 
E. R. Hedrick, University of Missouri; H. E. Slaugiit, University of 
Chicago; J. W. Young, Dartmouth College. 

In accordance with a provision of the constitution of the Association the 
Council filled two vacancies on its board by the appointment of E. L. Dodd, 
University of Texas, and Oswald Veblen, Princeton University. These vacan- 
cies were caused by the election of two members of the Council to offices in the 
Association, v . ■; ■' N Nr':; , ■ ' \ ■ M-C : 
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The secretary was authorized to address a letter to the Director General of 
Railroads protesting against the arbitrary decision by which scientific societies 
were refused classification as educational organizations and thereby denied the 
privilege of reduced rates to members attending the meetings of such societies. 

The secretary-treasurer made his financial report for the year, giving an 
account of all business transacted for the Association up to December 15, 1919. 
The report of the auditing committee (Mary E. Sinclair, H. E. Slaught, and 
J. B. Coleman, chairman) was then made. The financial statement is printed 


Report of the Secretary-Treasurer as Treasurer, Dec. 1 

Receipts. 

Balance Dec. 2, 1918 


Expenditures 

Publisher’s bills 

President’s office 

Manager’s office 

Editor-in-chief’s office. 

Other editors’ postage . 

Committee on Membership . . . 
Committee on Dictionary 
Com. on Math. Requirements, 
Secretary-Treasurer’s office : 

Postage......... $2( 

Bond 

Office supplies j 

Express, telegrams 

Clerical work 25 

Part expense Register ... 5 

Printing 21 

Chicago meeting. I 

Michigan meeting ....... 5 

Paid to sections from initia- 
tion fees. ... { 

Safety deposit rental. . . , 

Pd. copies of Monthly. . J 


1918 subscriptions 

1918 indiv. dues. 

1918 instit. dues 

1919 subscriptions 

1919 indiv. dues 

1919 instit. dues 

Initiation fees 

Sale copies of Monthly. 

Sale reprints 

Advertising 

Exchange 

Interest State Savgs. Bk. 
Interest Peoples Bk. . . . . 
Interest Liberty Bonds . . 


Total 1919 receipts 


Total assets up to 1920 business. . . $8,456.40 


Armais subvention 

Total expenditures. 

Checking account. . 

State Savgs. Bk. Co. account 
Peoples Bkg. Co. account . . . 

Liberty Bond 

Victory Bond 

Bank balance Dec. 15, 1919 . 


Total expenditures 


Balance to the end of 1919 business 


Received on 1920 business 


Book Balance Dec. 15, 1919 


When the accounts were closed on December 15, 1919, in order to furnish the 
auditing committee a complete record, there remained on the total business for 
the year 1919 the following .’terns: 
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$2,250.00 


If to the balance on 1919 business shown in this report, $4,139.34, there be 
added the amounts of bills receivable, $150 and there be subtracted the estimated 
amount of bills payable, $2,250, there results an estimated final balance on 1919 
business of approximately ' $2,040. Of this surplus, about $1,000 was passed over 
to the Association by the management of the Monthly when the Association 
was organized, and this fund is kept by the Council of the Association as a reserve 
fund. The result for the year’s finances is favorable, except for the fact faced 
one year ago but now made real, viz., an increased rate in the cost of printing 
dating from August 1, 1919, the exact rates not as yet having been announced 
by the publishers; this with the steadily decreasing amount derived from adver- 
tising makes it necessary to exercise all due care with regard to the expenses of 
the organization. 

W. D. Cairns, Secretary-Treasurer. 


NOVEMBER MEETING OF THE ILLINOIS SECTION, 


The first program meeting of the Illinois Section of the Mathematical Associa- 
tion of America was held in room 418 Natural History Building, University of 
Illinois, on November 22, 1919. There were fifty-nine persons present including 
the following twenty-four members of the Association: Blumberg, Camp, It. I). 
Carmichael, Coble, Comstock, Crathorne, Emeh, Foberg, Garlough, Kempner, 
Ivustermann, Lytle, McNeill, Bessie I. Miller, G. A. Miller, Risiey, Rosenhach, 
G. H. Scott, Shaw, Slaught, Steimley, E. L. Thompson, Townsend, and Wahiin. 

The following program was given: (1) Address: II. E. Slaught, President of 
the Mathematical Association of America. , (2) Round Table Discussion of the 
Topic: — Freshman Mathematics as related to varying admission credits from the 
high schools. Discussion led by C. E. Comstock, Bradley Polytechnic Institute, 
M. W. Coultrap, Northwestern College, G. C. Heritage, Crane Junior College. 
(3) Address: The Training of Mathematics Teachers, E. B. Lytle, University of 
Illinois. Discussed by Malcolm McNeill, Lake Forest College, Bessie I. Miller, 


Bills Payable. 

$ 75.00 ■* '■ (Either paid in December or estimated.) 

75,00 Publisher’s bills, Sept .-Dee $ 1 ,450.00 

Register of members 270.00 

$ 150.00 December Annals subvention 75,00 

Init. fees due to sections 90.00 

President’s office . 15.00 

• Manager’s office-. ................... 15.00 

Editor-in-chief’s office 30.00 

Secretary-treasurer’s office 130.00 

Printing annual ballot, programs, etc. 125.00 
Additional postage . 50.00 


Bills Receivable. 

Advertising 

1919 dues unpaid 



Rockford College, W. J. Risley, Janies Millikin University. (4) Address: How 
Mathematicians Work, Henry Blumberg, University of Illinois. (5) Business 
Meeting. 

President Slaught sketched the history of mathematics teacher organizations 
in the United States leading up to the need and opportunities for service of 
this new Illinois Section. He made an appeal for the hearty cooperation of all 
college teachers of mathematics in Illinois. 

Professor Comstock gave in detail the mathematics preparation of freshmen 
in Bradley Polytechnic Institute and some other Illinois colleges. He recom- 
mended, better provision for students entering college with only one unit credit 
in high-school algebra, a more uniform standard for one unit in algebra, more 
attention to solid geometry in colleges, and less emphasis upon complicated 
symbolic manipulations. The general discussion of admission credits was lively 
and full of interest; all seemed to feel that algebra preparation was very unsatis- 
factory and numerous pleas for less formal work and more emphasis of general 
principles and methods were made. 

By request, Dr. Lytle read his Ann Arbor address on the training of mathe- 
matics teachers ; this address appears in full in the present number of the Monthly. 
The discussion put emphasis on the point of giving teachers more explicit train- 
ing in the use of libraries, and on more independent preparation and forceful 
presentation of reports on special topics; Miss Miller offered a definite scheme 
for carrying out and grading such work. 

Professor Blumberg described numerous methods of work, both humorous and 
serious, used by certain well-known mathematicians and concluded with a few 
generalizations on effective methods of work in the field of mathematics. 

The old officers were reelected for one more year; Chairman, J. A. Fob erg, 
Crane Junior College, Secretary-Treasurer, E. B. Lytle, University of Illinois, 
members of Executive Committee, C. E. Comstock, Bradley Polytechnic Insti- 
tute, G. T. Sellew, Knox College, L. S. Shively, Mount Morris College, The 
question of the place and time of the next meeting was discussed and finally 
referred to the Executive Committee with power. 

At the close of the program a group took luncheon together at the Illinois 
Union building. 

Ernest B. Lytle, Secretary- Treasurer, 


First meeting of the Royal Astronomical Society, London, January 12; V. A 
Puiseux, French geometer and analyst, born April 16; John Casey, Irish mathe- 
matician, born May 12; J. P. E. de Fauque de Jonquieres, French mathema- 
tician and vice-admiral, bom July 3; W. J. Rankine, Scotch engineer, bom July 5 
J. C. Houzeau de la Have, Belgian bibliographer of astronomy, bom October 7 
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QUESTIONS AND DISCUSSIONS. 

Edited by IV. A. Hratwrn, Cornell University, Ithaca, N. Y. 

A number of questions have been standing in this department for some time 
with no replies or with replies which still leave something to be desired in the 
way of completeness or finality. Several of these are reprinted below, with the 
intention of directing our readers’ interest to them again, and stimulating replies. 
To those which have already received some attention short notes are appended, 
indicating the extent to which they still remain open for consideration. 

QUESTIONS. 

IS. In the Proceedings of the Royal Society of Edinburgh, vol. 7, p. 144, in some mathe- 
matical notes by Professor P. G. Tait, it is stated : 

“If x z + y 2 — z 2 , then (x 2 + z 2 ) 2 y 2 + (.t 3 — y 2 ) 2 z 2 = (z 2 + y 2 ) 2 : r\ 

“This furnishes an easy proof of the impossibility of finding two integers the sum of whose 
cubes is a cube.” 

How does this “easy proof” follow? 

A partial reply to the above has been received showing that if x ,] + y i = r } , 
then (x* + js*)V + (a? 3 ~~ = (s 8 + Can some one show how the 

“easy proof” then follows? 

21. For the Diophantine equation 

& - y 3 - IT 

there are known the following solutions: 

x » 3, 4, 5, 9, 23, 282, 375, 378601, 

V « ' “ 2, - 1, 2, 4, 8, 43, 52, 5234. 

One of our readers, who supplied the foregoing facts, desires to know the answers to the following 
questions: Are there other solutions of the given Diophantine equation? How may all the solu- 
tions of this equation be found by a systematic procedure? 

In a reply to this question published in the Monthly for June, 1919, E. B. 
Escott showed how to obtain an infinite number of rational solutions of the equa- 
tion, and in particular all the integral solutions contained in the above list. 
References to the literature given in connection with this reply indicate the 
existence of an infinite number of integral solutions. Thus one question explicitly 
raised regarding the equation still awaits an answer* 

30. A certain Normal University wishes to offer thirty-five hours of college mathematics 
for the benefit of high-school teachers. What should these courses be in order that, primarily, 
they may be of the greatest value to high-school teachers of mathematics and, secondarily, that 
they may furnish stimulus for a more extended pursuit of the subject? 

No reply to this question has been received. Some idea of conditions as 
they are may he obtained from the replies to another question in the Monthly 
for December, 1916, pp. 395-399. 

34. Given the mixed integral and functional equation 

XT | [/(o) + 4 / (!) +/(*) ] , 

to determine the function f(x ) , This equation is of rather fundamental practical value as it has 
to do with the most general solid whose volume is given by the prismatoid formula. 
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Iii a remark published in the Monthly for September, 1917, S. A. Corey 
showed by reference to a previous paper that the stated relation is satisfied 
whenever /(.t) is a polynomial of degree not exceeding 4. It has not yet been 
completely proved, however, that this is the only possible form for f(x). 

35. Is the following theorem new or has it previously been published? 

Theorem. If two parallel planes , ir and w', cut sections from a cylindrical surface S and two 
spherical surfaces Si and S 2 , and if the sum of the sections of S% is equal in area to the sum of the 
sections of S plus the sections of Si, then , the part of S$ included between ir and. tt' is equal in volume to 
the sum of the parts of S arid Si included between ir and t'. 

In communicating this question, E. O. Brower commented on the simplicity 
with which the theorem could be proved, which led him to wonder whether so 
simple a proposition had remained unnoticed. 

37. Criticize the following as fundamental definitions of elementary geometry : 

A plane surface is the limit approached by a finite portion of the surface of a sphere as the 
radius increases without limit. 

A straight line is the limit approached by a finite portion of the circumference of a circle as 
the radius increases without limit. 

38. As the several courses in secondary and collegiate mathematics are now taught there 
is a noticeable difference of treatment with respect to the relative emphasis placed on logical 
accuracy and on development, of technique. In elementary algebra, technique predominates, 
while in plane and solid geometry and advanced algebra logic is more strongly stressed. Trigo- 
nometry, analytic geometry, and the calculus are less easily classified; but there is at least a general 
tendency to emphasize logic in analytic geometry and technique in the calculus. It is suggested 
that a general appraisal of the reasons for this difference in treatment, its value, and possible 
alterations, would be helpful. 

DISCUSSIONS. 

It is earnestly desired that the heading “ Discussions” in the title of this 
department shall be something more than a mere name. It is hoped that articles 
published here will frequently give rise to others on like topics, and that in many 
cases valuable and stimulating interchanges of views may result. Several papers 
published as “Discussions” in these columns recently have explicitly requested 
the opinions of other mathematicians in support or opposition; more than half 
of the discussions in late numbers are well adapted to bringing out further ideas. 
Why not read over some of them, write out your opinions, and submit them? 

An instance of the sort just referred to is found in the first discussion this 
month. In November, 1919, Professor Moritz gave a relatively elementary 
derivation of the formula for the quadrature of the parabola. In the present 
number, Professor Dunkel presents another way of obtaining the result. Pro- 
fessor Bunkers work has the merit of extreme simplicity; it also remains in the 
closest agreement with the definition of “area” and “definite integral” to which 
we are led in the calculus. On the other hand, the method by which the limit 
involved in the problem Is obtained, while very easy, is distinctly an artifice. 
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may violate all notion of logical precision. An annoying situation of a type less 
vicious than the cases enumerated by Professor Levitt is brought about by a 
text-book which defines the principal value of an inverse function as the smallest 
positive value. 

In the last discussion Professor Rees shows how the motion of a body acted 
on only by the force of gravity and a resistance proportional to velocity may 
be readily and easily studied by the use of differential equations and initial condi- 
tions in vector form. This paper affords a good instance of the economy, both 
in notation and actual work, resulting from the use of single vector relations in 
place of triplets of scalar relations. 


I. Note on the Quadrature of the Parabola, 


By Otto Dbnkel, Washington University. 

The article by Professor Moritz entitled “On the Quadrature of the Parabola” 
in the November issue of the Monthly has suggested to the writer to present 
another derivation of the same result, since, in addition to being fairly simple, 
this second method follows directly the classic process of defining an area as 
the common limit of an inferior and a superior sum. This development might be 
found easy enough to serve as an illustrative example in the presentation of 
the summation formula in the integral calculus. 

Let the equation of the curve be y = x m , m = a positive integer, and suppose 
that it is desired to obtain the area between the curve, the oj-axis and the ordinates 
at x = a and x = b , where b is greater than a and both are positive. Divide the 
interval from a to b on the .r-axis into n snhintervals, equal or unequal, and upon 
them as bases erect two sets of rectangles, the one inscribed and the other circum- 
scribed. The sums of the areas of these rectangles are respectively, 


It will be shown that as n becomes infinite so that the length of the longest sub- 
interval, 8, approaches zero, each of these sums approaches the same limit, 
which by the usual definition is the area desired. This limit will also be deter- 
mined in the process. 

It may easily be seen from a figure, especially when all the subintervals are 
equal, that 

(2) Limit (S n — I n ) = 0. 

This also follows algebraically, for 

Sn ~ L « 1 - Xi) g SSQVH™ - «<"*)• 

In the latter summation all the terms cancel except the first and last, and hence 
the difference, S n — I nt is less than or equal to 5(b m — a m ). Thus it follows that 
(2) is true, y : yy y 0 ■; 0. ; ■ y-:0 ■; y. O' ' . ■ . ■■■ y y y 


Ilf 
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A quantity will now be determined which lies .between I n and S n and is 
independent of n. It is clear that x i+1 m , Xi + i m hvi, x i+ i m w, Zi m form a 
decreasing sequence of in + 1 positive terms and hence their arithmetic mean is 
greater than the smallest term a?, m . Using this inequality it follows that 


In < 2(.T; + i — 3’/) 


W + + X i+1 m -%2 + • • • + Xi 


1 

in “I - 1 


< , 2(x i+1 ™+i ■ 


Xi m+1 ) 


m + 1 

b m+1 




m + 1 m -f- 1 " 
In a similar manner an inequality is found for S n , and hence 


( 3 ) 


0 < I n < 


n m J rl 


tyn-h I 


m+1 711 + 1 


< 8 n 


By representing the three quantities I n , b m+1 /(m + 1) — a w+1 /(m + 1), S n by points 
on a straight line and by considering the meaning of (2) and (3) as applied to these 
points, it will be obvious that the common limit of I n and S n is b m+1 [(m + 1) 
— a m+1 /(m + 1). This then is the expression for the desired area. If the equation 
of the curve is y = px m , it will be readily seen that the above result must be 
multiplied by p. 

The same method, with a slight amount of extra manipulation, may be used 
for negative values of m and also for fractional values, excepting, however, the 
special case m = — l. 1 

An elementary evaluation of the area of any segment of an ordinary parabola 
by means of special properties of the curve is given in the Traits tie Geometric 
by Rouehe et Comberousse, 2d vol, p. 348 (8th ed., 1912). The properties here 
used are such as might be given in the ordinary text on analytics. A somewhat 
similar treatment occurs in the first volume of Goursat-Hedrick’s Mathematical 
Analysis , p. 134, and is referred to as one of the processes used by Archimedes. 
Here the summation of a geometric series is employed, but this may be avoided 
and the proof simplified by comparing the areas of the interior triangles with 
certain corresponding exterior triangles. These two proofs are somewhat similar 
to the one employed by Professor Moritz. 

II. Inverse Trigonometric Functions. 

By W. Y. Lovitt, Colorado College. 

As I look over the available text-books on trigonometry the feeling grows 
upon me that they are hastily written and some topics inadequately treated. 
It is certain that many errors are present. 

I have examined twenty-four different texts with special reference to their 
treatment of the inverse trigonometric functions. In five the treatment was so 

1 An elementary treatment of this case was given by the writer under the title, A Geometric- 
Treatment of the Exponential Function, in Washington, University Studies , scientific series, vol. G, 
no. 2, p. 38. 
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short (less than a page) that freedom from a positive error might be attributed to 
shortness. There are three which, although their treatment is also short (about 
two pages) are entirely correct and give positive warning against some of the 
errors which some of the others commit. They do not have a single example or 
exercise which could be criticized. ■ Six more are to be commended in that what 
they do say in way of exposition is correct. They neglect however to point out 
a single pitfall and some of tlieir exercises mislead the student. For instance, 
prove that 

arccos (1 — 2m 2 ) ss 2 arcsin m. 

They fail to point out that the expressions on opposite sides of the identity symbol 
do not represent the same sequence of angles; or that if we confine ourselves to 
the principal values of the angles the identity does not hold for all values of in, 
e.g. m = — |. It must be understood that this equation is true only for par- 
ticular choices of the various possible values of the functions. 

The remaining ten have positive errors. To quote from one author without 
naming him “the principal value is the one to be used in the following examples.” 
Among the examples I find: Prove 

arccos (— 4/7) = arctan (— S/33/4) • 

Nine authors make this same direct statement that the principal value only is 
to be used in a given list of problems. From their lists of problems I select five 
more, no two from the same author 

2 arctan 2 = arcsin 4/5, 

arcsin 1/2 + arccos a/ 3/2 + arctan V 3 = arcsin a/3/2, 

2 arctan x = arccos (1 — a ,2 )/(l + a? 2 ) [try x = 2] 1 , 
2 arccos x = arcsin ( 2x VI — a* 2 ) [try x = 1/2], 
arctan mjn — arctan (m — n)j{m+ n) = tt/ 4 [try m = 2, n = — 1], 

Six of the nine ask the student to prove that 

(1) arctan m + arctan n — arctan (m + n)/(l — mn). 

But (1) is not true for principal values if arctan m + arctan n is less than — tt/ 2 
or greater tlian + tt/2. It is not true for instance when m = n = + Vo. 

The tenth man, who is cautious, says that “it is customary to limit the values 
of an inverse circular function to the smallest value.” He asks us about a half 
page later to prove (1) and also to prove 

(2) arcsin 3/5 + arcsin 8/17 = arcsin 77/85. 

If the principal values only are to be used then (1) is not always true as has already 
been pointed out. If other values are allowed (1) is true only for particular 
choices of the values of the functions involved. The latter remark applies equally 


1 Suggestions in brackets are my own. 
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well to equation (2). For example, (2) is not true if arcsin 3/5 and arcsin 8/17 
are angles whose terminal lines lie in the second quadrant. 

Direction is given in some instances to prove the statement (1) by taking the 
tangent of both sides. Without some restrictions on the angles involved this 
does not prove the equality; else 

60° = 240° 

because it happens that 

tan 60° = tan 240°. 

Is it any longer a mystery why the student does not obtain a better grasp of his 
mathematics? 


III. The Path of a Projectile when the Resistance Varies as the 

Velocity. 

By E. L. Rees, University of Kentucky. 

The very simple problem of finding the path (and its hodograph) of a projectile 
in a vacuum is treated in most elementary treatises on vector analysis, but the 
problem of finding the trajectory when the body moves in a resisting medium is 
usually not considered as the general problem does not lend itself readily to 
vector treatment. However, there is a special case of some interest which 
presents no difficulties. If we assume that the resistance varies as the velocity 
(which under certain conditions is approximately true for low velocities in the 
air) the vector differential equation of motion is of a very simple type and its 
solution differs in no essential way from that of a scalar differential equation of 
the same type. The equation of such a motion is 

(Pr _ dr 

dt 2 ~ 8 ~ k dt ’ 

where g is the vector acceleration due to gravity, and k is a positive scalar const. 
This is a linear vector differential equation which may be integrated at once by 
applying the integrating factor e kt . 

Integrating we get 

dt k +t Cx 

and 


gt 
k ' 


o fct 


jr c i + 


where Ci and C 2 are the vector constants of integration. 
Assuming r = 0, v = Vq when t — 0 we have 


( 2 ) 
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The first of these equations is the equation of the holograph a mi" the second 
is the vector equation of the trajectory. 

The highest point reached by the projectile may be found by multiplying 
the first equation dotwise by g and setting g • (dr/dt) = 0. Solving this equation 
for i we find t = 1 fk log (1 — kvvgT 1 ), and this substituted in equations (1) and 
(2) gives the velocity and the position vector of the projectile at the highest point.- 
Similarly, to find the time of flight and the range on the horizontal plane through 
the point of projection multiply the second equation by g * and set g-r = 0, 
solve for t, etc. 

Since k is positive and t varies from zero to infinity e~ kt varies from 1 to 0 
and the hodograpli is seen to be the segment of a line which terminates at the 
tips of the vectors Vq and g/k. 

If the initial velocity is allowed to take all possible directions the hodographs 
will form a bundle of line segments extending from the tip of g/k. If the initial 
speed is constant the segments will terminate in the surface of a sphere with center 
at the origin and radius % If the angle of projection varies in a vertical plane 
and the initial speed is constant the segments will form a pencil one end of 
each segment resting on the tip of g/k (vertex of pencil) and the other on a circle 
of radius The vertex of the bundle or pencil corresponds to the limiting 
velocity which is the same for all initial velocities. 

The cartesian equation of the trajectory is found from the vector equation 
in the usual way to be 

q , >f , mx 

y ~ p log (1 - xfl) + ~y , 

where 

»o cos a . To sin a g 


a being the angle of projection. 

From this equation it is seen that the trajectory has an asymptote whose 
equation is x = l, which accords with the known fact that the trajectory of a 
body moving in any resisting medium has a vertical asymptote. 


RECENT PUBLICATIONS. 

REVIEWS. 

IcNv'. , Cajori’s History op Mathematics. 

A History of Mathematics . By Florian Cajori. New York, The Macmillan 
Company, 1919; pp. x + 514. Price $4. 

It is twenty-five years since Professor Cajori, then already known for his 
contributions in the field of mathematical history, published the first edition 
of the work under review. During this period the book has been reprinted 
six times, and the author and publisher have now united in giving to students a 
second edition, to a considerable extent rewritten and in certain chapters 
materially enlarged. , ^ C- :;v 
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, The general plan of the first edition has been followed, the work being divided 
into three rather- distinct parts, although not in any formal manner. The first 
part may be . described as relating chiefly to the development of elementary 
mathematics and including the following main topics: the Babylonians, the 
Egyptians, the Greeks, the Romans, the Maya, the Chinese, the Japanese, the 
Hindus, the Arabs, and Europe during the Middle Ages. This part occupies 129 
pages, or a little more than one fourth of the text.' All things considered, this 
is a fair allotment of space. ' ** 

The section relating to Europe during the sixteenth, seventeenth, and eight- 
eenth' centuries may be considered as the second part and may be described as 
concerned with the rise of higher mathematics. Naturally a large part of the 
work of these centuries was elementary, pertaining to the establishing of the 
present algebraic symbolism, to the discovery of the common theorems, relating 
to equations, and to the better understanding of the nature of series; but the 
birth of higher mathematics, including modern higher geometry, the group theory, 
the general notion of functions, and the laying of scientific foundations, may also 
be said to have taken place in this period. To these centuries the author has 
assigned 148 pages, or somewhat more than 30 per cent of the text, — again a 
fair distribution of space. 

The rest of the work is devoted to the period from 1800 to the present time, 
and includes 209 pages, or upwards of 43 per cent of the text. Roughly speaking, 
the space assigned to each of the three periods is in the ratio of 25 : 31 : 44, and 
for the purposes of students who will use this book the ratio is both significant 
and reasonable. & 

The first part of the work may be described as giving a racial view of the 
development of mathematics. This is natural and, for practical purposes, is 
necessary. Commerce had not yet come to the aid of scholars in the free trans- 
mission of thought, and racial characteristics predominated in science as they 
did in art, religion, and modes of government. In treating of Europe in the 
Middle Ages, however, Professor Cajori abandons the attempt to classify by 
races, tending apparently, and with some reason, to classify most of the scholars 
as churchmen and to consider Alenin, Gerbert, Johannes Hispalensis, and 
Leonardo Fibonacci as belonging to the same branch of the human family tree. 

In the second part of the work the tendency is to classify either by centuries 
or by periods which may be characterized by the influence of such men as Vieta, 
Descartes, Newton, and Euler. This is a natural and allowable treatment, 
although not the classification which some of those who give courses in the subject 
may prefer. 

In the third part of the work the classification is by such subjects as synthetic 
geometry, analytic geometry, and algebra. Such a classification is, for the 
instructor in mathematics, the most helpful of all, and many readers will wish 
that Professor Cajori might have seen his way to extending it so as also to include 
the mathematical topics studied in the elementary school, the high school, and 
the junior college. ‘ V. 
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Taking the •work as a; whole, the classification of material is justifiable and 
the amount of information exceeds that to he found in any other general history 
of mathematics that has thus far appeared in English. 

Even though one may read the book with a friendly eye it is probable that 
lie will find himself giving expression to regret from time to time that Professor 
Cajori should have adopted certain forms of expression or have made certain 
definite assertions that are open to question. If a critic happens to have the 
audacity of youth, he will perhaps find himself giving a freedom to his pen that 
he will not approve in his later years. If he has himself yielded to the lure of 
authorship, he will remember Cowper’s line, 

None but an author knows an author’s cares, 

and will seek to be more charitable. When we consider that the first volume of 
Cantor’s monumental work appeared forty years ago, and that for the last 
twenty years there has been maintained in the third series of the Bibliotheca 
Mathematica a department devoted to a severe criticism of that great treatise, 
we realize how easy it is to find fault with any book. Indeed, it; often seems as 
if it requires more genius on the part of a critic to refrain from petty faultfinding 
than it does to record a hundred slips of the memory, of the judgment, or of the 
pen. 

The reviewer now proposes to mention certain typical excellencies of Professor 
Cajori’s work, and then to mention certain types of defects, leaving the details 
of these defects for others to find, or for such helpful criticism as may be acceptable 
when another edition is under consideration. 

Among the features which will render the work helpful to students of the 
history of mathematics there may first be mentioned the considerable bibliography 
given in the footnotes. Such assistance is valuable not merely in supporting 
some particular assertion of the author’s but in showing to the student that there 
is an extensive literature awaiting him in case he cares to pursue the study 
further. It is not necessary that the books referred to should all be easily acces- 
sible, and in this case some of them are not ; so long as they are worthy they act 
as a stimulus to further study, and on this account the list that has been given 
might profitably have been much longer. 

Another feature that seems to this reviewer very fortunate is that of quoting 
from the original source in various cases in which the language is particularly 
significant. For this purpose Professor Cajori has assumed on the part of his 
readers some knowledge of French, Latin, and German, and it will not often be 
the case that students are so ignorant of at least two of these languages as not 
to profit by the quotations given. There is, however, a stronger reason for 
commending the plan, namely, that the student is thereby encouraged to feel 
that he is prepared to go to the original sources to secure first-hand information. 
This reviewer "would have advised even more, much more, of this style qf quota- 
tion, placing the material in footnotes so as not to disturb the reader who can 
not use it, and not hesitating to include easy Italian; but this is merely a matter 
of personal preference; the significant thing is that the step has been taken. 
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A third commendable feature is that of revealing the human side of those 
scholars whose names are mentioned, thus showing the history of mathematics 
as the history of men. Plutarch was none the less of a historian because he was 
the world s greatest biographer. Professor Cajori has given a great amount of 
information about people, and in the main this information has been well chosen. 

When it conies to a consideration of types of those features which may be 
classed with “ things one would rather have left unsaid,” perhaps the first general 
criticism in the minds of most readers will relate to the style in which the book is 
written. “It is style alone/’ said the elder Disraeli, “by. which posterity will 
judge of a great work, for an author can have nothing truly his own but his style.” 
While this assertion is open to the criticism that applies to most epigrams, no 
one can read the treatise under review 7 without sympathizing with Voltaire’s 
advice, “In every author let us distinguish the man from his works.” Professor 
Cajori does not talk as he too often writes. His habit of writing so many 
sentences in a kind of inverted order will probably annoy most of his readers. 
While often an aid to emphasis, or a desirable variant to one’s usual style, or a 
means of connecting twm sentences euphonically, this order is used so frequently 
by Professor Cajori as to detract from the clearness of the expression and to 
become an unfortunate mannerism. Thus w 7 e have within a few 7 lines of each 
other, the sentences, “A profound scholar . . . and a mathematician . . . was 
Pierre de Fermat;” “A great contribution to geometry was his De maximis et 
minimis and “A contemporary mathematician . . . was Blaise Pascal.” 
Sometimes this unfortunate habit even leads to temporary confusion, as in the 
sentence beginning, “About forty years after Archimedes flourished Apollonius 
. . in which the reader must go to the end of the sentence to find which name 
serves as the subject in the phrase quoted. Occasionally the skein becomes even 
more tangled, as in the sentence, “Greater taste than for geometry w r as shown 
by the Hindus for trigonometry”— a sentence which can easily be parsed, but 
which is nevertheless unfortunately expressed. Such constructions are an 
author’s own property; he has a legal right to his own style, and a moral right 
as well. Nevertheless one cannot read the book without frequently being con- 
scious of the remark of Disraeli’s quoted above. It is a safe assertion that Pro- 
fessor Cajori himself would be greatly surprised to know 7 the number of times this 
peculiarity of style asserts itself. Somehow 7 , too, tins reviewer does not connect 
the man who wrote this book with a sentence like the following; “We abstain 
from introducing additional Greek opinion regarding Egyptian mathematics, 
or from indulging in wild conjectures The sentence is perfectly grammatical, 
but it lacks the dignity which characterizes the author. 

Somewhat related to the matter of style is the frequent use of a man’s initials 
when there seems to be nothing gained. This is seen, for example, in the sentence 
(p. 222) relating to Jean Bernoulli: “Johann admired the merits of G. W. Leibniz 
and L. Euler, but w 7 as blind to those of I. Newton.” If there were any other 
Leibniz, Euler, or New r ton whom the reader -.would naturally have in mind, the 
use of the initials, while unusual, might be understood; but to see such initials 



124 


RECENT . PUBLICATIONS . 


[Mar,, 


with about half the names in the book is a matter of some annoyance* If the 
dates had been so frequently given with the names as to impress them on the 
mind, or to aid the reader to place certain men in proper chronological relation 
to others, there would have been a decided gain to counterbalance any annoyance 
arising from the appearance of the page; but one would as soon refer to W. Shakes- 
peare and D. L. George as to I. Newton. One of the curiosities of this method 
of reference is seen in the case of P. Mersenne (p. 156) - whose first name was Marin 
(p. 183), the P. evidently standing for Pater or Pere, 

It may be pardonable to mention also, in connection with the matter of style, 
the author's habit of referring to a writer whose biography has not already been 
given, or, indeed, to one who is quite unknown and who is never mentioned 
again. The student, who reads on page 32 what “H. G. Zeuthen finds, 1 ’ does 
not learn who H. G. Zeuthen is until he reads page 190; and when he reads 
(p. 44) the opinion of Venturi, he may search the book in vain to find who Venturi 
was or what his opinion may be worth. The same may be said of Thymaridas 
(pp. 59, 111), and a similar criticism may be made with respect to the Palatine 
Anthology, a work of which the student is quite certain to be ignorant. In this 
connection it may be suggested that it would have been better had “ Thomas 
Finck, a native of Flensburg” (p. 151) been spoken of with reference to his 
nationality, since few readers will have the slightest idea in what country Flens- 
burg is situated. 

A second point of friendly criticism, for we should all be friendly in recognizing 
the amount of labor put upon this work, may properly relate to the statements 
of fact. Here the critic of the Enestrom type will find more than this reviewer 
wishes were possible. A few of these statements will suffice to make clear the 
assertion that the book is not without its errors. That the Babylonian notation 
employed only two principles — “the additive and multiplicative” (p. 4) is itself 
contradicted on the same page in the statement that the subtractive principle 
was also employed. Indeed it should be said that the evidence of this fact is 
not confined by any means to the tablets found at Nippur. The frequent 
assertion that the Babylonians used sexagesimal fractions will be misunderstood 
we have no evidence of such fractions before the Greeks introduced them into 
astronomy, even though the Babylonian use of sixtyas a kind of radix in notation 
is well established, not merely by “two Babylonian tablets” but by many others. 
The fact that 30 sometimes meant f § does not illustrate the use of what the reader 
will understand by sexagesimal fractions, namely, degrees, minutes, seconds, 
thirds, and so on. 

The date of Ahmes is, of course, still a matter of conjecture. When, however, 
it is given as “some time before 1700 B.C., ”and when it next appears in the 
phrase “the incorrect formulae of Ahmes of 3000 and when it is next 

referred to as 3,000 years before Leonardo Fibonacci wrote his Liher abaci (1202 
A.D.), it is safe to say that students will regret that certain assertions are made 
so positively. 

The statement that “to Egypt Greece” is indebted for elementary geometry 
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(P* 15) is, of course, a matter of definition;' but it will be misleading to the average 
reader until lie lias read five lines further on the page. The positive statement;', 
that Pythagoras sacrificed k hecatomb (p. 2) is not placed in doubt until the 
student has proceeded sixteen pages further in his reading. The statement that 
the method of -exhaustion infers that the circle is exhausted (p. 23) is later cor- 
rected (p. 25) by the assertion that it is the “ spaces between the polygons and 
circumferences ” that are exhausted. 

I. he statement that Plato did not acquire his -taste for mathematics from 
boerates (p. 25) is a "rather strong one. In Dr. Jowett’s delightful paraphrase of 
the Ihecetetus it is said that “ he, Socrates, is a midwife, although this is a secret; 
he has inherited the art from his mother bold and bluff, and he ushers into light, 
not children, but the thoughts of men. 5 ’ Who knows how many thoughts of 
Plato were delivered by Socrates in this quasi-obstetrie capacity? 

That “Athens produced the greatest scientists and philosophers of anti- 
quity'' (p. 29) is a statement that will probably be criticized. As a matter of 
fact, it is always a cause for surprise that continental Greece produced so few 
scholars of this type in comparison with the islands of the JEgean Sea and with 
the Greek colonies. 

Speaking of a space of 150 years, the statement that Sextus Julius Africanus 
was “an occupant of this long gap” sounds rather odd, although it is not probable 
that anyone will misinterpret it. That Pascal did not lead a “quiet and nn- 
aggressive life” (p. 163) will be an unpleasant surprise for most readers, and it 
would be interesting to know just what extended period of his life Professor 
Cajori had in mind in making the assertion. 

Among the errors of fact there should be mentioned the subject of dates, 
already referred to in the case of Ahmes. It is not a matter of great importance 
to most readers whether Thales was born in 640 B.C. and died in 546 B.C., or 
whether the dates should be e. 640 and c, 542 respectively; and whether the 
eclipse which he prophesied took place in 585 B.C., or, as some writers assert, 
twenty-four years earlier. All that the general reader ordinarily cares for is an 
approximate date. Thus when the dates “580?-500? B.C.” are given for Pytha- 
goras, the purposes are sufficiently served. If, however, the dates for Pythagoras 
are queried, why Should not the three dates for Thales also be given as doubtful? 
This is a work of reference and it is desirable that such statements of fact be 
accurate, and that a doubt be expressed where one is generally supposed by good 
writers to exist. The same criticism applies in many cases throughout the book, 
including those relating to Anaxagoras, Archytas, Plato, Bede, Eratosthenes, 
Tabit ibn Korra, Hudde, and others. 

As to the transliteration of Oriental names the author is no more at fault 
than most other historians. It is unfortunate that v T e have no board that can 
consider the whole matter with some semblance of authority and give us a stan- 
dard system of diacritical marks and of the English equivalents of proper names 
as they appear in languages not using the Latin alphabet. If such forms as 
S, t, h, i, and al- are to be used, as they are in this book, it is due to the reader 
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to have a key to assist him in their pronunciation. This is especially the case 
where, as here, they are not used uniformly, as witness MadjritI (p. 104), Majrltl 
(p. 104), and Majriti (p. 109). 

The final point which it seems worth while to mention is concerned with 
proofreading and printer’s errors. It appears ungenerous to refer to such little 
matters as lack of uniformity, misspelled words, carelessness in the use of accents, 
and the like; and yet, like insect stings, in the aggregate they are, to say the least, 
causes for regret. ' For example, it is perfectly proper to use either “geometric” 
or “geometrical,” but it is annoying to see no uniformity in the matter, even on 
a single page —and similarly for “analytic” and “analytical.” Is the Elements 
of Euclid to be considered as a single treatise hence taking a singular verb, or 
should we say “ the Elements are . . On page 30 the word is considered as 
plural and on page 32 as singular. Is Claudius Ptolemy (p. 46) to be preferred 
to Claudius Ptolemaeus (p. 45), or should we have merely Ptolemy (p. 47) or, 
as in other cases, C. Ptolemy? 

Of printer’s errors there is a much larger number than usual, but it is hardly 
the proper business of the reviewer to single them all out. They are simply 
annoyances, hardly attributable to the author. It is merely pressroom care- 
lessness that leads to a form like me 5 nd, with the equality sign omitted (p. 32), 
to the use of the angle symbol for inequality (p. 143), to spelling nor for not 
(p. 122), and to the use of Tivolis’ for Tivoli’s (p. 123), and Trigonometry for 
Trigonometric (p. 137 n.). That the name of Apollonius is misspelled on page 
36 is not the author’s fault, primarily; it is the blunder of the proofreader. 
The spelling of paradoxies for paradoxes (twice on p. 23) is also an error of the 
press. It would be a pleasure to say the same for the name of Maupertuis, which 
is mispelled every time it appears. This is akin to placing Bagdad on the 
Euphrates (p. 99) instead of on the Tigris. The printer’s attempts to make up 
the three peculiar Greek numerals (pp. 52, 53) are not altogether happy, but the 
error in his use of the zeta for 6 (p. 52) is quite unpardonable, not to speak of his 
use of the final sigma for the same purpose (p. 53), Srldhara is made to appear as 
S’ridhara and Siromani as S’iromani (p. 85), although a crude effort is later made 
to conform to the proper style by using the form S'ridhara (p. 94). 

The student will probably not be troubled by the uncertainty in the title of 
Hankel’s Gesehichte ( pp. 10 n., 57 n.), but it would have been better had it been 
given correctly in each case. 

The name Vlacq appears as Vlack in two cases, which is allowable except for 
uniformity; Aryabhata appears also (p. S5) as Aryabhata; “the Roman bishop 
Hippolytos ” might perhaps better have the Roman termination to his name 
(p. 91); the degree sign is omitted in sin (90 — a) although given on the same 
page in sin (90° — 2y); the name Fine (Oronce) is correctly spelled on page 143 
but appears incorrectly as Fine on page 116 (an error to which many of us must 
probably plead guilty); Coimbra appears as Co'impre (p. 142 n.); Nunez or 
Nonius is called by the much less .familiar name of Nunes (p. 142) ; Christopher 
Clavius appears as Christophorus Clavius (p. 144), a form which is rather un- 
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usual, in English works, and also in the curious guise of C. S. Clavio (p. 184.) 
Mention should also be made of the genitive forms of certain proper names. 
Shall we expect Wallis’ or Wallis’s, where the name is not a plural form? There 
is authoritative sanction for either, but there is no sanction for using the two forms 
indiscriminately as is the case with various names throughout this work. 

With respect to the index there should be mentioned the fact that it is un- 
usually complete and that it has one decided improvement over most efforts of 
this kind. This improvement consists in giving the most important reference 
first, and in the use of subtitles under the heading entries, each of which is a great 
convenience. There are various omissions, such as Coss, Harun al-Kashid, 
Fine (G., but see Qrontius), and Salviati, and there are a few misspelled names, 
like Durege for Durege, but on the whole there is no reasonable cause for com- 
plaint. 

In closing this review it should be said once more that the purpose of the 
writer has not been to find fault with respect to small details. He has endeavored 
to call attention to the distinctively good features of the work and to state only 
the leading features that are likely to be subjects of adverse criticism. If the 
proper limits of a review of this kind had permitted, he would have been glad to 
discuss such questions as the Roman use of 120 as a diameter, the rise of the sexa- 
gesimal fraction, and the causes of the prominence of mathematics in various 
epochs and in various countries, and to commend specifically certain other 
features of value. He wishes, however, to add the statement that the book 
shows a wide reading of secondary material and a considerable study of original 
sources. It will, of course, have a place in every mathematical library of any 
importance and will prove a helpful work of reference, particularly with respect 
to the mathematics of the last two centuries. 

David Eugene Smith. 

Report of the President of the Carnegie Institution of Washington for the year ending 
October 81, 1919 . Washington , I). C., 1919. fto. 87 pp. 

For the mathematician perhaps the most interesting items in this report by 
President R. S. Woodward, a charter member of the Association, are the para- 
graph concerning the Hooker telescope on Mount Wilson (pages 16-17) which 
“ under repeated tests has proved efficient quite beyond the conservative theo- 
retical predictions of attainable capacities,” and the following paragraph (pages 
18-19): 

“The most elementary, the most essential, and hence the most widely used, if not esteemed, 
of the sciences is arithmetic. It is a fundamental requisite, in fact, of all exact knowledge. 
Ability to add, subtract, multiply, and divide affords probably the simplest test of capacity for 
correct thinking. Conversely, inability or indisposition to make use of these simple operations 
affords one of the surest tests of mental deficiency, as witnessed, for example, by numerous corre- 
spondents who are unable to or who refuse to apply these operations to the finances of the Institu- 
tion. But the familiar science of arithmetic lies at the foundation also of a much larger and a far 
more complex structure called the theory of numbers.' This theory has been cultivated by many 
of the most, acute thinkers of ancient and modern times. It has more points of contact with 
quantitative knowledge in general than any other theory except the theory of the differential and 
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integral calculus. These two theories' are complementary, the first dealing with discrete 
continuous numbers and the second with fluent or continuous numbers. Naturally, a 
which has attracted the attention of nearly all of the great mathematicians of the past 
centuries has accumulated a considerable history. The more elementary contributions of 
Diophantus, and others of the Greek school; the extensions of Fermat, Pascal, Euler, I 
Bernoulli and many others in the seventeenth and the eighteenth centuries; and the 1 
Lagrange, Laplace, Gauss, and their numerous contemporaries and successors of the run 
century, make up an aggregate which has- stood hitherto in need of clear chronological tat 
and exposition. This laborious task was undertaken about ten years ago by a Research A 
of the Institution, Professor Leonard E, Dickson, of the University of Chicago. A pub 
under the title ‘History of the Theory of Numbers 1 has resulted, and volume I (Svo, xi 
pp.), devoted to divisibility and to primality of numbers, has appeared during the pa 
and a second volume devoted to diophantine analysis is now in press. This work is rein 
for its condensation of statement. It contains more information per unit area than an 
work issued thus far by the Institution. It is remarkable also for the care taken by the 
and by his collaboration to secure precision and correctness, a number of experts having ass 
the arduous labors of verification required during the process of pri n t ing A 


Two sections, completing volume 9, of the great New English Dictionary on 
Historical Principles (cf. 1919, 256-257) were published by the Clarendon Press, 
Oxford, in August, 1919. They cover the portions Stratus-Styx, Sweep-Szmikite. 
The longest article in the sections is that on the verb ‘strike* (29 columns). One 
interesting point here brought out is that the use of 4 strike * in the sense 4 to 
refuse to work’ is an eighteenth century development from the nautical use in 
‘to strike a mast* (Annual Register , 1708; p. 92; “A body of sailors . . . pro- 
ceeded ... to Sunderland ... and at the cross there read a paper, setting 
forth their grievances. . . . After this they went on board the several ships in 
that harbor and struck (lowered down) their yards, in order to prevent them 
from proceeding to sea.”). 

Other terms of interest to the mathematician (with indications of some of 
the earliest dictionary references) are: stream-line (in hydrodynamics, Maxwell; 
Electricity and Magnetism , 1873); strophoid (W. W. Johnson in Amer . Journal 
of Math. , 1880 1 ); striction (line of striction, Frost, Solid Geometry , 1875, p. 297); 
sturmian (Sylvester, Philosophical Trans., volume 143, 1853); style (Leybourn, 
Cursus Maikemaiicus , 1690, p. 704 — the line shadow on the plane of the dial 
showing the true hour-line); symbolic, symbolical, symbolically; symmedian 2 
(Casey, Analytical Geometry , 1885, pp. 45, 247); symmetral (Jeake, Arithmetic , 
1674, p. 295 “Commensurable, called also Symmetral, is when the given Numbers 
have a Common Divisor” also “Symmetral Surdes” [obsolete uses] — Gurney, 
Crystallography , 1878, p. 27 “The two halves on either side of this symmetral 
plane are in all respects similar”); symmetric, symmetrical; symmetroid (Cay- 
ley’s name for a certain surface of the fourth order, 1870, Coll . Math . Papers, 
Vol. 7, p. 134); symmetry; synchronism, synchronous curve (Braude and Cox, 
Diet Set, 1867); synclastic (Thomson and Tait, Nat. Phil., vol. 1, part 1, 1867, § 
128 “We may divide curved surfaces into Anticlastic and Synclastic. A saddle 

1 The term strophoide seems to have been used for the first time by Montucci in 1846 (Nouv. 
Annales de Math., vol. 5, p. 470); it was called the logoeyclic curve by James Booth ( Treatise on 
some new Geometrical Methods, vol. 1, 1873, p, 295). 

2 The French equivalent of this term, “svntediane,” was invented by M. D’Ocagne ( Nouv . 
Annales de Math., October, 1888, p. 451) as an abbreviation for “sym^trique de la medianeA 
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gives a good example of the former class; a, ball of the latter”) ; syneetie (B. 
Williamson in Eneycl Brit. vol. 24, 1888, p. 72 "A function of a complex variable 
which is continuous one-valued, and has a derived function when the variable 
moves in a certain region of the plane is called by Cauchy Syneetie in this region ”) ; 
syntax; syritheme (Sylvester, 1844, Coll Math. Papers , 1904, vol. 1, p. 91 “Let 
us agree to denote by the word syn theme any aggregate of combinations in which 
all the monads of a given system appear once and once only. . . . Let, us begin 
with considering the case of duad synthemes”); synthetic; syntractrix and 
syntractory (G. Peacock, Examples Biff. Calc 1820 and G. Salmon, Higher 
Plane Curves , 1852); systatical (Jeake, Arithmetic , 1674, p. 662 “Three . . , is 
called a Systatical or Substantial Number, because all Sublimary Bodies consist 
of the three principal Substances, Sal, Sulphur, and Mercury”) [obsolete]; syzy- 
gant; syzygetic and syzygy (Sylvester, Carnbr. and Dublin Math. Journal vol 
5, 1850, p. 276 “The members of any group of functions, more than two in number, 
whose nullity is implied in the relation of double contact, . . . must be in syzygy. 
Thus, PQ, PQR , QR , must form a syzygy’ 7 ). 

It may be remarked that the editors of ‘‘N.E.D. 7 have overlooked three words 
used in mathematical literature, namely: symptose, syntypic, and syrrhizoristic. 
The first two occur in the index to Cayley’s Coll. Math. Papers , 1898, on p. 135. 
(The use of the term svntype, in natural history, is presented in 'N.E.D. 7 ). 
Sylvester introduced the word syrrhizoristic ( Philosophical Trans., vol. 143, 
1853, and Coll. Math, Papers , vol. 1, p. 585 “A syrrhizoristic series is a series of 
disconnected functions which serve to determine the effective intercalations of the 
real roots of two functions lying between any assigned limits”). 

While/ N.E.D. 7 lists several meanings of the word systatic, there is no reference 
to its use in mathematics. Have this word and asystatic (not in 'N.E.D.’) 
ever been used as mathematical terms in English writings? They are familiar to 
the Frenchman (Encyclopedic des sciences mathematique , tome 2, volume 4, p. 224: 
“groupes systatiques et asystatiques ”), to the German (Lie-Engel, Transform, a- 
tionsgruppen , Band 1, Leipzig, 1888, Ivapitel 24: “ Systatische und asystatische 
Transf ormationsgr uppen, ’ 7 pp. 497-522), and to the Italian (L. Bianchi, Lezioni 
sulla teoria dei gruppi continui , Pisa, 1918, p. 185: “ gruppi sistatici ed asistatiei”). 

The Physical Society of London. Report on the Theory of Gravitation . By A. S. 

Eddington, London, Fleetway Press, 1918. Svo. 7+91 pp. Price, in 

paper, 6s. 3d. 

Quotation from the Preface: “The relativity theory of gravitation in its complete form was 
published by Einstein in November, 1915. Whether the theory ultimately proves to be correct 
or not, it claims attention as one of the most beautiful examples of the power of general mathe- 
matical reasoning. The nearest parallel to it is found in the applications of the second law of 
thermo-dynamics, in which remarkable conclusions are deduced from a single principle without 
any inquiry into the mechanism of the phenomena; similarly, if the principle of equivalence is 
accepted, it is possible to stride over the difficulties due to ignorance of the nature of gravitation 
and arrive directly at physical results. Einstein’s theory has been successful in explaining the 
celebrated astronomical discordance of the motion of the perihelion of Mercury, without intro- 
ducing any arbitrary constant; there is no trace of forced argument about this prediction. It 
further leads to interesting conclusions with regard to the deflection of light by a gravitational 
field, and the displacement of spectral lines on the sun, which may be tested by experiment. 


130 


RECENT PUBLICATIONS. 


ptfar.. 


“■The arrangement of this report is guided by the object of reaching the theory of these 
crucial phenomena as directly as possible. To make the treatment .rather more elementary, use 
of the principle of least action and Hamiltonian methods has been avoided; and the brief account 
of these in Chapter VII .is merely added for completeness. Similarly, the equations of electro- 
dynamics are not used in the main part of the Report. Owing to the historical tradition, there is 
an undue tendency to connect the principle of relativity with the electrical theory of light and 
matter, and it seems well to emphasize its independence. The main difficulty of this subject is 
that it requires a special mathematical calculus, which, though not difficult to understand, needs 
time and practice to use with facility. In the older theory of relativity the somewhat forbidding 
vector products and vector operators constantly appear. Happily this can now be avoided alto- 
gether; but in its place we use the absolute differential calculus of Ricci and Levi-Civita.” 

Contents — I (Pages .1-13) : The restricted principle of relativity; II (14-29): The relations of 
space, time, and force; III (30-40): The theories of tensors; IV (41-47): Einstein’s law of gravi- 
tation; V (48-58): The crucial phenomena; VI (59-70): The gravitation of a continuous distribu- 
tion of matter; VII (71-81): The principle of least action; VIII (82-91) : The euryature of space 
and time. 

NOTES. 

The works of Evangelista Torricelli, “edite in occasione del III eentenario 
della nascita col eoneorso del Comune di Faenza da Gino Loria e Giuseppe 
Vassura,” have been published in three volumes (about 1800 pages, Faenza, G. 
Montanari, 1919; price 60 lire). There is a valuable “Introduzioxie” (pages 
iii-xxxviii of the first volume) by Loria. 

Vuibert (Paris) published in 1919 the first volume of a three-volume work 
by II. Brocard and T. Lemoyne entitled: Combes geornetriques remarquables 
{combes specials#) planes et gaudies . The volume contains 460 roval-octavo 
pages and is listed at 18 francs. It will soon be reviewed in this Monthly. 

The Hydrographic Office, Washington, has recently published: General Cata- 
logue of Manner's Charts and Books, corrected to April 1, 1919 (293 pages). In 
Special Publication no. 60 of the U. S. Coast and Geodetic Survey, Mr. O. S. 
Adams makes A Study of Map Projections in General (24 pages). The author 
states that 

“an attempt has been made to treat in simple form some of the fundamental ideas that under- 
lie the subject of map projections in general. There has been no intention to develop any phase 
of the subject at any length, but merely to give briefly some suggestions under ‘the different 
headings that, it is hoped, may be found helpful to those who wish to get an understanding of the 
subject.” 

The issue of Nature for November 6, 1919, was a “ jubilee number” (84 
pages), and contained about forty brief articles concerning progress in various 
phases of science. Sir Norman Lockyer, the founder of the journal, in November, 
1869, wrote “Valedictory Memories/ 1 and H, Deslandres, director of the Astro- 
physical Observatory of Mendon, wrote the sketch of Sir Norman (of whom there 
is a fine portrait supplement) for the “Scientific Worthies” series. The article 
on “Science and the Church” is by Canon J. M. Wilson who states that he “ was 
a fair mathematician” fifty years ago (he was a senior wrangler). Readers of 
Euclid and his Modern Rivals (1879, second edition, 1885) will recall that C. L. 
Dodgson (Lewis Carroll) and De Morgan found much to criticize in the Canon's 
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Elementary Geometry . . . following the Syllabus of Geometry prepared ' by the ( 

Geometrical Association. 1 Eis Solid Geometry and Conic Sections was familiar to j 

a good many American students of mathematics of twenty-five years ago. ! 

The J ournalfur die reine und angewandte Mathematik was founded by Crelle in 
1826 with Gergonne’s Annales de mathematiques pures el appliquees as a model. | 

Success in the undertaking was partly assured through an arrangement he made | 

with the Kultusministerium whereby he was allowed to add to the title of the j 

Journal the words to be found even in volume 146, 1915: “Mit tatiger Beforder- j 

ung hoher Koniglich Preussischer Behorden.” (It is a sign of the times that, this 
legend does not appear in volume 149, 1919.) The “Beforderung” consisted on 
the one hand in issuing strong official recommendation of the Journal not only to { 

universities, and institutions of a similar nature, but also, for example, to govern- I 

ment boards and, through Prussian ambassadors, to foreign countries. On the 
other hand the “Beforderung” involved the purchase of a number of copies of j 

the Journal which were distributed to various schools— a custom prevailing to j 

very recent times. In this way Weierstrass, for example, while a gymnasium j 

pupil, received inspiration by discovering an uncut copy of the Journal “mit den 
schonen Abhandlungen von Steiner, von denen auch ein Primaner etwas verstehen j 

konnte.” 

ARTICLES IN CURRENT PERIODICALS. 

Alumni Bulletin, College of St. Thomas, St. Paul, Minn., volume 3, no. 1, February, 

1919: “Rev. William Earnshaw Etzel,” 14-15 [full page portrait, 14; died February 3, 1919; 
charter member of the Mathematical Association of America]. 

American Catholic Quarterly Review, Philadelphia, volume 44, January, 1919: 

“Catholic church and the gentle science of numbers 55 by E. Von R. Wilson, 121-145. 

American Machinist, New York, volume 51, October 9, 191.9: ' “The equation of the 
involute simplified” by N. Finkelstein, 693-694; “Cam design and construction” by F. De R. 

Furman, 695-698; “A little question in trigonometry” by Iv. H. Condit, 713-714. 

American Statistical Association, Quarterly Publications, Boston, volume 16, Sep- 
tember, 1919: “On functional relations for which the coefficient of correlation is zero’ 5 by II. L. 

Rietz, 472-476, 

Bulletin res Sciences Mathematiques, volume 54, May, 191.9: Review by E. Picard 
of G. H. Halphen’s Oeuvres, tome 2 (Paris, 1918), 105; “Memoirerelatif al’etude des substitutions 
rationnelles a une variable” by G. Julia, 106-109; Review by G. Bigourdan of E, Belot’s Uorigim 
des formes de la terre el des planetes (Paris, 1918), 110-112; Review by R. le Vavasseur of F. X. 

Kugler’s Die Babylonische]Mondrechnung (Freiburg 1. B., 1900), Sternkunde und Sierndienst in Babel - 
Assyriologische, asironomische und astralmytologische Untersuchungen (Minister i. W., 1907-1913), 
and Im Barmkreis Bubels (Munster i. W., 1910), 112-118; Review by E. Cahen of 0. Holder’s 
Die Arithmeiik in Stronger Begrundtmg (Leipzig, 1914), 118-121; Review by P. du Plessis of H. 
von Sanden’s Prakiische Analysis (Leipzig, 1914), 121-124; “La serie } -f \ + tt 4- iV + tV 
+ A + *.+ FT + Tl + IF + A + A 4* * * * on les denoniinateurs sont ‘nombres premiers 
jumeaux’ est convergente ou finie” (suite et fin) by V. Bran, 124-128. — June: Review of E. J. 

Boudin’s Legons de calcul des probabilites faites a l’Universite de Gand de 1846 & 1890, publiees 
avec des Notes et des additions par P. Mansevi (Paris, 1916), 129-133; Review by G. Loria of 
P. Duhem’s Systeme du monde, tome 5 (Paris, 1917), 133-135; Review by E. Lebon of F. Frenet’s 
Recueil d’exercices sur le calcul infinitesimal (seventh edition, Paris, 1917), 135-136; Review by 
E. Ouivet of A.. Sehoenflies’s Entwicldung der Mengenlehre %nd Hirer Anwendungen, part 1 (Leipzig ? 



1 That is, the A, I. G. T. (Association for the Improvement of Geometrical Teaching) after- 
wards the Mathematical Association.' ■ ....... - : :■ ; PA -A 
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1913), 136-143; Review by C. Bioche of W. Killing and H. Hovestadt’s Hamttmch des Mattie- 
matiscken Unterrichts , Band 2 (Leipzig, 1913), 143-144— July: Review by G. Giraud of Goursat’s 
Cours d } analyse malhemat ipe, tome 2 (third edition, Paris, 1918), 145-146; Review by R, le 
Vavassenr of C. E. Cullis’s Matrices- and ' Determinmds, volume 2 (Cambridge, 191 S), 146-149 ; 
Review by F. Mansion of R. E. Moritz’s Memorabilia Maihematica (New York, 1914), 150-159; 
Review' by G. Cotty of Klein and Sommerf eld’s Ueber die Theorie des Kreisels , Heft 1, second 
edition (Leipzig, 191.4), 159-161. 

Bulletin of the American Mathematical Society, volume 26, no. 2, November, 

1919: “The twenty-sixth summer meeting of. the American Mathematical Society” by E. J. 
Moulton, 49-66; “Form of the number of subgroups of prime powder groups” by G. A. Miller, 
66-72; “On the rectifiability of a twisted cubic” by T. Havaslii, 73-75; “Some generalizations 
of the satellite theory” by R. M. Winger, 75-79; Review’ by G. A. Miller of F. Cajori’s A History 
of Mathematics (2d edition, New York, 1919), 79-85; Reviews by R. 13. Carmichael of W. Ahrens’s 
Matkematische Spiels (3d edition, Leipzig and Berlin, 1916) and of For J. de Mendizabal Tam- 
borreP's Traiado Elemental de Goniomelria (2d edition, Mexico, 1917), 86; Notes, 87-93; New 
Publications, 94-96. 

Contemporary Review, 'volume 116, December, 1919: “Einstein’s theory of space 
and time” by A. S. Eddington, 639-643. 

Educational Review, volume 58, October, 1919: “The new’ comedy of errors” by R. E. 
Moritz, 219-238 [Motto: “‘Every absurdity has a champion to defend it, for Error is -always 
talkative,’ Goldsmith.” First paragraph: “It is no uncommon experience for a teacher who 
stresses mental training and the formation of proper habits of thought to be reminded by such of 
his colleagues as have enjoyed the advantages of recent courses in pedagogy that lie is educationally 
behind the times; that the doctrine of mental training is a superstition or an ‘exploded myth’; 
that mental faculties can not be stimulated or strengthened, since modern psychology lias shown 
that no such faculties exist; that modern educationists recognize the ‘basis of content’ as the only 
sound basis of education, and other similar catch phrases which permeate t he educational literature 
of recent years,”]— December, 1919: “The contribution of mathematics to world progress” by 
C. N. Moore, 413-419 [First paragraph: “One of the compensating features of a greet war may 
be found in the light that it sheds on relative values. A nation under the stress of battle for its 
existence or its dearest principles seeks the most efficient way of doing things with a directness 
that is very rare in time of peace. Thus it came about during recent months that persons with 
varying degrees of mathematical knowledge were' in great demand for w r ar activities of the first 
moment. Some superficial observers have drawn from this fact the totally false conclusion 
that the applications of mathematics in the conduct of modern warfare are far more numerous 
and more important than its application to the tasks of peace. They have overlooked the real 
explanation, namely, that the tremendous urge of war necessity secured for mathematics a 
wide-spread recognition of its true importance in many technical and scientific undertakings.”] 

The Journal of Educational Psychology, volume 10, nos. 5-6, May-June, 1919: 
“The effects of special drill in arithmetic as measured by the Woody and the Courtis arithmetic 
tests” by J. E. Evans and Florence E. Knoehe, 263-276. 

The MONIST, volume 29, no. 4, October 1919: “Indefinables and indemon strables in mathe- 
matics and theology” by P. E. B. Jourdain, 547-559; “Loize’s theory of the subjectivity of time 
and space” by J. E. Turner, 579-600; “Professor Russell’s infinite” by H» H. Williams, 616-619; 
“Infinity and the part-arid- whole axiom” by H. M. Gordon, 619-629. 

Nature, volume 104, no. 2608, October 23, 1919: Review by G. 14. M[at-hews] of H, B. 
Hedrick’s Interpolation Tables (Washington, 1918), 152. 

La Nature, volume 46, September 20, 1919: “Comment dechitfrer les textes en langage 
secret. La crvptophotie ” by N. Flamel, 188-192 — September 27: “line machine a tracer les 
courbes” by H. Volta [Quotation: “Dans un article consacre au Bathyrheometre de M. J. Delage 
nous avions indique le principe du curieux appareil appeR par Lord Kelvin le Hide predicted et 
qui permet de realiser meeaniquement les compositions d’un numbre queleonque de fonctions 
harmoniques. Mais eet instrument dont la principale application est la determination de la mar6e 
d’un lieu, est susceptible d’autres emplois, car, legerement moclifie, il trace mathematiquement avec 
une grande r^gularite des courbes de natures tr5s diverses. C’est la machine a deerire des courbes 
due a M. Rigge que nons allons etudier d’apres Scientific American .” The article in question was 
“Compound harmonic motion” by W. F. Rigge, Scientific American Supplement , February 9-16, 
1918, voL 85, pp. 88-91, 108-110.] 
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New Mexico Normal University Bulletin, no. 62, cover date November, Bulletin 
date April, 1919: An experiment in the teaching of ?nathematics to high school students bv T. G. 
Rodgers, 8 pages + cover. [Portrait of author, cover 2. Note by President F. II. H. Roberts, 
page 1 : “Believing that there could be an improvement in the method of presenting mathematics 
to high school pupils, Professor Rodgers undertook an experiment that is outlined in these pages, 
lire results have been more than satisfactory to the administration. Correspondence and criti- 
cisms are solicited.” Page 2: “President Roberts, in compliance with your request for informa- 
tion in regard to the experimental work in the teaching of secondary mathematics which the 
Department of Mathematics has been carrying on for the past five years, I submit the following 
report : 

“An effort to add a mite to the solution of these four problems has been attempted: 1. to 
vitalize the teaching of secondary mathematics; 2. to reduce the large number of failures in 
mathematics; d, to vitalize mathematical reviews; and 4. to make the examination test and 
reward ability without being unjust to the faithful plodder.”] 

Nineteenth Century and After,, volume SO, December, 1919: “The new theory of 
gravity” by O. J. Lodge, 1189-1201. 

Nouyelles Ann ales I>E Mathem ATIQUES, volume 78, July, 1919: “Sur quelques courbes 
associees a une classe d’helices" cylindriques ” by M. Egan, 241-248; “Goheours d’agr^gation de 
1913. Solution de la question de mecanique” by M. de Sparre, 248-268; “Certificate de Licence 
(Marseille, mars 1919,),” 269-276; “Questions and solutions,” 277-280. 

Proceedings of the American Academy of Arts and Sciences, volume 55, no. 
2, December, 1919: “The functional relation of one variable to each of a number of correlated 
variables determined by a method of successive approximation to group averages : a contribution 
to statistical methods” by G. F. McEwen and E. L. Michael with an introduction: “A step 
forward in the methodology of natural science” by W. E. Ritter, 91-133, 4-2 tables. [The 
paper was presented in abstract before the San Francisco section of the American Mathematical 
Society in 1917.] 

Revue des DEUX Mondes, November 1, 1919: “Au royaume de Tmfmiment petit” by 
C. Nordmann, 214-225. 

Revue general® des Sciences pures et appliquees, volume 30, October 15, 1919: 
“La mesure absolue de 1’intensite du son” by A. G. Webster, 547-550; Review by P. Appell of G. 
Bouligand’s Cours de geometric analytique (Paris, 1919). 

Science Progress, volume 14, October, 1919: Recent advances in science — mathematics, 
189-196; Reviews by P. E. B. Jourdain of J. B. Shaw’s Synopsis of IAnem Associative Algebra 
(Washington, 1907), T. R. Running’s Empirical Formulas (New York, 1917), C. Davison’s 
Differential Calculus for Schools and Colleges (London, 1919), and L. Silherstein’s Projective Vector 
Algebra ;: an Algebra of Vectors independent of the Axioms of Congruence and of Parallels (London, 
1919), 340-343; Review by H. S. Jones of H. Jacoby’s Navigation, second edition, (New York, 
Macmillan, 1918) and of G. L. Hosmer’s Textbook on Practical Astronomy (New York, 1917), 
343-344; Review by J. Rice of R. C. Tolman’s Theory of the relativity of motion (Berkeley, 1918), 
346-347. 


. AMERICAN DOCTORAL DISSERTATIONS. 

S. W. Reaves, Metric properties of flecnodes on ruled surfaces , [Reprinted from Giornah di 
Matematiche di Batlaglini , volume 55, 1917], 28 pp. + 1 page of errata; [the article was published 
without the author’s correction having been inserted]. (Chicago,- 1915.) 

L. L. Thurstone, The teaming curve equation , [Reprinted from Psychological Monographs , 
vol. 26, Princeton, N. J.], 1919. 4 -f 51 pp. (Department of Psychology, Chicago University, 
1918.) 
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Edited by' B. F. Finked and Otto Dunked, 


[S end all communications about problems and solutions to B. F. finked, Springfield, Mo.] 


PROBLEMS FOR SOLUTION 


2814. Proposed by NATHAN ALTSHILLER, University of Oklahoma. 

The bisectors of the angles formed by the diagonals of an inscribed quadrilateral are: (1) 
parallel to the lines joining the midpoints of the ares subtended by the opposite sides of the quadri- 
lateral on its cireumcircle; (2) parallel to the bisectors of the angles formed by any pair of opposite 
sides of the quadrilateral; (3) equally inclined to parrs of sides of the quadrilateral 

2815. Proposed by the late L G. WELD. 

A right circular cone is laid upon an inclined plane so that its element of contact makes a 
given angle with the slant line of the plane. Assuming that there is no slipping and that the 
rolling friction is negligible, find the time of oscillation of the cone. 

2815. Proposed by w. H. ECHOLS, University of Virginia. 

Find two points D and E on the sides AB and CB, respectively, of a triangle ABC such that 
AD - DE = EC. 

Give a rule and compass construction. 

2817. Proposed by w. I). cairns, Oberlin College. 

The normal probability curve is sometimes called 'the binomial curve from the correspondence 
of its ordinates to the terms of (1 4- 1)*. Find an expression for the “mean deviation” of these 
terms from the median for the case where k = 2 m. Assume the scale division as unity. 


2818. Proposed by s. A. COREY, Des Moines, Iowa. 

What is the maximum error that could occur in computing the common logarithm of (1 -f x) 
by the formula: 

Login (1 + x) = .144,764,827 + .679,059,309 + .072,151,17 4r~ » 

1 “T X £ ~x~ X 1 “T 

where 0 < x g 6/10? 

2819. Proposed by B. P. finked, Drury College. 

Find the equation of the envelope of the system of circles inscribed in a triangle with a given 
base and a given vertical angle. 

2820. Proposed by C. B. HALDEMAN, Ross, Ohio. 

Given one angle and the radii of the inscribed and circumscribed circles, to construct the tri- 
angle geometrically. 

2821. ‘ Proposed by frank IRWIN, University of California. 

The quantities %i, . 1 * 2 , * • * x n vary in such a way that their sum (or any other ope of the ele- 
mentary symmetric functions) remains constant; investigate the maxima and minima of the 
remaining elementary symmetric functions. 


SOLUTIONS OF PROBLEMS. 

272 (Mechanics) [1913, 64; 1919, 213]. Proposed by J. F. LAWRENCE, Stillwater, Okla. 

A perfectly rough circular cylinder is fixed with its axis horizontal. A sphere is placed on it 
in a position of unstable equilibrium, and projected with a given velocity parallel to the axis of 
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the cylinder. If the sphere be slightly disturbed in a horizontal direction perpendicular to the 
direction of the axis of the cylinder, determine at what point the sphere will leave the cylinder. 


Solution by J. B. Reynolds, Lehigh University. 

Assume as moving axes the following mutually perpendicular lines through the cente 
the sphere: GA parallel to the axis of the cylinder, GC along the common normal and GB. 
the velocity of the sphere parallel to GA be u and to GB be v . Then if w 3 be the angular velo 
of the sphere about GO and p the radius of curvature of the circular section of the surface u 
which the center of the sphere G moves, we have the equa- 
tions of motion 1 


X and I 7 being the impressed forces acting on the sphere ^ 

parallel to GA and GB, and a and k the radius and radius \ 

of gyration of the sphere, respectively. Assuming the I 

sphere to be of unit mass and the cylinder of radius c, 
we have 

Z = 0 Y = g sin 9, (4) p ,= a + c, (5) 

V = (« + c)0, (see figure), (6) v = (o + c)0, (7) ¥ = (2/5)a 2 . 

By these, we get from (1), (2), and (3) 

du/dt = — (2/7)«w 3 0, (8) (c + a) 6 = (5/7)g sin 6, (9) 

adco-Jdt = u9. (10) 

By (S) and (10), udu + (2/7)(au$)d(ao)z) = 0. Hence 

u 2 - — (2/7)(aw 3 ) 2 -f V 2 , (11) 

for u — V when co 3 = 0, V being the initial velocity of projection. By (10) and (11), 
adcoz/dt - VF 2 — (aoj^^dd/dt; whence, sin~ 1 ('V2/7aw s /T 7 ) = a/ 2/7 0, for « 3 ~ 0 when 0 = 0, or 

V2/7GW3 = V sin a/2/70. (12) 

By (12) and (11), u 2 ~ V 2 — V 2 sin 2 \2/7 9 = V 2 cos 2 yl2/79. Hence, 

u = V cos >12/70. (13) 

If R is the reaction between the sphere and the cylinder, we have g cos 9 — R - (c -j- a)0 2 } and 
when the sphere leaves the cylinder R = 0, or 

g cos 9 « (c -f a)6 2 . (14) 

By (9), (c + a) (0 2 /2) = (o/7)g(l — cos 9); so that by (14) when they separate, 

<7 cos 9 - (10/7)0(1 — cos 0), 

or cos 0 = 10/17. The distance traversed parallel to the; axis of the cylinder from the position 
of slight displacement is 

„ _ r..M - _ v .( 5 - k . .•« + « r cosr H?„™ 


by (12) and (14), 0i being the initial angle of slight displacement. 

1 Cf. Rou tli, Advanced Rigid Dynamics , sixth edition, 1905, p. 172, article 22i 


“Editors. 
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277 (Mechanics) [1913, 190; 1919, 213]. Proposed by W. jr. GREEN STREET, Burghfield 
Common, Berks., England. 

Around a smooth fixed circular pulley is wound a massless iiiextensihle string, and straight 
portions go to two free ends A and B to which masses are fastened. The mass at A is initially 
projected perpendicular to the string while the other is initially at rest . The length of the straight 
portion to the first mass is initially l and subsequently is r. Find the velocity of the second mass 
at that moment. 

Solution by J. B. Reynolds, Lehigh University. 

Let the masses initially at A and B be n and n\ respectively. Let z be the distance ri has 
moved and r the distance from the pulley to n at any subsequent time; 0, the angle that r makes 
with its initial position l. If T is the tension in the string, the equations of motion are 


(r‘ : B) = 0 , 


The second of these gives, 'r-6 = const « v Q l, n being the initial velocity of projection. Again, 
since r = z + constant, z = r and eliminating T between the first and third equations, we have 

. , . a .. , ■ •„ ruhrtr 

■ {ii 4 " u ))' “ urO" 5s: '- — , 


we get upon integrating, 


(n 4- n')r 2 


; n iHfl* 


+ Kl'a 2 


* ('-?)• 


Therefore, since the velocity z of n r m f at any time, we have 


t’o , n . „ .. 
r\ n + w/\ * 


I r 2 - P, 


2700 [1918, 215; 1919, 215, 365]. Proposed by the late ARTEMAS MARTIN. 

In a factory 250 men are paid an average wage of 815 each per week. The men are paid 
unequally, the wages being 820, $16, $10, and $8 per week respectively, for different classes of 
work. How many are employed at each rate of pay? 

Note. — I am told that this question was set in a Civil Service examination paper to be worked 
by arithmetic. 2,896 answers have been found. Are there any more? 


III. Remarks by H. S. Uhler, Yale University. 

On page 366 of the October issue the interesting suggestion is made by Professor I). N. 
Lehmer that: “The actual number might he obtained by counting t he number of lattice points in 
this quadrilateral.” I have followed this suggestion by count mg along lines parallel to t he axis of 
ordinates. Let the sides of the trapezium the equations of which are 3 A 4 -21” — 625 — 0, 
X — F - 0, 875 — 4 A" 2F = 0, and Y = 0 be denoted respectively by I, II, 111, and IV. The 
coordinates of the vertices are (125, 125), (145$, 145J), (208 J, 0), and (21S-J, 0). The number of 
lattice points limited by sides I and II is 1 + 3 + 6 + 84- H + 13 + 16 + 18 + 21 4~ 23 
+ 26 + 28 + 31 + 33 4- 36 + 38 + 41 + 43 + 46 + 48 + 51 = 541. The number limited by 
sides I and III is 2(52 + 51 + * • • + 23 4- 22) + 21 = 231.5. The number limited b 3 r sides 
IV and III is 20 + 18 + • • * + 4 + 2 — 110. The total number of lattice points within and 
on the periphery of the trapezium is 2966, which is identically the value already given {1919, 216]. 
The numbers of points on sides I, II, III, and IV are 42, 21, 0, and 10, respectively. The sum 
of the distinct points, 72, verifies my earlier remark {19 W, 216] that: “The number of solutions 
involving one or more zeros is 72.” I should like to know whether there is any general significance 
to the fact that the “error” 36 [2966 — 2929-R] is exactly one-half of 72, i,c, 3 the total number of 
peripheral solutions. ' * y' -.y t A j , ' 
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2726 [ 1918 , 303 ]. Proposed by E. H. MOORE, University of Chicago. 

Let ai(a*, y), ct«(x } y ), a 3 (a:, y)> <xi(x, y) y ki(x, y), k 2 (.t, y) be six real-valued continuous functions 
of (x, y) over the unit-square S: 0 <y < 1). Let «i, a 2 , a 3 , a 4 be symmetric 

functions and of positive type, i.e., for every real-valued continuous function £(x) (0 •< x < 1) 

fo f 0 S( x ) a o(x, y)${y)dxdy > o. 

Prove the inequality: 

- JiWWJJ' - JrJJv!'Jr"'Jd v + /seWVi^WOiciKaJCiics g 0. 
Here on the left there are four terms of which the first is 

r-j 0 ai(WlW5).a2-(W2W6)as(WsW7)a4(W4W8) (Wl1U 2 ) K2(U7Uz)dil-l 

thus the eight variables of integration wi • * * w 8 are in order the eight arguments of the four func- 
tions KiKtKiK 2 , while the “integration” symbols J indicate how the variables are to be supplied 
as arguments to the four functions «i a 2 a s a h e,g. } indicates that <* 2 (the superscript " deter- 
mining the subscript 2) has the arguments u 2 u c . — Indicate another inequality of this type and 
determine the number of such inequalities. 

Solution by C. F. Gummer, Queen’s University. 

It has been shown by Hilbert (see Goursat, Cours (V analyse mathematique, tome 3, 
chap. XXXII) that for every real symmetric function ct g (x, y) continuous in S there exist an 
orthogonal sequence of real functions <t> ffl {x), <j>g 2 (x), • * and a sequence of constants c gi , c thy * • • 

(not zero) such that every function of the form f a ff (x, y)P(y)dy, where p(y) is real and continuous 
in (0 ~ y can be represented by the series 


| Cji J 0 4>ai{0{y)dy ■ 4>it(x) J 


converging absolutely and uniformly in (0 ^ x :g I). The function oa ff is of positive type if, 
and only if, c 0 i > 0 (u = 1, 2, • • •)• The argument of Goursat, with little modification, shows 
that the convergence is uniform with respect to (x, u, v, • • • ) in (0 x ^ . 1 , 0 u 2= 1 , • • • j 
when for fi(y) is substituted y(y, u } v, • • •) continuous in this region. This remark justifies the 
successive integration of the series term by term. 

Applying this transformation to the first term of the inequality, we find in succession 

f t} ai(uiU b )Ki(mi 6 )dzi 5 = § | \xu f Q 4>ii(us)Ki(umo)du 5 *(f>ii(ui) J , 

a: «i (uiu$) ki (ur 0 u 6 ) a *2 {mm) dmdii 0 

~ 21 21 u: <j>u(u 6 ) ki (mm) <j> 2 j (m)dmjm • (j)u (ui) 4>v (w 2 ) J . 

Since the cycle uiU&ijUQ is to be completed, we multiply by Kiimm) and integrate with respect to 
Ui and « 2 , obtaining 

X X X X ai Kl K * (mm)duidmdu4m = 2 S [ci<c 2 i{ICifoii$ 2 /))*], 

where Iu(<l>, 4d stands for j* <f> (u) m(uv) $ (v) dudv. A similar treatment of the other four factors 

of the integrand shows that the first term is 

2 2 2 2 CliC2jCskC4l{Kl(<j>U<l>2i)K2(d>Sk(l>4l)\ Z . 
i j k l 

The other terms of the inequality may be treated in a similar way, except that the second and 
third involve longer cycles, that of the second being 'uiUtUsUiUjUtmu* The left member is then 
found to be 

2 2 2 2 Cl%C2jCzl£4l{Ki(4>iifcj)K2{<l>z}c4>4i) — Kl(<fi3k<f>li)K2(<{>4l4>2i) }\ 

; , . i j k ; l [ \ ,, ’■ ■: ■ ■; ■ , . V : - '-v V y']’ : 

' which is clearly = 2 : 0. 
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The number of such inequalities .may be found from the -coefficient of cuc^e^u in the iterated 
series, • The first subscripts of the in the first term .of the squared factor admit 24 permutations, 
while the second term may be formed from it in lour ways, each of the operators KJQ retaining 
one of the $ J s associated with it in the first term and in the opposite position. The 96 results so 
indicated reduce however to 48 by reason of the perimitahility of the terms of the squared factor. 
There are then 48 inequalities of precisely the same type as the one in question; but there are 
others. of. the same general type corresponding to any two permutations of the subscripts 1, 2, 8, 4, 

in the terms of the squared factor, making m ail ^ j or 276 results, exclusive of the useless one 

0^0 which is obtained when the same permutation is used twice. Of these, 24 are reducible 
inequalities of the type 

(/isWWW - WWW - 

- X (tfW - - JVW + Jis f, WK2K2 > 0, 

in which also each factor of the left member is separately =2 0. The other 204 are irreducible 
inequalities not isomorphic with the proposed formula, and falling into five classes which may be 
indicated by the permutation of first subscripts (abed) which would be present in the second 
term of 

— K i (4> tl $b) K ; ( 4>c <!> J) 

(second subscripts being omitted) for a typical case of each class. That is, 06 correspond to the 
permutation (1342), 48 to (1432), 24 to (3412), 24 to (3421), and 12 to (2143). 

2761 [1919, 124]- Proposed by W. W. DENTON, University of Michigan. 

Find the lengths of the side of an equilateral triangle whose vertices are at given distances 
a, b, c from a given point. 

I. Solution by C. E. Mange, Junior, Washington University. 

To construct the triangle. 

With given point, P, as a center, describe circles with radii a, b, and c, respectively. Assume 
a > b > c. Construct chord AB in circle (a) equal to a , and with A as a center describe an arc 
with radius b intersecting circle (e) in C and O'. With B as a center describe an arc of radius 
BC intersecting circle (b) in Z). 1 Draw BC , CD, and DB. The triangle BCD is equilateral and 
fulfils the required conditions. (Similarly for the triangle BCD 1 ,) 

Proof: Draw AC, AP , AB, BP, CP, and DP. 

Now AB « BP = PA, by construction; therefore, A ABP is equilateral, and z PBA. = 60°. 
Since A ACB = A BPD, A ABC « aPBD; and hence /ABC + zCBP * 60°= zCBD. 
And since CB = BD, by construction, CBD is equilateral. 

. Area of , • V , , , 

ArT>~ A _ ’’/rt+b+cX /a+b'~c\/a-b+c\ /-a+5+c\ 


Z BAP - 60°, and 
In triangle BAC, 


l D is that intersection which lies on the opposite side of BP from A, so that the four lines 
from B are in the order BA, BC, BP and BD. D r is the intersection determined in the same 
way when an arc of radius BC' is described.— E ditors. 



These values of e 2 are real (for real values of p 2 ), if, and only it, p z lies m one oi tne intervals, 

For the first interval, e 2 is never negative, but p 2 is negative except when the condition 
l + c > a is satisfied. For the second interval, both values of c 2 are always negative. These 
facts have been used in proving the following statements: . 

For each value of p subject to the condition Q^p 2 < i«, two equilateral triangles are 
found, provided the given distances a, b, c, may be taken as the lengths of the sides of a triangle. 

(8) When the conditions p 2 = fee and b -Jr c a are both satisfied, just one triangle is found. 

In all other cases no triangle is found. . , _ . r , 

(D) One of the triangles found degenerates into a point if, and only if, the given distances 

are in tlie perpendicular from the given point to the triangle plane falls 


shall have B + 0 — A » 0, but the 


2 If the given point lies oi 

equations of cosines still hold. 


-Editors. 
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II. Solution by the Proposer. 

Consider first the case in which the plane of the desired triangle passes through tlie given 
point, and the problem is confined to two dimensions. Let P be the given point, a b Pi c Sr 0 
the given distances, and e the length of the side of the required triangle. Let the angles between 
the lines drawn to the vertices be A, B, C, so that A A B C - 2t 2 * and, therefore, one has 

cos 2 A 4 cos 2 B -f cos 2 C = 1 4 2 cos A cos B cos 0. 

From this and the law of cosines, e 2 = a 2 4 b 2 — 2 ab cos 0, etc., comes the equation, 


e 4 — ( a 2 4 b 2 4 c 2 )e 2 4 a 4 4 b 4 4 c 4 — a 2 b 2 — b 2 c 2 — era 2 ~ 0, 


and the values e 2 , 
where 


e 2 = |(a 2 -f b 2 4 c 2 4 VAo), 

A 0 = 3 (a 4 b 4 c)(a 4b — c)(c 4 a — h)(b 4 c 


■a). 


The values of e 2 are real and unequal, if, and only if, the relation b 4 c > a is satisfied; 
they are real and equal if, and only if, the relation b 4 c = a is satisfied. Moreover, the values 
of e 2 are never negative; this may be shown by using the relation 

a 4 4 b 4 4 c 4 — a 2 b 2 4 b 2 e 2 4 c 2 a 2 . 

Therefore, there are two, one, or no equilateral triangles having their vertices at the given 
distances a , b, e, from a given point lying in their plane, according as these distances themselves 
may be taken as the lengths of the sides of a non-degenerate triangle, a degenerate triangle, or 
no triangle, respectively. 

It can be shown that the given point always lies outside or at the vertex of one found triangle, 
and that when a 2 is between b 2 4 be 4 c 2 and (b 4 c) 2 , it lies outside both triangles. (It is, 
therefore, not true, as stated in G. R. Perkins’s Plane and Solid Geometry , New York, 1860, p. 231, 
that the minus sign must be used before the radical in the above formula when the given point 
lies outside the triangle.) 

In the general case, some variable parameter beside the given lengths must be introduced*, let 
this be the distance p from the given point P to the plane of the desired triangle. The projections 
of a, b, c, on this plane are 

( 1 ) a f = <7$ -p 2 , b' * # - p 2 , c' = Vc 2 - p 2 . 

The length of the side of an equilateral triangle lying in this plane and having vertices at the 
distances a', b% c', from the foot of this perpendicular is the length sought, and may therefore be 
obtained by putting a', b', c', in place of a, b, c, viz., 

e 2 = K a 2 4 b 2 4 c 2 — Sp 2 4 ^T p ), 


where 




Aj> = 9p 4 — 6 p 2 (a 2 4 b 2 4 c 2 ) 4 A 0 = (3p 2 — a) (3p 2 
* sl2 tIJoF- 4 b 2 4 c 2 )^^' = a 2 4 b 2 4 c 2 - m' 2 vl(a 2 - b 2 ) 2 4 (b 2 - e 2 ) 2 4 (c 2 - a 2 ) 2 . 
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(2) on a side of one triangle and outside the 'other, but (2) (S) at a vertex if there 
one solution; and 

(3) outside both triangles, also (3) OS) outside, if there is only one solution : 
correspond respectively to the conditions 

- (V + c? - 


The case in which the perpendicular falls 

(4) on the side of one triangle produced, 
is a special case under case (1) and corresponds to the conditions 


These formulas are indeterminate if, and only if, one of the triangles found is degenerate. 

f{a*be) a vdf{b*ac) are equal only when a and b are equal, and they then reduce to so 
that the property (2) (S) mentioned above may be regarded as the result of combining any two 
of the properties (2), (S), and (4). 

Only the following eight combinations of the above properties are possible, 

(1), (1) (4), (1) (D), (2), (2) (4) (S), (3), (3) (8), (S) (D). 

The general conditions which are mentioned above have been derived by “projection” from 
the corresponding conditions when p is zero, that is, by making the substit utions (1). For ex- 
ample, the conditions that P falls on a side or a side produced are respectively e « b H~ e, e = b — c, 
which are equivalent to a 2 = b 2 -f- be -f* c-, a' 3 = b 2 — be 4- e 2 . In the latt er condition, when the 
relation, a^zb^z c^z 0, is to be preserved, care must be taken to interchange a and b. The 
value of a which makes P fall on a side produced is then determined by the equation a? — ac 
+ c 2 = b 2 . Substituting a' for a, etc., in this equation gives the corresponding condition for three 
dimensions, p 2 = f(b*ae). 


III. Historical Notes by R. C, Archibald, Brown University. 

This problem has been frequently discussed in books, pamphlets, and periodicals for more 
than a century. In 1803 L, N. M. Carnot gave indications of synthetic and analytic solutions 
of the following more general problem {Geometric de position, Paris, 1803, pp. 381-382, 389-390) : 
“ Connoisant les trois angles d’un triangle, et les. distances de leurs trois sommets a un point 
donne dans le ineme plan, trouver les trois cotes de ce triangle.” Carnot points out that the 
method of solving this problem may be applied to solve the following example concerning the 
pyramid: ■“ Connoissant tous les angles que font deux a deux les six aretes dhme pyramide tri- 
angulaire, et les distances de ses quatre sommets k un point quelconque de Fespace, trouver 
toutes les dimensions de cette pyramide.” Among many discussions of Carnot’s problem in 
the plane, the following may be mentioned: By R. Gotting, Einen Punkt zu pesfimmen, dessen 
Entjernung von drei gegebemn Punkteu sich trie drri gegebem gemde Lin ten verhalten . Progr* 
Torgau, 1888, 30 pp. +• 1 plate— By Combier, “ Note de geomElrie,” Journal de mathemaliques 
ilementaires , vol. 3, 1879, pp. 120-129 (trigonometric discussion) — By A. H. Curtis, M. Jenkins, 
and J. McDowell, Mathematical Questions with their . Solutions from the ‘Educational Times / vol. 
44, 1886, p. 110; vol. 45, 1886, pp. 68-70. 

The particular case for an equilateral triangle, with its vertices on three concentric circles 
of given radii, was considered in Gabriel Lame’s valuable Examcn des d iff creates met hades em- 
ployees pour resondre les prohlemes de geometric (Paris, 1818, pp. 81-82), in G. Hitt’s Pr obi ernes 
$ application de Valgebre a la geometric avec les solutions developpees (Paris, 1836, pp. 17-20), and 
in Mathematical Questions ivith their Solutions from the 1 Educational Times (a) by W. 8. McCay 
and W. S. Burnside, vol. 10, 1868, pp. 98-99; iff) by W. J, C. Miller, R. F. Davis, 8. A. Renshaw, 
etc., vol. 26, 1876, pp. 24-28. 

In Nouvelles Annales de Mathemaliques , vol. 3, 1844, p. 376, Prouhet proposed the following 
problem: cc Trois circonf Frances etant tracees sur un meme plan, on propose de trouver sur ces 
circonfErences, en ne faisanl usage que du compos, trois points qui soient les sommets dhm triangle 
Equilateral.” Solution by Breton (de Champ) is given in vol. 9, 1850, pp. 299-304. 

Also solved by R. D. Bohannan, W. F. Cheney, Jr., William Herberg, 
H. Halperin, H. L. Olson, A. Pelletier, Elijah Swift, and C. C. Yen. 
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Edited by E. J. Moulton, Northwestern University, Evanston, Hi. 

Assistant professor W. E. Milne, of the University of Oregon, has been 
promoted to a full professorship of mathematics. 

Mr. F. C. Kent has been promoted to an assistant professorship of mathe- 
matics at the Oregon Agricultural College. 

In the mathematics department of the University of Minnesota, Professor 
G. N. Balter is on leave of absence for the winter quarter, Assistant Professor 
11. It. Shumway has been appointed to an associate professorship and Mr. It. M. 
Barton { 1919 , 420) has been promoted to an assistant professorship of mathe- 
matics. 

At the University of Michigan, Associate Professor Peter Field has been 
promoted to a full professorship, Assistant Professor J. W. Bradshaw has been 
promoted to an associate professorship, and Messrs. E. C. Blankenstein and 
0. J. Peterson have been appointed instructors in mathematics. 

Mr. V. G. Grove, of Cornell University, has been appointed assistant pro- 
fessor of mathematics at Michigan Agricultural College. 

Professor L. D. Ames has been made registrar at the University of Missouri. 

Dr. H. E. Wolfe { 1920 , 90) has been appointed assistant professor of mathe- 
matics at Indiana University. 

Dr. Tobias Danzig is an instructor of mathematics in Johns Hopkins Uni- 
versity. 

Mr. L. H. Rice, of Tufts College, has been appointed instructor in mathe- 
matics at the Massachusetts Institute of Technology. 

At the University of Maine, Mr. A. S. Pratt, of Brown University, has been 
appointed instructor in mathematics, and Mr. J. P. Ballantine, of Harvard 
University, instructor in mathematics and physics. 

At Teachers College, Columbia University, Professor C. B. Upton, of the 
department of mathematics, and secretary of the college since 1911, has been 
appointed provost. 

Professor Alfred Baker, forty-four years a teacher of mathematics in the 
University of Toronto, retired on a Carnegie pension at the end of the academic 
year 1918-19. Professor A. T. DeLtjby succeeded him as head of the depart- 
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ment of mathematics. In the same department Lecturer I. R. Founder has 
been promoted to an assistant professorship. 


At the University of Lille, J. Chazy, professor of general mathematics ( 1919 , 
371), has been appointed professor of differential and integral calculus in place 
of the late Professor Demartees ( 19 : 20 , 43). 


Dr. J. Fairon lias been appointed professor of mathematics at the University 
of Li&ge. 


Professor W. Killing, of the University of Munster, has retired from active 
teaching. 


Dr. F. Sciiur recently professor of mathematics at the University of Strass- 
burg has been appointed to a professorship at the University of Breslau in place 
of the late Professor R. Sturm ( 1920 , 89); and Professor P. Epstein, also recently 
at the University of Strassburg, has been appointed privatdozent at the Uni- 
versity of Frankfurt a. M. 


Dr. II. Tietze and Dr. G. Hessenberg have been appointed professors of 
mathenyitics at the University of Erlangen. 


At the University of Freiburg i. Br., Dr. A. Loewy has been appointed pro- 
fessor of mathematics, and Professor L. Stickelberger has retired from active 
, teaching. 


Dr. Emmy Noether, daughter of Professor Max Noether, and Dr. Schmeid- 
ler have been appointed privatdozents at the University of Gottingen. 


Dr. E. Czuber, professor of mathematics in the Technical High School at 
Vienna, has retired. 


Actuary Arnfinn Palmstrom has been appointed extraordinary professor 
of the science of insurance at the University of Christiania, with the special 
duty of conducting the insurance seminar at the university. 


Professors E. L. A. Merlin and L. M. M. Stuyvaert have been promoted 
to full professorships of mathematics at the University of Ghent. 


Associate professor E. Gau has been appointed to the professorship of infini- 
tesimal analysis at the University of Grenoble, succeeding Professor Collet, 
who has retired from active teaching. * 


Professor E. Daniele, of the University of Catania, has been appointed 
professor of rational mechanics at the University of Modena. The death is 
announced of Professor A. Ricco, director of the Observatory of Catania and 
vice-president of the International Astronomical Union. 
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Dr. R. ( . Maclaukin, president of the Massachusetts Institute of Tech- 
nology since 1908, died January 15, 1920 in the fiftieth year of his age. He was 
born in Scotland and educated in New Zealand and at Cambridge University. 
He was professor of mathematics at the University of New Zealand 1898-1905, 
and dean of the faculty of law there from 1905 to 1907, when lie was elected 
professor of mathematical physics in Columbia University. 

Professor V. Reina, of the University of Rome, [1920, 45] died November 9, 
1919, at the age of fifty-three years, and Professor E. Millosewich, of the 
Obsei vatory del Collegio Romano, died December 5, 1919, at the age of seventy 
years. 1 rolessor Millosewich was secretary of the R. Aceademia dei Lincei. 

_ Professor E. H. Bruns, director of the Observatory of the University of 
Leipzig, died September, 1919, at the age of seventy-one; and Dr. O. Danzee, 
privatdozent in the Technical High School at Vienna died March 26, 1919, as 
the result of an accident. 


of France is awarded in mathematics every two years for a memoir on a proposed 
problem. For 1919 the question was: “In the theory of integrals of total 
differentials of the third kind and of double integrals relative to an algebraic 
function of two independent variables, there has been proved the existence of 
certain integers, whose value is difficult to obtain and may depend 
metic nature of the coefficients of the equation of the surface 
function. The Academy asks for a detailed study of these numbers 
important special cases. 5 ' This prize was awarded to Profes 
schetz, of Kansas University, for a memoir entitled “ 
variants des varietes algebriques avec application aux 


on the arith- 
corresponding to the 
in some 
sssor Solomon Lef- 
Sur certains nombres in- 
varietes abeliennes/ 5 
The principal results of the memoir were given in two notes published in tome 
168 of the Comptes Rendu s of the x\cademy: “SurTanalyse situs des varietes 
algebriques/ 5 pages 672-674, March 31 ; and “Sur les varietes abeliennes/ 5 
pages 758-761, April 14, 1919. There is a summary of the memoir by Emile 
Picard in the Comptes Rendus , December 22, 1919 , pages 1200-1202, being his 
report for the committee upon the occasion of the formal award of the prize. 

In 1882 there was established at Frankfurt a. M. a fund under the name of 
the Peter-Wilhelm-Muller foundation, with a capital of a million and a half 
marks, from the income of which, among other things a prize was to be given 
every third year for the best work in the following domains taken in order: art, 
poetry and music, philosophy and historical philology, mathematics and the 
natural sciences. Once this prize was awarded to a physicist by a jury in which 
a majority were mathematicians, and once it was awarded to a mathematician 
by a majority of physicists. In 1918 it was again the turn of mathematics and 
science, and a prize of 10,000 marks was divided equally between Professor D. 
Hilbert for the totality of his mathematical writings, and Professor A. Ein- 
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stein, for the great mathematical talent displayed in his development of re- 
lativity and gravitation theories. 

Professor A. G. Webster, of Clark University, has been elected honorary 
member of the Royal Institution of Great Britain. 

Professor W. W. Landis, of Dickinson College, has returned to his academic 
work after serving as a Y. M. C. A. Secretary with the Italian army for over a 
year. He was accorded the honorary rank of major in the Italian army, and 
received several medals in recognition of the value of his work. 

The mathematical library of the late Dr. R. A. Harris has been presented to 
Cornell University by Mrs. Harris* The collection comprises nearly three 
thousand volumes, including practically the complete literature on the theory of 
tides. 

At the meeting of the Association of Teachers of Mathematics in New England 
at Cambridge on January 31, Professor J. L. Coolidge gave an address on 
"‘ The annual meeting of the Mathematical Association of America.” 

At the meetings of the Chicago and Southwestern Sections of the American 
Mathematical Society in St. Louis, December 30-31, 1919, forty-four members 
of the Society were present and twenty-eight papers were read. Professor 11. I). 
Carmichael was elected Chairman, Professor C. N. Moore member of the 
program committee, and Professor Arnold Dresden Secretary of the Chicago 
Section. This Section will meet in Chicago on April 9 and 10. A feature of the 
program is a symposium on “The field equations of electromagnetism and 
relativity ” by Professors Max Mason and A. C. Lunx. 

In Section A of the American Association for the Advancement of Science 
Professor D. R. Curtiss was elected chairman and vice-president for the two 
years 1920-1921. 

The following resolutions were passed by the Council of the American Mathe- 
matical Society at the meeting in New York on December 31, 1919: 

1. “The Council regards the preparation and publication, in America, of a 
dictionary of mathematical terms as not only most desirable but also entirely 
feasible, provided that financial aid for the preparation of the manuscript can 
be secured. 

2. “Impressed with possibilities for the more extensive development of pure 
and applied mathematics in America, and with the importance of such develop- 
ment to the nation, the Council records its conviction that there are undertakings 
whose active consideration would be highly desirable if adequate financial assis- 
tance might be regarded as available. Among such undertakings are: 1. The 
preparation and publication by societies or individuals of surveys, introductory 
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monographs, translations, memoirs, 
the history of mathematics; 2. The 
preparation and publication of an i 
The preparation and publication of an annual critical 
mathematical literature of the 


including 

nization of research fellowships; 3. The 
lopsedia of mathematics in English; 4. 

survey, in English, of the 

world; 5. The preparation and publication of a 

biographical and bibliographical dictionary of mathematicians.” 

__ future announces that Girton College, Cambridge, has received a gift of 
£10,000, the capital and interest of which are to be applied during the next 
twenty years for the encouragement of scientific research by women in mathe- 
matical, physical and natural sciences. 

The Mathematics Section of the Texas State Teachers’ Association met in 
Houston, November 2S, 1919. There were about one hundred teachers of 
mathematics in attendance.^ Dr. Goldie P. Horton, instructor in pure mathe- 
matics at the University of Texas, was chairman for the year and presided at 
the meeting. The following papers were read: “Some extra text- book prob- 
lems,” by Mr. P. H. Underwood, Galveston; “ Some definitions of mathematics,” 
by Dr. P. M. Batchelder, University of Texas; “Limit proofs in geometry,” 
by Prof. A. A. Bennett, University ot Texas; “ Compulsory mathematics in high 
school,” by Miss Helen Carr, Orange; “Some desirable points in elementary 
texts, by Prof. G. C. Evans, Rice Institute. There was also discussion of these 
papers, of high school mathematics clubs, and of the work of the National Com- 
mittee on Mathematical Requirements. 

The Work of the National Committee on Mathematical Requirements, 

January 13, 1920 [1919, 439-440; 462-463]. 

The preliminary report, made to the National Committee on Mathematical 
Requirements by a sub-committee, on “The Reorganization of the First Courses 
in Secondary Schools Mathematics” and issued as a basis for discussion on 
November 25, 1919, has received considerable attention during the short period 
since its publication. It has been discussed at various meetings of teachers 
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The response to such requests in the past has been most gratifying, and 
augurs well for the future. Only through cooperation on a large scale on the 
part of all interested in the problem of improving the teaching of mathematics 
can success be assured. 

The mailing list to be furnished the TJ. S. Bureau of Education for the Reports 
of the National Committee is now in preparation. This list now' includes all the 
members of the American Mathematical Society, the Mathematical Association 
of America, the Association of Teachers of Mathematics in New England, the 
Association of Teachers of Mathematics in the Middle States and Maryland, and 
the teachers of mathematics who are members of the Central Association of 
Science and Mathematics Teachers and many others. Requests have been sent 
to all the organizations cooperating w-ith the National Committee for lists of their 
members. Individuals desiring to be placed on the mailing list of the National 
Committee should send their names and addresses to the Chairman of the Committee 
without delay. 

A preliminary report on the principles to govern a revision of College Entrance 
Requirements was submitted by the National Committee to the Councils of the 
American Mathematical Society and of the Mathematical Association of America 
on December 30, 1919. 

A report whose early publication may be expected is “The Doctrine of Formal 
Discipline and the Transfer of Training” (a critical examination of the literature 
by Yevia Blair). 

Professor R. C. Archibald of Brown University has consented to prepare a 
report for the National Committee on the desirable professional training for 
teachers of mathematics in the United States and on courses primarily intended 
for prospective teachers. 

The preparation of reports on Sources and Desirable Types of Problems, 
and on Elective Courses in Mathematics for Secondary Schools (their aims, 
content, organization, etc.) has begun, and exhaustive and authoritative investi- 
gations of the mathematical elements entering into the work of the various 
vocations, industries, and professions, are under consideration. 

The appropriation of $16,000 by the General Education Board under which 
the National Committee is operating, was made to cover the expenses of the 
Committee for one year ending July 1, 1920. At the last meeting of the Com- 
mittee, it was voted to request the General Education Board to give the Com- 
mittee its support for another year ending July 1, 1921. 

The Committee heartily approves the proposed organization of a National 
Council of Mathematics Teachers and has authorized its officers to attend the 
organization meeting of the Council in Cleveland on February 24th in connection 
with the meeting of the Department of Superintendence of the National Edu- 
cation Association. 

The date and place of the next meeting of the National Committee have been 
tentatively set for Chicago, Illinois, on April 23rd and 24th, 1920. 
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THE DECEMBER MEETING OF THE AIARYLAND-VIRGINIA- 
DISTRICT OF COLUMBIA SECTION. 

I he Maryland-^ irginia-District of Columbia Section of the. Mathematical 
Association of America met at George Washington University, Washington, D. C., 
morning and afternoon, December 6, 1919. Among those in attendance were 
the following members: II. L. Hodgkins, George Washington University; G. A. 
Bingley, C. C. Bramble, J. A. Bullard, G. II. Clements, G. IT. Cresse, Alexander 
Dillingham, J. B. Eppes, P. E. Hemke and R. E. Root, U. S. Naval Academy; 
A. L. Landry and 0. J. Rainier, Catholic University; Abraham Cohen and F. D. 
Murnaghan, Johns Hopkins University; Clara L. Bacon and Florence P. Lewis, 
Goucher College; Harry English, Washington Public Schools; Id. M. Roeser, 
Bureau of Standards; W. E. Heal, Bureau of Plant Industry; J. J. Arnaud, 
A. A. Bennett and C. E. Norwood, Ordnance Department (Army); W. M. 
Hamilton, Nautical Almanac Office; 0. S. Adams, Id. G. Avers, Sarah Beall, 
W. D. Lambert and G. F. Winslow, Jr., Coast and Geodetic Survey. 

The program contained the following papers: 

(1) “Calculation of the date of Easter,” Professor F. D. Murnaghan, Johns 

Hopkins University. . 

(2) “Precise leveling in the United States,” Mr. Id. G. Avers,' Coast and 
Geodetic Survey. 

(3) “Proof that in a plane world infinite in extent, but finite in thickness, gravity 
would be a constant at any altitude,” Air. A. S. ITawkesayortu, Naval 
Ordnance. 

(4) “Geometrical proportion,” Air. W. E. Heal, Bureau of Plant Industry. 

(5) “Desirable changes in the mathematical courses in the high school,” Air. 
Harry English, Head of A la them a ties Department, Washington High 
Schools. 

(6) “Report of the Summer Aleeting of the Association at Ann Arbor, Mich.,’’ 
Dr. G. II. Cresse, II. S. Naval Academy, and Professor Florence P. Lewis, 
Goucher College. 

(7) “Internal constitution of the earth,” Air. W. D. Lambert, Coast and 

Geodetic Survey. C y y :nyy 

(8) “A simple instrument for the inversion and the mechanical calculation of 
trigonometric functions,” Dr. T. Danzig, Johns Hopkins University. 
Interesting general discussions followed the reading of the various papers. 

y Oscar S. Adams, Secretary. 
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THE THIRD ANNUAL MEETING OF THE MISSOURI SECTION. 

The third annual meeting of the Missouri Section of the Mathematical 
Association of America, postponed from 1918 on account of the war, was held in 
St. Louis on the afternoons of Monday and Tuesday, December 29 - 30 , 1919 , 
The meeting would normally have been held in Columbia on the Saturday 
following Thanksgiving Day, in conjunction with the meeting of the South- 
western Section of the American Mathematical Society, but the time and place 
of meeting were changed so that these two sections might meet with the Chicago 
Section of the American Mathematical Society during convocation week of the 
American Association for the Advancement of Science. The meeting next year 
is scheduled to be held in Kansas City, and the meeting two years hence, which 
was to have been held in St. Louis, will take place in Columbia. 

The Monday session, presided over by Professor William IL Roever, Chairman 
of the Section, was for the reading of papers and for the annual business meeting. 
The Tuesday session was a joint meeting with the Chicago and Southwestern 
Sections of the American Mathematical Society and Section A of the American 
Association for the Advancement of Science, and was presided over by Professor 
O. D. Kellogg, Chairman of Section A and Vice-Chairman of the Missouri 
Section. On Tuesday evening at the American Hotel Annex the four mathe- 
matical sections already mentioned held a joint dinner at which forty-eight 
persons were present. 

At the Monday meeting there was an attendance of twenty-two, including 
the following members of the Mathematical Association of America: Charles 
Ammerman, McKinley High School, St. Louis; G. D. Birkhoff, Harvard t T ni- 
versity; J. A. Caparo, University of Notre Dame; Alfred Davis, Soldan High 
School, St. Louis; E. L. Dodd/University of Texas; Otto Dunkel, Washington 
University; II. J. Ettlinger, University of Texas; E. IL Hedrick, University of 
Missouri; Louise IL Huff, St, Louis; A. II. Nauer, St. Louis; P. IL Rider, 
Washington University; Percival Robertson, The Principal, St, Louis; W. IL 
Roever, Washington University; A. J. Schwartz, Cleveland High School, St. 
Louis; II. E. Slaught, University of Chicago; G. W. Smith, University of 
Kentucky; E. IL Taylor, Eastern Illinois State Normal School, Charleston, III.; 
W. IL Zeigel, State Normal School, Kirksville, Mo. 

At the business meeting the report of the Committee appointed to consider 
the Preliminary Report on the Reorganization of the First Courses in Secondary 
School Mathematics by the National Committee on Mathematical Requirements 
was adopted. 

It was voted that the Section urge the National Committee on Mathematica 
Requirements to take positive steps toward having speakers in behalf of mathe- 
matics address general rather than mathematical meetings. 

The Section went on record as urging that a minimum of at least one year of 
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nent, and the present officer was reelected. 

It was voted that a committee be .appointed by the new chairman to act on 
the reports of the National Committee on Mathematical Requirements. This 
committee has been .appointed' as. follows: Professor E. E. 'Hedrick, University of 
Missouri, chairman; Professor W. H. Zeigel, State Normal School, Kirksville; 
Professor R. R. Fleet, William Jewell College; Miss Zoe Ferguson, Central High 
School and Junior College, St. Joseph; Mr. Alfred Davis, Soldan High School, 
St. Louis; Mr. Perciva! Robertson, The Prmcipia, St. Louis. 

At the joint meeting on Tuesday the following addresses were given: 

I. “Recent advances in dynamics/’ 1 Address of the retiring Vice-President 
of Section A of the A. A. A. S., Professor G. D. Bibkhoff. 

IL “Some recent developments in the calculus of variations.” Address of the 
retiring chairman of the Chicago Section of the American Mathematical 
Society, Professor G. A. Bliss, University of Chicago. 

HI. “A suggestion for the utilization of atmospheric molecular energy.” Mr. 
H. H. Platt, Philadelphia. 

At the regular session of the Missouri Section the following seven papers 
were read: 

(1) Opening address as President of the Association, Professor IL E. Slaught, 

University of Chicago. 

(2) “The determination of logarithmic formulas,” Professor E. R. Hedrick, 

University of Missouri, 

(3) “A Simple Treatment of Fourier’s Series,” Professor Louis Ingold, Uni- 

versity of Missouri, and Mr. T. W. Jackson, Jamestown College, N. D. 

(4) “'An Elementary Method of Quadratime,” Professor Otto Dunkel, 

Washington University. 

(5) “ Plans of the National Committee on Mathematical Requirements,” Mr. 

Charles Ammerman, McKinley High School, St. Louis. 

(6) “ Preliminary report of the National Committee on Mathematical Require-* 

ments,” Professors Hedrick, Zeigel, and Fleet, Miss Zoe Ferguson 
and Mr. Alfred Davis. 

(7) “Geometric treatment of certain optical problems,”'. (Illustrated by lan- 

tern views and models.) Professor Wm. H. Roever, Washington Uni- 
versity, chairman of the Section. 

In the absence of the authors the paper by Professor Ingold and Mr. Jackson 
was read by Professor Hedrick. Abstracts of the papers, except (5) and (6), 
follow below, the numbers corresponding to the numbers in the list of titles above: 

1 Published in Science , January 16, 1920, pp. 51-55, 
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(1) Professor Slaught’s address dealt with the program of the Association’s 
plans, especially as related to the work of the Sections. 

(2) Given a phenomenon subject to a law of the form y = ax n } if we make 
the usual transformation X « log x 3 Y = log y, A = log a, and then determine 
the line Y = A + nX by the usual theory of least squares, there is an obvious 
exaggeration of the errors for small values of x. ■ To correct this, Professor Hed- 
rick suggested that the errors in Y be loaded by a factor given by the law of 
the mean, from which we find approximately 

V -JJ i _ 

Y - Ti ~ yh 

where (aq, yd are the values of x and y given by experiment. Then the expres- 
sion which is to be made a minimum becomes 

8~Z\U+nXi)- Ytfyf, 

where (Xi> Yi) are the values of X and Y corresponding to (aq, yd. 

The remainder of the usual work can be written down very easily by com- 
parison with the usual theory. In work done upon actual experimental data, 
this formula has proved to be convenient and to give results that are more satis- 
factory than those given by the usual theory. 

Similar changes in the theory of least squares can be made to counteract the 
distortion caused by any other transformation, in a similar manner. 

Finally, the connection was pointed out between this subject and the ques- 
tion of approach of a variable curve to a fixed curve. An extension of the prin- 
ciple mentioned above gives a satisfactory measure of the distance between two 
curves under analogous 'circumstances,' ; 

(3) The object of the paper of Professor Ingold and Mr. Jackson was to give 
a relatively simple proof of the convergence of the sine or cosine series, whose 
coefficients are determined in the Fourier manner, for a large class of functions 
including the usual examples; and also to prove that these series actually repre- 
sent the functions from which they are obtained. 

Their final result may be stated thus: Any function which may be expressed 
as a definite integral from 0 to x of a bounded integrable function may be repre- 
sented by a sine or cosine series of the Fourier type for values of % between 0 
and 7T. 

For this class of functions the proof of convergence and representability is 
much simpler than the usual proofs. 

(4) In the presentation of the summation formula in the integral calculus 
it is desirable to give an example of the evaluation of an area by finding the 
common limit of the sums of the areas of the inscribed and circumscribed rec- 
tangles. The usual examples of the texts involve the summation of series* 
which is quite difficult and unfamiliar to the student. Professor Dunkel gave 
a method for finding the area under curves y — x rn y m — a positive integer, 
which follows rather closely the lines of presentation of the summation formula. 
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l he series to be actually summed is such that the sum is obvious and the whole 
process involves only elementary algebra. 

The method can be extended to negative values of m, m = — 1 being excluded, 
and also to fractional values. Compare 1920, 116-117. 

(7) The object of Professor Roever’s paper was to illustrate a purely geometric 
method of treatment by its application to the solution of some problems in 
geometric optics. The problems treated in this way were certain problems on 
brilliant points which have already been treated analytically by the author in 
Annals of Mathematics, second series, vol. 3, April, 1902; 'Transactions of the 
American Mathematical Society, vol. 9, July, 1908; and American Mathe- 
matical Monthly, vol. 20, December, 1913. An example of this geometric 
method is given in an article entitled: “Geometric Description of the Halo on 
the Dome of the St. Louis Cathedral,” which will soon appear in a scientific 
number of the Washington University Studies. 

Paul R. Rider, Secretary-Treasurer. 
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By WILLIAM F. RIGGE, Creighton University, Omaha, Neb. 

One way of drawing a cardioid is to make a pen start in phase 90° from the 
center of a disk and move along a radius with simple harmonic motion, while 
the disk revolves with a uniform angular speed of the same period. If now, 
instead of a simple harmonic movement with the equation p = 1 — cos 0, the 
amplitude being unity, we give the pen a double harmonic motion, and write the 
equation 

P = (1 — cos 9) -f (1 — cos md), 

in which m differs from unity by some small aliquot fraction; we shall then get 
a series of harmonic curves which have one variable parameter, and which must 
therefore have a common envelope. The problem before us is to find this 
envelope. 

The Inner Envelope a Cardioid.— The method of procedure, according to the 
textbooks, is to differentiate the above equation by regarding the variable 
parameter m as the only variable in it, and then to eliminate the parameter 
between these two equations. This will give ns 

sin m3 ~ 0, 

1 Readers of this article are reminded of earlier articles by Professor Itigge in this Monthly 
(“Concerning a new method of tracing eardioids,” 1919, 21-32; “Cuspidal rosettes/' 1919, 332- 
340) in which the discussion, with special reference to possibilities of Ms machine for tracing 
curves, is along similar lines. We have already referred (1920, 132) to the interesting illustrated 
account of this macMne in the Scientific American Supplement, 1918, February 9 and .16 (partly 
reproduced in La Nature , 1919, September 27) ^EdxtqeV' ana),/ :■;// 
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db 1 == p — 2 + COS d , 


so that the equation ol the envelope becomes 2 


and 


P = (1 — cos 6) + 2 
p = 1 — eos 6. 


There is therefore an inner envelope which is a cardioid, and an outer one in 
which the radius vector of this cardioid is increased by 2, 

Fig. 1 has been drawn to represent these curves. Tins figure, like all 
those in this article, has the same position on the page that it had on the disk at 
the moment when it was completed and the drawing pen had returned to its 
initial position. If we can imagine the disk, which turns in a clockwise direction, 
to be now alone arrested, the pen will keep on moving up and down along the 
vertical line of the page through the cusp, that is, along what is generally denoted 
as the Y axis in figures, but which we may call here the mechanical axis of F. 
The mathematical axis of + Y which is used in the equations just given and which 
convention directs to run always upward, runs to the right in this Fig. 1, so that 
the figure must be turned 90° in an anticlockwise direction in order to have it 
oriented in the usual way. The reason for this departure from the customary 
mathematical practice was that, by presenting the mechanical aspect of the 
figures, the changes that come over them when the initial phase or position of the 
pen or the rotation frequency of the disk is altered, may be seen to better advan- 
tage. The mathematical axes must therefore be rotated to suit each figure in 
particular. This will present no great difficulty. 

The motion of the pen in Fig. 1 was the resultant of two simple harmonic 
movements both of the same amplitude, one with a unit period and the other 
with a period m, 15/16 or 16/15 as long, while the disk had a period of either com- 
ponent. In practice component A had a wheel with 32 cogs which made 15 
revolutions while component B with 30 cogs made 16, the disk in the meantime 
with a 30- or 32-cog wheel making 16 or 15 turns. In Fig. 1 a 32-cog wheel with 
15 revolutions was used on the disk. ■ A radius (through the cusp) may be seen 
to cut the compound curve in 15 points. Had a 30-cog wheel with 16 revolutions 
been employed, there would have been 16 such intersections. 

The pen was placed at the center of the disk (at the cusp) when both of its 
components were in phase 90°. When set in motion the pen started to draw a 


2 It is rather questionable to call variable parameter since only one value of m is considered 
at a time. There is a single curve with several lobes, giving the appearance of so many different 
curves all tangent to their envelope. Perhaps we might speak of it as the envelope of the lobes. 
It is true that this envelope happens to be the same for all values of m, at least for all rational 
values of m, and that its equation can be obtained by the usual process if we make m a variable 
parameter, but the envelope of a family of curves might be quite different from, the “envelope” 
of the lobes of any one of them, and in the case of the curves represented by the given equation 
it might be difficult to apply the theory of envelopes to the variation of the given curve produced 
by a continuous variation. of m. — Editor. / ty 
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cardioid twice the size of the inner envelope, but this at once, although gradually, 
changed into a curve that became more and more curtate as the pen receded' 
farther from the center at each revolution, until, in the middle of its compound 
period, when cos 6 + cos md was equal to zero, it momentarily drew the arc of a 
circle with the radius 2. After this the lobes of the curve repeated themselves 
in inverse order, while their axes kept on swinging in the same direction. 

A study of Fig. 1 shows that the points of intersection of the lobes are arranged 
in radial lines at equal angular intervals, and that the points of tangency of the 
curve with the two envelopes are also spaced equiangularlv. 

Tlw Older Envelope a Cardioid.—' There is a second way of drawing an envelope 
that is a cardioid. In the first case we placed the pen at the center of the disk 
when the phase of each of its two harmonic components was 90°. Now let us 
make the phase 0° at the center. The first component A, if used alone, will 
then trace the circle p = sin 6, and the two together will trace p — sin 6 + sin md. 
Proceeding as before, we find the envelope 


the mechanical sense call an 
outer one. The mathematical 
axis of + Y now runs to the left 
gjggs. in Fig. 2. We may note that 
the equation of the second en- 
IH f velope of Fig. 2 has the eon- 

Wf sta-iit — 2 as opposed to + 2 in 

* the second one of Fig. 1 . 

Envelope Rosettes, — General- 
izing the above results by using 
gillie nd ia Place of 6, we may apply 
the same principles to rosettes. 
Thus if we take n= 2 , there are 
two complete compound e,ycles 
of the pen to one of the disk, 
that is, the components A and 
B turn twice 15 and 16 times* 
v hile the disk makes as before 
its usual 15 or 16 revolutions, 
envelope of Fig. 3 and in the outer one of 
ie mechanical sense. In the mathematical 
>es m Fig, 4, not coincident, but lying at 
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right angles to one another. The direction of th 
undergone a change. Their position in these and s 
be deduced from the respective equations, and wi 
referred to. 

When 71 = 3 we see that the usual inner enveli 
that the outer one in Pig. 6 is an equal one. Pic 
inner envelope. The outer one was not drawn 
a most totally black, as Pig. 6 leads us to suspect, oi 
of its close and overlapping lines. 

From a mathematical point of view all these se 
that are rosettes. When the common phase of tl 
is made 90° at the center of the disk, as in Pigs 1 3 
an inner one which is a rosette, and an outer one i 
the inner one is increased by 2. When the comm 
as in rigs. 2, 4, 6, there are also two envelopes, botl 
aie coincident when n is odd, but crossed equiangu 
a mechanical standpoint, the first class of figures r 
elopes and the second to have coi 
pes, the number of lobes being doi 


as ttieir inner env< 
their outer envelop- 
n is even. 

Rai [ 0 f the Periods of the Components, or the Value of m.—In all the 
eases presented m was taken as 15/10 or 16/15, the harmonic component A makimr 
Ion revolutions and B IQn, while the disk rotated 15 or 16 times The iTumS 

“st/s 15 , °v 6 ' must b i * th “* «* -« 

''l ' } / elett ® lthei e^Pt wl ien n is a factor of the one used, for then as 
on as the pen has run through one complete compound cycle it will berin to 
retrace the curve already drawn, so that the figure will present a 

isrfsr since * "!! ~ 

td 16 for « = l !! - e T.° n the dl8k Imd to make 15 tlirns f °r » = 2 
well. For n Tot’ll ^ ^ ^ ^ 

4 thB -~ When the P hases of the components 

, h "f e 90 f lld the P® was set down at the center of the disk the 
envelopes it traced were the rosettes shown in Figs. 1, 3, 5 

figures, only turned at right angles, were drawn when the 
phase 0 on the mechanical Y 
at the upper end of a lobe. 1 _. . 
one of the components A or B adv 
and the other only one-fourth of 
insensible in practice when m — ; 
u outer-envelope 
the 

the center In 
equal phase a of its 


inner 

7. The Identical 
pen -was started in 
axis at the distance + 2 from the center, that Is, 
reason is that in a quarter of a turn of the disk 
--ances exactly one or n quarters of a period also 
1/15 or 1/16 more or less. This difference is 

,. ++ * } 18 ve ?’ smaIL In Iike “anner the identical 

losettes, turned at right angles, resulted. Pigs. 2, 4, 6, when 
pen was started on the Y axis at the distance + 2 in phase 90° instead of at 
phase 0 . From this it follows that the pen may be started in any 
components and set down on the mechanical V VI cs cs ih 
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distance 2 sin a from the center in the last case and 2 cos a in the first, in order 
to draw the same respective rosette, which will then be turned through the angle 
a on the disk. For this reason we might call the rosettes in Figs. 1, 3, 5,. 7, 
“cosine” rosettes and those in Figs. 2, 4, 6, “sine” rosettes. 

Transition Envelopes. — The principle just stated may be applied, to show the 
transition from the (mechanical) outer- to the inner-envelope cardioid. Thus 
Figs. 8-12 are intermediate between Figs. 2 and L In all of these seven figures 
the starting point was at the center of the disk, but the phases were taken at 15° 
intervals from 0° to 90°. In Fig. 2 the phases of the pen at the start were 0°. 
In Fig. 8 the phases were 15°, in Fig. 9, 30°, in Fig. 10, 45°, in Fig. 11, 60°, in Fig. 
12 75°, and finally in Fig. 1, 90°. The transition may thus be readily followed, 
and the axis of the envelope seen to swing round with uniform speed. 

This identical series of seven transition envelopes might have been obtained 
by keeping the starting phases of the components' at 90° and setting down the 
pen on the mechanical Y axis at the distance of twice the sines of 0°, 15°, — 90° 
from the center. In this case the axes of the envelopes would have remained 
stationary on the mechanical X axis. When the pen is set beyond the distance 
2 sin 90°, the envelopes become curtate. Their inner faces will be the outer ones 
in Figs. 2, 8-12, 1 , while their outer ones will tend to become more circular. 

Unequal Starting Phases of the Components . — Instead of starting the pen with 
its components in equal phases, phase differences of any magnitude may be 
used. By studying the usual generation of Fig. 1 as given before, the initial 
position of the pen on the mechanical Y axis may so readily be deduced from the 
position it has there corresponding to the given phase difference, that numerical 
exemplifications are not necessary. The application to rosettes in general is 
also sufficiently obvious. 

Finally Fig. 13 shows a transition envelope for an even value of n intermediate 
between Figs. 3 and 4. 
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HIGH SCHOOL 


By ERNEST B. LYTLE, University, of Illinois. 

This audience is no doubt familiar with the wonderful growth of high schools 
in the United States. In 1906 there were 52,394 pupils enrolled in the high 
schools of Illinois; in. 1916 there were 102,870 enrolled, an increase of 96 per cent 
in ten years in Illinois alone. ( Illinois High Schools , L. W. Smith, p. 9.) In 
the light of the recent marvellous growth in the number and community impor- 
tance of our high schools, it is not necessary to argue here the great significance 

1 Address read before the Ann Arbor meeting of the Mathematical Association of America, 
Sept. 5, 1919; also before the Illinois Section of the Association, Nov. 22, 1919. 
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- ■ ' s. Colleges must see the problem and attack it 

In training able teachers our colleges and universities not only 

■" j a great service but they help 

ation ot the students coming to them for 


of training high school teachers, 
vigorously. I r .. . 

render the high schools and their communities 
themselves by improving the prepara:!™ ~ 
further education. 

Our particular present interest 
taking in teacher preparation and to suggest 
service in this direction. Good teaching : 
matter and (2) a sympathetic imderstandin 

limit to t - r 

scholarship is possible under given conditions, 
can know too much to teach well are looking in 
it is not too much scholarship but rather too little sympathetic understanding 
of students which makes many failures in teaching. However true it may be 
that some great scholars are poor teachers because they have permitted them- 
selves to grow unsympathetic and impatient with immature minds, yet sympa- 
thetic understanding of the difficulties of less mature persons is by no means 
incompatible with high scholarship; we all know many master teachers who 
possess both scholarship and sympathy for the learner. 

While recognizing no upper bound to knowledge of subject-matter desired 
in a teacher, it is still pertinent to inquire, “How much mathematics is it reason- 
able to require of prospective teachers of mathematics under present conditions? ” 
Today our colleges are quite generally requiring from 20 hours (one hour a day 
for two school years) to 30 hours (one hour a day for three years) in mathematics 
to obtain their official recommendation to teach in our high schools. In many 
cases prospective teachers elect more than the minimum requirement from the 
regular advanced courses in mathematics. The usual sequence of courses through 
the calculus is quite uniformly required; but beyond this there seems to be 
little absolute requirement and considerable variation in practice. Most colleges 
making any pretense at high school teacher training offer a special Teachers’ 
Course which considers the values, methods, subject matter, texts, reform move- 
ments, and best literature of secondary mathematics. The University of Michi- 
gan, in 1893, was the first college to offer a course on the teaching of algebra and 
geometry and by 1912 there were 34 American colleges offering such courses 
(Bibliography 2, p. 6). Iu 1916 there were 40 out of 100 selected colleges and 
universities offering some such teachers’ course (Bibliography 8, p. 395). When 
offered such a course is required, or very strongly advised, for recommendation to 
high school mathematics positions. Most students elect a course in the theory 
of equations and determinants as an advanced course in algebra; not quite so 
uniformly they elect a course in projective or modern geometry. You are no 
doubt familiar with the discussions in the Monthly on the value, methods and 
content of such an advanced course in geometry. 1 As brought out in these dis- 
cussions the value and importance of such a course in modern geometry is not 

1 Am. Mato. Monthly, Jan., 1914, p. 30, 31, 32; Feb., 1914, p. 63; Apr., 191S, p. 169. 


is to discuss the part mathematicians are now 
ways and means of increasing their 
requires (1) knowledge of subject 
g of students. There is no upper 
the amount of scholarship desirable, the only question is how much 

The few people who believe one 
the wrong place for the trouble; 
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yet fully appreciated. History shows how for a period the world ne 
synthetic methods in its enthusiasm over the newly discovered analytic gee 
but later had to be brought back to a realization of the great beauty, 
and simplicity of synthetic geometry methods; and so also teach ers-to-b 
being introduced to the wonderful analytic geometry, in a later course nee 
impressed with the value of a combination of the two methods. 

Another important course is a unifying course generally offered unde 
such title as “Fundamental Concepts” or “Synoptic Course.” Teache: 
ticularly need to have perspectives, foundations, and essential conceptio 
pressed upon them. Teachers in high schools have spoken to me with co 



thus definitely introduced to the riches ot our libraries would snow a gi eater 
interest in mathematics as a science and make greater efforts to increase their 
knowledge of the subject by more individual reading and study? 

Besides the mathematics courses specially considered students preparing to 
teach frequently elect even up to a total of 40 hours from courses in pure mathe- 
matics such as differential equations, theory of functions of both real and complex 
variables, differential geometry, solid analytic geometry, higher algebra, limits 
and series. They sometimes elect applied courses in statistics, astronomy, 
physics and mechanics. 

When so many colleges require twenty or more hours in mathematics before 
they will recommend graduates for higlrschool positions, why is it that we still 
find so many of much less training teaching mathematics today? One great 
cause is the practice, which administrators believe is a necessity, of assigning to 
a teacher well prepared to teach one or two subjects classes in a third or fourth 
and sometimes a fifth subject. In our high schools we find many teaching 
mathematics as a third or fourth subject who make no pretense of either special 
training or interest in mathematics. One suggestion for meeting this so called 
necessity is to increase the number of junior, township and community high 
schools since these types of organizations make possible earlier and more complete 
departmentalization and make places for more special teachers who can devote 
their time to one or at most two departments of instruction. 

Up to this point, with the possible exception of the “Teachers’ Course,” we 
have considered only that part of teacher training which aims at knowledge of 
subject matter. But mathematics in our high schools is a means of educating 
boys and girls; student psychology is the second and a very important side of 
teacher training. “Professional Training” is the term usually employed to char- 
acterize that part of teacher training which aims to give knowledge of adolescent 
interests, motives, and learning processes. A teacher may be saturated with 
mathematical knowledge and yet find it impossible to induce lively youngsters 
to increase their knowledge of the subject. The fluent character and great 
variations in adolescent mental life make teaching an arduous task. Too many 
pass by this side of teacher training with the dogmatism, “Oh, teachers are born, 
not made,” or “Actual experience is the only way of learning liow purposefully 
to influence students,” Is it not as reasonable to say that physicians and 
surgeons must get all their knowledge of the human body from practice? Doctors 
are required to spend long periods in the study of human physiology and anatomy 
with all the generalizations from the experiences of previous successful doctors 
before they are permitted by law to practice medicine themselves. Why should 
it be thought unreasonable to expect teachers to study the experience of successful 
teachers and get their generalizations and suggestions before they are permitted 
to undertake the important work of directing the mental life of our young people? 
While granting all possible importance to natural abilities yet in no work at all 
comparable with education in importance do we rely entirely on methods of trial 
and error in experience with no preliminary training in theory. . Notwithstanding 



some objectors the requirement of some professional training for teachers is 
already a fact. The North Central Association of Colleges and Secondary 
Schools, including over one thousand high schools, now requires that “the mini- 
mum professional training of teachers of any academic* subject shall be at least 
eleven semester hours in education” (Bibliography 7). The Illinois school law 
now requires an examination in educational psychology, and the principles and 
methods of teaching for a state high school teacher’s certificate {1919 Illinois 
School Law , Circular 138, p. 6). 

Schools and Colleges of Education are meeting this demand by developing 
courses in educational psychology, principles of secondary education, theory of 
teaching, special methods in particular subjects, observation and practice teach- 
ing, history of education, and educational sociology. While we who are workers 
in an old, exact and well-developed science may have felt that some of the past 
work in education has been unscientific in method and contains hasty and un- 
warranted generalizations, yet is not blundering always common in a new field? 
Education is very very much younger than mathematics and yet educational 
investigators of really scientific ideals have already appeared. Cannot we mathe- 
maticians be constructive rather than merely destructive critics; can we not be 
sympathetic and suggestive in our attitude toward this comparatively new, 
important and complex field of investigation? A body of educational facts and 
guiding principles is slowly being accumulated to help the teacher. The wide 
use of mental tests during the World War is a tribute to the painstaking workers 
in education. We should therefore require prospective teachers to take good 
courses in educational psychology, technique and theory of teaching, history of 
education, and, in case they have never taught, some practice teaching as their 
work in Professional Training. 

The work in practice teaching is being constantly improved in quality and 
there is a noticeable tendency to raise the standards of scholarship of supervisors 
of practice teaching in our demonstration high schools. For example, at the 
University of Illinois where a new high school is about to be opened, the ideal set 
for the supervisor of mathematics work is one with a Ph.D. degree in both 
mathematics and education, if such cannot be found then there must be a Ph.D. 
degree in mathematics and as much, training in education as possible. Likewise 
in each department they plan to require a doctor s degree in the field to be super- 
vised together with specialization in education. 

The Wisconsin plan of “directed teaching” in contrast to practice teaching 
deserves special mention. This plan is fully described in the Eighteenth Year 
Book of the National Society for the Study of Education. Limited time makes 
possible here only a hasty sketch of this unique plan. Each class is at all times 
in charge of an expert regular staff teacher; from one to three college seniors in 
training are assigned to a particular class; they become students in this class and 
participate in all class activities by preparing lessons and reciting just as regular 
students do, and this participation gives them the exact student viewpoint; at the 
same time these seniors discuss methods of organization and technique with the 
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expert teacher in charge to get the teacher’s viewpoint; by consistent imiaiimg 
excellence a senior may win the right to assist the staff teacher and finally becomes 
the class leader for short or even long periods, but always under the direction of 
the staff expert; preparation through participation is the key note of this plan. 
The purpose of this special mention of the Wisconsin directed teaching scheme is 
its suggestions. W r hy cannot this plan be adapted to teacher training in our 
college classes as now organized? W hy not assign one prospective teacher to each 
expert member of our present college faculties; by participation, assisting and 
personal contact with this expert teacher cannot the student get the best possible 
teacher training? Would not a plan of associating inexperienced beginners with 
older experts for careful direction and help be much better than our present 
plan of putting assistants in sole charge of sections to sink or swin unaided? 
Can we get practice teaching in college classes without waiting for the formation 
of practice schools which are often long delayed by the budget difficulties? It 
is not suggested that experimental schools be abolished or discouraged but 
rather that teacher training possibilities may be extended to college classes as at 
present organized. 

Besides furnishing college students with first class teacher training our 
colleges and universities should also help teachers already in service. College 
instructors should cooperate heartily in high school teacher associations. The 
annual University of Illinois High School Conference has been a very potent 
factor in teacher contact and mutual inspiration; it has given high school teachers 
the points of view and advice of more expert mathematicians and it has given 
college instructors more sympathetic understanding of the high school teachers 
particular problems. The teachers’ book-shelf should also receive the careful 
attention of college men. There is need for books in English such as Klein’s 
Elementarmathematik vom hoheren Standpunlcte aus. High school teachers need 
more books like Young’s Fundamental Concepts of Algebra and Geometry, Carson’s 
Mathematical Education, Nunn’s Teaching of Algebra, Whitehead's Introduction to 
Mathematics and Organization of Thought, Keyser’s Human Worth of Rigorous 
Thinking, Monographs on Mathematics edited by Young, and specially little 
contributions similar to Teubner’s “Mathematische Bibliothek” on topics like 
Her Bcgriff der Zahl in seiner logischen und historischen Entwichlung, Der Pytha- 
goremhc Lehrsatz, KonstruJdiomn in begrenzter Ebenen, etc. The writing or trans- 
lating of books which will find places on the secondary teachers’ book shelf would 
be a distinct service in raising standards of scholarshin among' teachers nf ninth*. 
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can help high school teacher training (1) by emphasizing the desirability of the 
greatest possible scholarship in mathematics, (2) by developing strong courses in 
theory of equations, advanced geometry, fundamental concepts and history, 
(3) by emphasizing in all our courses perspectives and big ideas, (4) by developing 
the use of libraries, knowledge of best literature and ability to prepare and force- 
fully present papers on mathematical topics, (5) by making one member of the staff 
responsible for investigation in the field of teacher training, (6) by encouraging 
professional training specially in adolescent psychology, (7) by taking constructive 
and not destructive attitudes toward scholarly investigation in education, (8) by 
demanding that supervisors of mathematics teacher training work have a Ph.D. 
or equivalent in mathematics as well as special training in education, (9) by 
studying the Wisconsin directed teaching plan with the purpose of modifying it 
to apply to college classes, and (10) by writing and translating books or articles 
which appeal to the present interests and attainments of high school teachers. 

American standards of mathematics teacher preparation, both in scholarship 
and professional training, are below those of some other countries, specially 
those of France and Germany, and we are still far from the ideal set up by our 
American Commission on Mathematics Teaching (Bibliography 2, pp. 13-14). 
However American standards are slowly but surely rising; let us help this upward 
movement. 
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QUESTIONS AND DISCUSSIONS. 

Edited by W. A. Hxjrwitz, Cornell University, Ithaca, N. Y. 

DISCUSSIONS. 

In our last number, Professor Bees gave an instance of the use of vectors in 
connection with a problem in dynamics. In the first discussion below he indi- 
cates how the vector notation may be used to attack several questions in ele- 
mentary geometry. It cannot be said that the proofs are much shorter than the 
usual ones; but the elegance of the vector formulation is obvious. 

In an article in this department last October, devoted to the application of 
the theory of probability to various questions connected with the game of “ craps,” 
Mr. B. II. Brown gave the following theorem: In any series of games where the 
probability of winning is constantly p, the average number of games won, up to and 
including the first lost game, is the reciprocal of the probability of losing. He used 
this theorem to determine the average number of “rolls” required to complete 
a game. His proof, although relatively simple, involved the summation of the 
power series for (1 — p)~ 2 . In the second discussion this month Miss Charlotte 
Dickson gives an immediately obvious proof of the theorem. While the wording 
is phrased with reference to Mr. Brown’s particular application, the work clearly 
holds for the general theorem. ++ ;++ ++ + . 

Professor Frumveller contributes an “experience” article on the teaching of 
logarithms, suggested by the paper of Professor MeClenon in the September 
Monthly. Like many articles on methods of teaching, its value lies not so 
much in the presentation of new pedagogical ideas as in recommendations con- 
cerning the distribution of emphasis. All teachers who are not committed to 
pure formalism will agree that equivalence of the logarithmic and exponential 
relationships, y — log& x, x — b v must be presented as the very soul of the 
theory of logarithms. With regard to Professor Frumveller ’s discussion of the 
difficulties associated with the negative characteristic, it is fair to state that 
none of the objections rightfully made to the notation — 3.93817 can be extended 
to the notation 3.93817, which may legitimately be understood to mean 
- 3 + 0.93817. Professor Frumveller closes his discussion by answering the 
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I. Theorem Concerning the Concurrency of Three Lines. 

By E. L. Rees, University of Kentucky. 

The theorem stating the condition for the collinearity of three points given 
by their position vectors, is well known to students of vector analysis. 1 It is 
the purpose of this note to state and prove a similar theorem concerning the con- 
currency of three lines and. to illustrate how this theorem may be used. 

Theorem. The necessary and sufficient condition that the lines AA r , BIT, and 
CC' be concurrent is that the 'position vectors of the points determining the lines 
satisfy equations of the form 


Proof . It is a necessary condition; for if the lines are concurrent the position 
vector of the point of intersection may be expressed in terms of each pair of 
vectors as follows: 

P = <hA +'<h'A ' = h B + bfB ' = dC +g'C' 
a i + aT hi + b{ c% + cT 

and since the sum of the scalar coefficients of each member is unity the condition 
is satisfied. The reader can easily see that the condition is also satisfied when 
the lines are parallel or coincident. 

It is a sufficient condition; for if we divide member by member we have 

a A + a' A ' hB + b'B' cC + PC' 

a *4“ a' . b b f c -f* c f 9 

each member of which is a vector terminating in one of the lines, and since these 
vectors are equal they must terminate in the same point and the lines are there- 
fore concurrent. It is assumed in the proof that the members of the second set 
of equations are not zero. If they are zero the lines are parallel or coincident. 

Very brief and simple proofs of many of the theorems of geometry involving 
the concurrency of three lines result from the application of this theorem. As 
illustrations we prove the following. 

Desargues’s Theorem. If two. triangles are so situated that the lines joining 
corresponding vertices are concurrent the corresponding sides intersect in collinear 
; points . 

Proof . If we denote the two triangles by ABC and A'B'C' then by the above 
theorem we have for hypothesis 

1 Cf. Gibbs-Wilson, Vector Analysis, New York, 1909, p. 31 . — Editor. 

2 We shall understand that the term concurrent as used here includes the special cases for 
which the lines are parallel or coincident. 
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Calling the intersections of AB, BC , and CA with the corresponding sides of 
■ other triangle, D } E, and F respectively, and proceeding in the usual way 
find 1 


Since the sum of the scalar coefficients of this equation is zero the theorem is 
proved. 

It will be noted that the triangles may be in the same or different planes. 
Thus the proof is perfectly general. 

Ceya\s Theorem. If in the triangle ABC the points A', B' } and Q f are taken 
on the sides BC, CA, and AB respectively, in such a icay that 

(AC’IC'B) • (BA'jA'C) • {CB’iB'A) = 1, 

then the lines A A 1 , BB f , and CC f are concurrent 

Proof . Calling the first and second ratios s/r and ifs respectively, the third 
ratio must he rjt by the hypothesis of the theorem. We have then 

(s+t)A f = sB + tC, 

(t + r)B f = iC+rA, 

(r + s)C = rA + sB. 

Adding rA to the first equation, sB to the second, and tC to the third, we 
see that the second members of the resulting equations are equal. Hence 

+ i)A f + rA = #.+ r)B f + sB = (r + s) C + tC. 

1 he scalar coefficients of these equations satisfy the condition of the theorem, 
hence the proof is complete. 


II* a. Theorem in the Theory of Probabilities. 

Ifo Charlotte Dickson, American Telephone and Telegraph Co., New York. 

In this Monthly for October, 1919, Mr. Bancroft H. Brown gives a method 
for determining the * average number of rolls needed to decide a game of craps.' ” 

1 Y e assume here that a ~ b, b ~~ c, and c - a are not zero. If any of these differences 
vanish then some of the corresponding sides are parallel, i.e., intersect at infinity. Our justifica- 
tion for extending the proof to include the points at infinity lies in the fact that the points of 
intersection remain collmear when one or more of them recede to infinity. 
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A solution of the same problem by a somewhat simpler method n 
interest. 

Let X be the average number of “rolls” needed further to decide 
Now _ we know that it is necessary to make at least one roll; and the 
of this, being certainty, is expressed by unity. If the “point” is i 
at the first roll (the probability of which, is p or 1 — q), the average 
rolls needed is still X. Therefore we arrive at the following equality 


III. Concerning the Teaching of Logarithms. : "d 

By A. F. Frumvellek, Marquette University. 

In this Monthly for September, 1919, Professor McClenon brought up the 
question of introducing logarithms by the historic method of geometric progres- 
sion; he mentions as an alternative, the complete abandonment of all theory, and 
the laying down of mechanical rules of thumb for the student until the use of 
the tables has become automatic. The first or historic method has, it seems, 
been tried out successfully at the Hyde Park High School, Chicago; Mr. Josef 
Nyberg explained his proceedure in the October number of this Monthly for 
1918, p. 337, but on reading his explanation it would seem as if the lack of direct- 
ness of this approach would render it unsatisfactory in the hands of teachers less 
skillful and inspiring than Mr. Nyberg himself. 

The late S. A. T. C. arrangement gave the present writer a splendid opportunity 
of trying out on a large scale the teaching of logarithms to students of average 
ability; and it so happened that the few days spent in this study afforded the 
only agreeable interlude in an experience that to most of us was like a nightmare. 
Our method was this; an equation like y = x 2 is written down; we define 2 to be 
the logarithm of y to the base a-, and write Iog x y = 2 as the statement of this 
definition. This we call “‘translating the exponential equation to the logarithmic 
form,” and the student is drilled at once in making translations of this kind by 
the dozens, till he can do it automatical! y; numerical cases like 9 = 3 2 are next 
handled orally, with all possible modifications; e.g., if 3 is the log of 8, what 
base am I using? etc. Many algebras are well’supplied with such oral exercises; 
after a lively quiz of this sort, the students, all of them, had the idea of a logarithm 
firmly fixed in their minds. The rules for operating with logarithms gave no 
difficulty, since by definition a logarithm is merely another name for an exponent; 
fractional, and negative exponents were then brought in and translated into 
logarithmic form, using always an exponential equation y — x ±n as a starting 
point, and then employing numbers in place of y, x, and n, till the idea took root. 
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This plan worked excellently; the students learned rapidly how to operate this 
new notation; as regards the tables, they were merely told, that just as in banks 
the computation of interest is never done by the schoolboy s rules of arithmetic, 
but by means of tables which have been computed in advance, so in mathematics-, 
the exponents of all possible numbers have been computed for the base 10 to 
save us trouble; the students are to feel free to use these tables. \Ve always 
spoke of the tables as giving exponents', “ look in the table of exponents” was one 
of our standard remarks. 

Fractional exponents like 1/3 will be found in the tables in decimal notation, 
as 0.33333; to make this usage familiar, we had only to take our old equation 
y = x n and replace n by some terminating decimal like 0.25 or 0.125 to begin 
with, and then go back to the fractional form and interpret what we had. In 
regard to decimals, we defined that if a number like 7.25 is given, we call 7 the 
characteristic, and 25 the mantissa of this number. And right here we met the 
first and the only difficulty! Some of the students had used negative char- 
acteristics in their former work, writing for instance — 3.93817 as the log of 
.008673; the idea was to get the sixth root of this number. On dividing by 6, 
we got — .65636! What was the matter with this result? I recommended 
that we write 3.93817 — 6 before division, which gives 0.65936 — 1, correctly; 
but at once some one wanted to know why we could not write 7.93817 — 10 
just as well, the result being apparently altogether different? There was no 
need of assigning this topic for the next recitation ! The way in which we finally 
threshed the matter out. was this. 

The decimal notation .008673 is merely a shorthand notation for the proper 

fraction whose log is 3.93817 — 6; in every ease therefore, the log 

consists of two parts, a positive part for the numerator, and a negative part for 
the denominator. In taking the sixth root, we must operate on both numerator 
and denominator ; hence G is to be used as a divisor on both parts of the logarithm.. 
Moreover there is not, and cannot be, any other correct form for the writing of 
the logarithm of a decimal; the log is essentially composed of two parts, the first 
of which is integral and decimal, the second integral only, since it represents 
some power of ten. Any other way of writing such logs is essentially wrong and 
misleading; I can transform my logarithm by adding to it zero in the shape of 
in — ni; I can actually perform the subtraction indicated between the two parts 
and write 3.93817 — 6 = — 2.06183; ,but I cannot reasonably or intelligently 
keep the decimal unchanged and merely subtract the integers from one an- 
other, so as to have 3.93817 - 6 = - 3.93817! What would any one say if 
I were asked to subtract 4 from 3| and I were to write the result thus: 
3.14285 — 4 = — 1.14285? let this foolishness is wdiat many writers recom- 
mend, and no wonder the student is mystified; a number like 3.93817 is one 
definite mental object, and when a minus sign precedes it, this minus sign alw T ays 
refers to the entire number, and not to a certain percentage of the digits that 
compose it! Consider the following variety of ways for finding v/0. 008673: 
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8)3 .93817 - 6 
0.65636 -1 ’ 

(4.5329J/10 = 0.45329; 

8 )7.93817 - 10 
1.32303 — 1.66666 * 

(2.104)/ (4.641) = 0.4533 

8 )- 2.06183 • 

- 0.34364 ’ 


(57.93817 - 60 


n = (4532900000)/ 10,000,000,000 = 0.45329; 

6 )2.93817 - 5.0 0000 
W 0.48969 - 0.83333’ 

n - (3 - OSS) / ( 6.813 ) - 0.4533; 

(n 6) - 3.93817 
1 j - 0.65636 * 

m = 1/(4.5329) - 0.2206. 

methods, but all are correct, except the last; 
here by a mere accident , the digits of the quotient turn out to be right, though the 
negative sign throws the number into the denominator; had we taken the 
seventh root, not even the digits would have been found, much less the proper 
sign ! 

After studying these results, the class voted unanimously that the use of 
negative characteristics was absurd and misleading; every one of these boys could 
use logarithms easily and correctly from that time forward. As an experiment 
in teaching logarithms, complete success was obtained, so that the writer sees 
no need of ever changing this method. 

As a matter of curiosity, the question of settling under what circumstances 
the digits of the mantissa (in case no. 6 above) turn out correct was looked into; 
the reader may be interested in the answer. Let us use 0& as a symbol for k 
zeros adjacent to one another in a given decimal number N'; and let 

log N x = log (0.0*»i * • * n x ) x 

= aflog (m * * • ?h) - log (10* +A )] 

= #[(X — 1) .si * • * % — ( k + X)] as correctly written. 

Written wrongly, by subtracting the integral parts of these numbers while leaving 
the decimal part untouched, we get 

log (N x ) = a?[— (k + 1 M$x • • • s b )]. 

Now let x = Ify; then if \k + 1 1 = (X — 1), (mod y), i.e ., if the quotients 
(k + 1 )fy, (X — 1 )/y, have the same remainders, the mantissa (si * * * $$) in 
both cases will be the same. 


IV. Relating to the Analytical Geometry of the Circle. 

By Charles N. Schmall, New York. 

E. H. Askwith in his Analytical Geometry of ike Conic Sections (London, 
A. & C. Black, 1908), p. 78, §90, says: “We could by analysis prove all the 
geometrical properties of the circle. It must not, however, be supposed that 
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these properties are in all cases more easily proved by analysis than by pure 
geometry. Sometimes the methods of analysis are short and simple; but there 
are cases where they are complicated and inferior to the methods of pure geom- 
etry.”' He then proceeds to give a case illustrating the latter part of his state- 
ment, taking an example in which the use of analysis offers no advantage. He 
proves analytically that angles in the same segment of a circle are equal. 

As an illustration of the alternative case of Mr. Askwith’s remarks, I submit 
the following discussion, by analysis, of the relation between two circles in a 
plane. This example may prove interesting to students, as an instance where 
analytical methods are useful. 

Let R and r be the radii of the two circles, and d the distance between their 
centers. Take the center of the first circle as the origin of rectangular coordinates, 
and the line through the centers as the.. T-axis. 

Then the equations of the two circles are 

(1) x 2 + y 2 = R 2 } 

(2) (x - d ) 2 + y 2 = r. 

Solving (1) and (2) for x and y, we get 

/0 , R 2 -r 2 +d 2 


V4 m 
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Hence (5) shows that the third factor 
fourth factor is positive 

negative the remaining two can be shown to be positiv 
stated factors . cannot all be negative together, 
tenable (for both values of y to be real) is (a) abov 
positive . Therefore : 

4. ^ Two circles intersect in two real points when the S' 
quantities R } r, d } is greater than the third . 

5. If any one of the three said factors be zero , W€ 
circumferences have only one common point, which li 
point of contact of two tangent circles lies on the line throi 

6. The first factor, obviously, cannot vanish. Her 
to have only one point in common, i.e., are to touch ea< 
third or fourth factor must vanish. 

If the second or fourth factor vanishes, 


must be positive and (6) shows that the 
Similarly, if either the third or fourth factor be supposed 

-e. Furthermore, the three 
negative together. Hence, the only supposition 
e; i.e,, all four factors must he 


If the third factor vanishes, 

(8) d=R + r. 

Therefore: 

7. Two circles will touch each other when the distance betw 
equal to the sum or difference of their radii . 

8* If any one of the three factors mentioned be negative, 
are positive, by 3. In that case the values of y will be imaginar 
ferences will not meet. Hence: 





RECENT ' PUBLICATIONS. 


[April, 


Therefore, by (9) and (11), the circumferences will not meet when the difference 
of the radii is greater than the distance between the centers, i.e., in that case 
one circle lies wholly within the other. Also, by (10), the circles will not meet 
when the sum of the radii is less than the distance between the centers; in which 
case, the circles are externally apart from each other. 
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The Philosophy of Mr. B*rtr*nd R*ss*l, with an appendix of leading passages 

from certain other works. ByP. E. B. Jourdain. London, G. Allen & Unwin, 

1919. 96 pages. Price 3s. 6d. 

This whimsical little book will be enjoyed by logicians who have not lost all 
their sense of humor, and by humorists who have not lost all their sense of logic. 
For others the humor may seem rather heavy and labored, and the logic a little 
more so. There is much quoting of the immortal works of Lewis Carroll, — indeed 
the Red Queen furnishes the motto for the book, “ Even a joke should have 
some meaning,”— and many mildly amusing anecdotes are given. The following 
quotation from the chapter on the use of the Identity in Logic will give an idea 
of the spirit of the book: 

“Mr. Austin Chamberlin, according to the Times of March 27th, 1909, 
professed to deduce the conclusion that it is not right that women should have 
votes from the premisses that ‘man is man’ and ‘woman is woman.’ This 
method requires that one should have made up his mind about the conclusions 
before discovering the premisses by what, no doubt, Jevons would call an ‘ in- 
terse oi inductive method. Thus the method is of use only in speeches and in 
giving good advice. Mr. Austin Chamberlin afterwards rather destroyed one’s 
belief in the truth of his premisses by putting limits to the validity of the prin- 
ciple of identity. In the course of the Debate, on the Budget of 1909 he main- 
tained against Mr. Lloyd George, that a joke was a joke except when it was an 
untruth; Mr. Lloyd George, apparently, being of the plausible opinion that a 
joke is a joke under all circumstances.” 

a , . . „ , D. N. Lehmer 

A short course in college mathematics comprising thirty-six lessons in Algebra, 

Coordinate Methods, and Plane Trigonometry. By R. E. Moritz New York 

Macmillan, 1919. 12mo. 9 + 236 pp. Price $2.00. 

Extracts from the Preface: “There has been an increasing demand in recent vears for shorter 
Courees m mathematics, based on the assumption, which our experience during the Great War has 

“ SK5VS *5" ° rd r ry Pr ° CeSSeS ° f W b * greaSy aceeLratS . 

possible It was first mv.r, aSe 'i ° n s . up P? sltlon tllat such condensation and acceleration is 
Navy iSi CoS Pn USG m the mathematics Masses of the .Army and 

, “Theh Mk c to but thirty-six lessons, of which eighteen are given to the subiect of 
trigonometry and the other eighteen to topics in algebra, to "graphs, andto coMr 
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l et it is hoped that no essential principle of elementary trigonometry has been omitted, and that 
tills subject has been treated with a completeness sufficient for the needs both of the engineer and 
the student of the more advanced branches of mathematics,- such as analytical geometry and the 
calculus.” 


Contents. Chapter I, Algebra : Factorings radicals, fractional and negative exponents} 
imaginary quantities ; quadratic .equations}, 'applied .problems in: quadratic equations } some 
problems in gunnery; review, 1-43. II, Graphic methods: Coordinates and simple graphs; 
related graphs; straight line graphs ; simultaneous straight line graphs; curve plotting; maxima 
and minima; areas; the straight line and circle; graphic solution of equations; review, 44-109. 
Ill, Trigonometric functions: The general angle and its measures; the trigonometric -or circular 
functions; reductions to the first quadrant; functions of an acute angle; trigonometric graphs; 
solution of right triangles; arithmetic solution of oblique triangles; functions of the sum and 
difference of two angles; inverse trigonometric functions and trigonometric equations; review, 
110-178. IV, Logarithms and their use: Exponents and logarithms; logarithmic computation; 
application of logarithms to mensuration of plane figures; logarithmic and exponential curves, 
179-203. V, Logarithmic solution of triangles: Oblique triangles, cases I, II, III, IV; miscel- 
laneous problems involving triangles; review, 204-232. Index, 233-236. 


The Mystery of Space . A Study of the Hyperspace Movement in the Light of the 
Evolution of New Psychic Faculties and An Inquiry into the Genesis and Essential 
Nature of Space . By R. T. Browne. New York, Dutton, 1919. 8vo. 
18 + 395 pp. Price $4.00. 

Preface, first paragraph: “Mathematics is the biometer of intellectual evolution. Hence, 
the determination of the status quo of the intellect at any time can be accomplished most satis- 
factorily by applying to it the rigorous measure of the mathematical method. The intellect has 
but one true divining rod and that is mathematics. By day and by night it points the way 
unerringly, so long as it leads through materiality; but, falteringly, blindly, fatally, when that 
way veers into the territory of vitality and spirituality.” 

Contents: Introduction, explanatory notes, 1-22; Chapter I, The prologue, 23-43; II, 
, Historical sketch of the hyperspace movement, 44-68; III, Essentials of the non-euclidean geom- 
etry, 69-91; IV, Dimensionality, 92-117; V, The fourth dimension, 118-160; VI, Consciousness 
the norm of space determinations, 161-202; VII, The genesis and nature of space, 203-241; VIII 
The mystery of space, 242-283; IX, Metageometrical near-truths, 284-326; X, Media of new 
perceptive faculties, 327-358; Bibliography, 359-366; Index, 367-395. 


NOTES. 

In General Mathematics , [for first year in a high school] (Boston, Ginn, 1919. 
12mo. 16 + 488 pp. $1.48), by R. Schorling and W. D. Reeve, members 
of the Association, “the material purposes to present such simple and significant 
principles of algebra, geometry, trigonometry, practical drawing, and statistics, 
along with a few elementary notions of other mathematical subjects, the whole 
involving numerous and rigorous applications of arithmetic as the average man 
(more accurately the modal naan) is likely to remember and to use.” 

Macmillan, London, has published volume III of Sir Thomas Muir's The 
Theory of Determinants in the Historical Order of Development , covering the period 
1861-1880. 


Giornale di Matematica Finanziaria is the title of a quarterly started in 1919 
under the direction of Doctors F. Insolera and S. Ortu-Carboni (Publisher, 73 
Corso Vittorio Emmanuele, Turin, Italy ; price 16 lire a year). The editors plan 
that the periodical shall contain not only purely scientific studies with special 
reference to mathematics of finance (credit, insurance, statistics, etc.), but also 
reviews of books and periodicals, as well as of laws, decrees, and regulations. 
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ARTICLES IN CURRENT PERIODICALS. 

■ Acta Mathematical volume 42, no. 3, 1919: “Gaston Darboux (1842-1917)” by D, 
Hilbert, 269-273 [“ Traduction du discours prononce le 12 mai 1917 a la seance publique. aimuelle 
do F Academic des sciences de Goettingue (Nachrichten der K. Gesellschaft der Wissenschaften zu 
Gottingen , 1917, p. 71)”]; “ Darboux’s *Anteil an der Geometrie” by L. P. Eisenhart, 275-284 
(“Uebersetzung der am 6. September 1917' vor der vereinigten Sitzung der * American Mathe- 
matical Society * und der ‘Mathematical Association of America ? in Cleveland gehaltenen Vor- 
lesung (Bulletin of the American Mathematical Society , volume 24, 1918, p. 227) ”]. 

American JOURNAL op Mathematics, volume 41, no. 4, October, 1919: “The ten 
nodes of the rational sextie and of the Cayley symmetroid ” by A. B. Coble, 243-265; “Functions 
of matrices” by H. B. Phillips, 266-278; “On the Liiroth quartic curve” by F. Morley, 279-282; 
“On the order of a restricted system of equations” by F. F. Decker, 283-298; “On the Lie- 
Riemann-Helmholz-Hilbert problem of the foundations of geometry” by 14. L. Moore, 299-319, 
Bulletin of the American Mathematical Society, volume 26, no. 3, December, 
1919: “Note on convergence tests for series and on Stieitjes integration by parts” by R, d! 
Carmichael, 97-102; “Note on a physical interpretation of Stieitjes integrals” by R. D. Car- 
michael, 102-105; “A derivation of the equation of the normal probability curve” by W. D. 
Cairns, 105-108; “ Bocher’s boundary problems for differential equations” [review of M.* 
Bocher’s Logons sur les MSthodes de Sturm dans la Theorie des Equations Differ entielles Lineaires 
et leurs Devebppements Modernes, . . . edited by G. Julia (Paris, 1917)] by R. G. D. Richardson 
108-124; “Dickson’s History of the Theory of Numbers” [review of Vol. I, Washington, 1919] by 
I^hmer, 125-132; “The calculus of probability” [review of G. Castelnuovo’s Calcolo 
ddh Probahihta (Milano-Roma-Napoli, 1919)] by R. D. Carmichael, 132-135; “Corrections ” 
136-137; Notes,” 136-141; “New publications,” 142-144. 

f BU3EXETIN°F the Calcutta Mathematical Society, Volume 9, no. 2, March, 1919: 

bir Gooroodas Banerjee ” by S. K. Banerji, i-v and portrait frontispiece [“ By the death 
of Sir Gooroodas Banerjee, which melancholy event took place on the 2d of December, 1918, the 
Calcutta Mathematical Society has lost not only its senior Vice-President but one who took the 
^ V n a pr ^ ce 1 edin §^ one whose great learning, splendid endowments of head and 

heart, deep piety, purity of character and loftiness of aims and principles were always obiect- 
^ al f fold ^ ^re the activities of Sir Gooroodas Banerjee, his life is one 
of considerable interest to the mathematician. Sir Gooroodas began Ms life as a teacher of 
mathematics and ended it as an author of mathematical text-books. Whether as a lawyer 
a judge, or an educationist, Sir Gooroodas owed, in no inconsiderable degree, Ms sound judgment’ 
h Ms strong common sense to Ms high attainments as a mathematician. 

Calcutta ( v Va ! b0m °V he 2/th ° f , January > im > in Narikeldanga, in the suburbs of 

F , * * ‘ ?f? rs ag0 * le wrote a book on the Elements of Arithmetic and Algebra 

a long tune he could hardly find time and leisure to pursue this favourite subject of his and it 

inej Drought out m l 906 his Elementary Geometry adapted to modern methods This book k 

IS? STrnoJ ll P tf S ? d C ° mpriseS Within its the substanc^of thefirst sk books o 
4 the elementary propositions of Sohd Geometry. The most attractive 

influence on some of the devekmrvWc I 7 , Ua 7 „ , Founer’s series and its 

Bulletin of the Cdcutta Mathematical Society (Vol 7 ^ Sose > [“In the 

Life and Work of Fourier. The present naner am ac ^ ou 1 llt llas been given of the 

of modem mathematics of a far rp-iphintr^h avours to state briefly how some of the concepts 
B. Jourdain’s Courier's Analysis, justifying P.E. 

tions with which pure mathematical analvsk h. an ^ I® 1 8 man t le of those eoncep- 
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(1/bc! looUj. . . ile died tuil ot honours and to the infinite regret of his colleagues who had 
come to appreciate his eminence as a physicist and a mathematician. As Arago said 'his life had 
been so \ aried, so laborious, so gloriously interlaced with the greatest events of the most memorable 
epochs of French History , that the scientific discoveries of the illustrious Secretary [of the Academy 
of Sciences] had nothing to dread from the incompetence of the panegyrist/ 

W/e bow then to the greatness of Jean Baptiste Joseph Fourier and we greet him, in the 20th 
century, with the eloquent words of Sir William Rowan Hamilton, another great Mathematician 
whom Fourier charmed and inspired in writing of fluctuating functions: 

“Fourier with solemn and profound delight, 

Joy born of awe, but kindling momently 
To an intense and thrilling ecstasy, 

I gaze upon thy glory and grow bright: 

As if irradiate with beholden light ; 

As if the immortal that remains of thee 
Attune me to thy spirits harmony, 

Breathing serene resolve and tranquil might, 

Revealed appear thy silent thoughts of youth. 

As if to consciousness, and all that view 
Prophetic, of the heritage of truth 
To thy majestic years of manhood due: 

Darkness and error fleeing far away, 

And the pure mind enthroned in perfect day. 5 ’] ; 

“On the numerical calculation of the roots of the equations P^(ju) = 0 and 

|p,?W=o 

regarded as equations in n” by B. Pal, 85-95; “On some new theorems in the geometry of masses” 
by S. Dhar, 96-107; “On the electric resistance of a conducting spheroid with given electrodes” 
by S. ICar, 109-114 — Volume 10, no. 1, .June, 1919: “On surface waves and tidal waves near a 
promontory” by S. Banerji, 1-10; “On the potentials of uniform and heterogeneous elliptic 
cylinders at an external point” by N. Sen, 11-27; “Notes on inversion” by T. Bhattacharyya, 
29-34; “On the use of Ritz’s method for finding the vibration-frequencies ofilieterogeneous 
strings and membranes” by N. K Majumdar, 35-42; “On the steady motion of a viscous fluid 
due to the rotation of two rigid bodies about arbitrary axes” by B. Dutt, 43-61; “Obituary 
Notices,” 63 [1. The late Mr. Chandrashekkar Sircar; 2. The late Principal Ramendrasundar 
Trivedij — No. 2, September: “New methods in the geometry of a plane arc, II — Cyclic points 
and normals” by S. Mukhopadhyaya, 65-72; “Origin of the Indian cyclic method for the solution 
of Nx 2 + 1 = y 2 ” by P, C. Sen-Gupta, 73-80 [First and last paragraphs: “The object of the 
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solving the wave equation in ellipsoidal coordinates ” by S. Banerji, 95-104; “Some cases of tidal 
oscillations in canals of variable section” by S. Dasgupta, 105-116; “The stress-equations of 
equilibrium ” by S. Basil, 117-121; Review by S. M. of Miller, Blichfeldt, and Dickson’s Theory 
and Applications of Finite Groups (New York, 1916), 123-124. 

Colorado College Publications, science series,, volume 12, no. 3, 1907: “On the 
transformation of algebraic equations by Erland Samuel Bring (1786),” translated and annotated 
by F. Cajori, 63-90— No. 7, 1910; “A history of the arithmetical methods of approximation to 
the roots of numerical equations of one unknown quantity” by F. Cajori, 171-287 — No. 15, 
November, 1919; “On non-ruled oetic surfaces whose plane sections are elliptic” by C. H. Steam, 
639-655. 

CREIGHTON-COURIER, Creighton University, Omaha, Nebraska, volume 8, No. 12, Febru- 
ary 7, 1920: “Einstein’s theory of gravitation” by W. F. Rigge, 2-3. 

Educational Review, volume 59, January, 1920: “Mathematics as a study” by G. S. 
Painter, 19-40. [First paragraph: “it is a certainty that educational wisdom will not die with 
this generation. Never in our history perhaps have such perplexity and indecision prevailed as 
now relative to the ends and methods of education. Nothing is any longer simple or fixt; every- 
thing is in a state of flux. The parvenu educational iconoclast is abroad in the land, and with 
opprobrious assurance hesitate^ not to lay unholy hands upon our most sacred educational tradi- 
tions and institutions. No science or subject of investigation is any longer of value in and of itself, 
but only in so far as it contributes to something else. The implicit motive back of all this attitude 
is one of vulgar utility which is regarded as the sole and only reason for the existence of anything. 
We are, then, somewhat in a state of educational anarchy in which, with characteristic unwisdom, 
the blind are leading the blind with the conventional result of all getting into the ditch.”] 

L’Enseignement MATHEMATIQUE, volume 20, no. 5, October, 1919: “Sur une trans- 
formation dlementaire et sur quelques integrates definies et indefinies” by C. Cailler, 317-337; 

“Sur [’integrate n\ J o dh v by F. Vaney and M. Pasehoud, 338-346; “Extension de la 

notion de Jacobien” by M. Stuyvaert, 347-354; “Sur la representation proportionnelle en 
matiere electorate”, by G. P61ya, 355-379 [First paragraph: “Dans plusieurs pdriodiques non 
mathematiques, 1 j’ai essays de mettre en contact 1’analyse mathematique avec Penorme diversity 
des opinions emises sur la question de la representation proportionnelle en matiere electorate, 
ha partie la plus interessante de la recherche est, me semble-t-il: trouver, dans une literature de 
controverse qui s'41oigne beaucoup de Pexposition et des sujets math<§matiques habituels, des 
principes tangibles, des faits susceptibles d’une explication exacte et les 1 mettre en Equation.’ 
Dans les travaux cit6s j’ai enonce plusieurs resultats mathematiques. Je les ai verifies exp6ri~ 
mentalement par des exemples, j’ai tach6 de les rapprocher du bon sens sans Paide des formules, 
mais j’ai dh omettre les demonstrations. Dans les lignes suivantes, je donnerai Panalyse exacte, 
une analyse tr&s elementaire d’ailleurs, mais qui ne sera peut-etre pas depourvue d’un certain 
int£r£t pour quelques lecteurs”]; “Melanges et correspondance ” [“Au sujet de la publication de 
mon article sur ‘Les origmes d’un probleme htedit de E. Torricelli’ (. VEmeignement MatMmatique, 
voi. 20, pp,. 245-268), je dois signaler que M. Michele Cipolla, professeur & l’Universite de Catane, 
\uent de faire paraitre une important etude sur le meme probleme: Michele Cipolla, “ I triangoli 
di Fermat eun problema di Torricelli,” Atti delV Accademia Gioenia di scienze naturali in Catania , 
eerie 5, vol. 10, memoria XI . . .’’.Emile Turriere.]; “Chronique;” “Notes et documents;” Re- 
\uew by C. A. Laisant of G. Bouligand’s Cours de geometric analytique (Paris, 1919), 390-391; 

v ~y Boutroux’s Les principes de l’ analyse malMmaiiques , tome 2 (Paris, 

Ivlj), 391-392; Review by. E, Turriere of F. C. Olapier’s Sur les surfaces minima on elassoides 
( aris, 1919), 392-393; Review by A. Buhl of G. H. Halphen’s ( Euvres , and R. de Montessus de 
Ballot s Introduction d la Marie des courhes gauches algebriques (Paris, 1918), 393-397; “ Bulletin 
Biphographique.” . ■ A 

0F EDUCATIONAL Research, University of Illinois, volume 1, no. 1, January, 
47^62 HUrd eS ' a S6neS ° f caiibrated Elective tests in first year algebra” by M. A. Dalman, 

Journal of the Indian Mathematical Society, volume 11, no. 5, October, 1919: 

A pro blem of diophantme approx imation^y G. H. Hardy, 162-166; “A general theorem 

Stoats- und Gemeindeverwaltung , 1919, no. 1; Journal de statistique 

yiXSJ? ^ JaOUary aDd Febmary ’ 1919 - Sesarnte 
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relating to the cartesian oval” by A. C. L. Wilkinson, 167-172; “Multiplication of infinite 
integrals by K. B. Madhava, 1,3-180; “A proof of Bertrand’s postulate” by S. Ramanujan, 
lotion 1 Agronomical notes” by T P Bhaskara Sastri, 1S3-184; Problems and solutions 
185-200; Mathematics from periodicals” by V. B. Naik, i-v. 

Mathematical Gazette, volume 9, October, 1919: “The graphical treatment of dif- 
ferential equations, by S. Brodetsky, 377-382 (to be continued) [First two paragraphs : “The sub- 
ject of this paper is one that presented itself in a piece of work of a practical nature. The de- 
velopment of aeroplane flight naturally suggested the investigation of the motion of a body in a 
resisting medium. In general this problem was too difficult for solution. One therefore looked 
for legitimate means of simplifying it. One simple type of motion allied somewhat to areoplane 
motion was that of a plane lamina moving in air under the earth’s attraction. Even here diffi- 
culties arose in the solution of the resulting equations of motion; yet further simplification was 
not permissible, for care had to be taken that the simplified problem did bear some relation to the 
actual problem presented by nature. It was ultimately found that the simplest possible form of 
the problem gave rise to the differential equation 


(;r 2 + i/)W } 


or, putting (x 2 ~f y 2 ) 1 / 2 


The disconcerting feature about this equation was the fact that it was found to be quite insoluble 
by any of the ‘ standard forms’ dealt with in books on differential equations. Several mathe- 
maticians tried to discover a ‘transformation’ or an ‘integrating factor,’ but without success. 
Yet a solution had to be found somehow. 

“It then occurred to the writer that where analysis had failed, geometry might succeed. 
The solution of a differential equation of the first order is of course represented geometrically by 
a family of curves. The ordinary treatment of differential equations consists in seeking for an 
analytical representation of these curves. Since, then, the analytical formula was apparently 
unobtainable, might not the curves themselves be ‘graphable’? The result was a complete 
success ”]; “Coordinate geometry in schools” by W. J. Dobbs, 383-388 (to be continued); 
Reviews of F. S. Woods and F. H. Bailey’s Analytic Geometry and Cakulm (Boston, 1918), H. B. 
Phillips’s Differential and Integral Calculus (New York, 1916-1917), H. Hancock’s Theory of 
Maxima and Minima (Boston, 1917), IT. Bateman’s Differential Equations (London, 1918), and 
Annuaire pour Van 1919, (Bureau des Longitudes, Paris, 1919) 389-391 [Last paragraph of last 
mentioned review: “The essays which are always a notable feature in the Annuaire, are this year 
by MM. Appell and Hamy. The former finds a congenial topic in ‘The figures of relative 
equilibrium of a rotating homogeneous liquid’ (60 pp,). After an historical sketch of the theory 
up to the work of the late MM. Liapounoff and Poincare, he deals with the problem of stability 
and the phenomena at the point of bifurcation. The value of the paper is greatly enhanced by a 
full bibliography. M. Hamy treats of the inference of the real diameters of minor planets and 
satellites from a study of the interference fringes (27 pp.). He believes that, with the more 
powerful instrumental opportunities at our disposal in the 100 in. reflector at Mount Wilson, it 
will be quite possible to determine the angular-diameters of 1st magnitude stars. The excellent 
table of contents runs to 69 pp.]. 

Messenger op Mathematics, volume 48, no. 11, March, 1919: “The dissection of 
rectilineal figures ’’(conclusion) by W. H. Macaulay, 161-165; “On a Diophantine problem” 
(second paper) by H. Holden, 166-176 — No. 12, April: “On a Diophantine problem” (conclusion) 
by II. Holden, 177-179; “Sur quclques integrals definies” by S. P. Shensen, 179-184; “On 
n-poled cassinoids” by II. Hilton, 184-192 [The polar equation of the curve is r 2n — 2 r n c n cos uO 
+ c 2n ~ a 2n ], ' 

Nature, volume 104, November 20, 1919: “Percussion figures in isotropic solids” by J, W. 
French, 312-314 — November 27: “Gravitation and light” by O. J. Lodge, 334 [The note: “It 
may or may not have been noticed that the refractivity (n — 1) at any point, required to produce 
the Einstein deflection, is the squared ratio of the velocity of free fall from infinity to the velocity 
of light.”]; “A new astronomical model” by A. L. Cortie, 343-344. [First paragraph: “The 
illustrious scholar Gerbert (A.D, 940-1003), afterwards Pope under the name of Sylvester IL, 
was apparently the first of the schoolmen who illustrated his theoretical lessons on astronomy 
by the use of globes, which he constructed with his own hands. About the year A.D. 1700 George 
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. ki vce de l lnseignement des Sciences, volume 12, Novemben-Deeernber, 1918 
(pubhshed February, 1919): ‘‘Le eas smguher des fonetions implicit^ efc les enveloppes dans le 
plan ’ by G. Boukgand, 225-237; “Sur le dessin geomtlrique” by C. Bioche, 238-240' “Sur le 
deuxieme principe fondamental de la methode infinit&imale ” by G. Lapointe 240-^43 • “Notes 
de geometrie analytique” by C. Michel, 243-249; “Des different^ systemes de numeration. 
?J°Pn lete f des ?° mbres dans ces divers systemes ” (suite) by II. Massart, 249-259 [Paragraphs 
47--o9 ; the article was started in the first number of the volume] : “ Oorrespondance ” 259 ' 
“Examens et concours de 1918,” ' 260-266-Volume 13, January-Febmary, 1919 (published^ 
May), bin la loi exponentielle d' erreur, les series cl’observations et: la moyenne arithm^tidue 
dans les sciences physiques” by L. Genillon, 1-11; “Sur les ovals de Descartes” by L. Genillon 
11-18; “Une propnete de la parabole” by J. Lemaire, 23-26; “Sur une surface reglce du qua- 
tiieme ordre by J. Lemaire, 27— oQ ; Sur les systemes de numeration et le calcul des polynomcs ” 
by J. Juhel-Renoy, 30-33; “Des differents systemes de numeration. Propriety des nombres 
dans ces divers systemes’ 5 (suite et fin) by R. Massart, 33-43; “Examens et concours de 1918,” 
43-64 March-April: a Les trois dispositions de deux triedres supplementaires” by G. Fontene, 
65-68; 'Sur un precede de calcul et son application a la topographic ” by T. Leconte 68-88* 
“Sur les rayons de combine et les normales polaires” by C. Bioche, 88-90; “La rotation et le 
quadrilatere inscriptible” by Amsler, 90-92; “Problemes de mathematiques et de physiques 
donnesau baccalaureat, 1918,” 93-95, 109-118. 

Revue be Philosopher, volume 19, no. 5, September-October, 1919: “ L’infini mathe- 
matique” (second article) by P. M. Perier, 516-533. 

SCXENTIA, volume 26, December, 1919: “II posto di Leonardo nella storia delle scienze ” 
by A. Favaro, 437-448, supplement 137-149; Review by G. Loria of M. Bocher’s Legons sur les 
metkodes de Sturm dans la iheorie des equations differenlielles Uneaires (Paris, 1917). 

Scientific Monthly, volume 9, no. 6, December, 1919: “Our universe of stars” by E. 
Doolittle, 506-513; “Individuality in research” by R. D. Carmichael, 514-525 [First varagrayh: 

it HPI-W, ~ „ „J.1 X 1 . 1 21. 1 , ...... .. . r ° .. " 
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ier “Theory of numbers”; one hundred and 
“Groups”; seventy-six under “Geometry”; 
21, no. 1, January, 1920: “The strain of a 
„.y”by L. M. Hoskins, 1-43; “The geometry 
Certain types of involutorial space transforma- 


heading “Algebra”; thirteen un 
‘Analysis”; twenty-nine under 
Applied mathematics.”]— A olume 
re of variable density and elasticity 
ms” by J. L. Coolidge, 44-51; “C. 

Sharpe and V. Snyder, 52-78. 

AMERICAN DOCTORAL DISSERTATIONS. 

xbs “Invariants of differential configurations in the plane,” Transactions of the 
\nmtkal Society. 1918, volume 19, pp. 222-250 (Columbia, 1917). 


UNDERGRADUATE MATHEMATICS CLUBS. 

Edited by U. G. Mitchell, University of Kansas, Lawrence. 

CLUB TOPICS. 

Although much has already been printed concerning the abacus and its uses , 1 
we believe that our readers will find the following article by Professor Leavens 
decidedly interesting and helpful since it gives an independent discussion based 
upon the personal impressions and first-hand information of a westerner who has 
come into contact with the present-day use of the abacus in the far east. 

17. The Chinese Suan P’an. 

Bv Dickson H. Leavens, College of Yale in China. 

The Chinese suan p’an 2 or abacus is familiar to many from an occasional 
sight of it on a laundryman’s table, but it >s perhaps usually regarded either as 
a device full of the mystery of the East and beyond the grasp of the Occidental, 
or as an instrument fit only for the ignorant “Celestial” and beneath the notice 
of one who has studied arithmetic. 

A little investigation, however, will show one that it is not only perfectly 


1 Two of tbe best discussions in English are probably C. G . Knott’s article, cited below, and 
Leslie’s Philosophy of Arithmetic (Edinburgh, 1820), pp. 15-100. Leslie gives, in great detail, 
examples of the representation of numbers in different scales of notation and of operations by 
means of them. From his discussion one can readily see how certain theorems on divisibility of 
numbers and even the summation of special infinite descending series may be inferred from the 
use of the abacus. 

Some excellent illustrations and references to the literature of the abacus can be found in 
Smith and Mikami’s History of Japanese Mathematics cited below. Other readily accessible 
sources of information are the descriptions given in current histories of mathematics and articles 
in encyclopedias under the titles “Abacus” and “Calculation.” 

2 In this Monthly (1910, 256), it is noted that this word, with various spellings, appears in 
the New English Dictionary , but that “the Chinese word Soroban ... is not given.” Soroban, 
however, is not Chinese, but Japanese, being the Japanese pronunciation of the same characters, 
which are used in the written language of both countries. 

The same note (following the dictionary) translates suan p’an wrongly as reckoning board. 
Ihe Chinese character for board is romanized pan, hence the error; but it is quite a different 
character from the one here used, which means a plate or tray ; the pronunciation is also different, 
p in the most used, system of romanization representing practically our b, while p’ is similar to 
our p. 'j ■■ 





x cuuai&iss smipiy oi a rectangular trame, usually with a back 
so that it forms a kind of tray, containing a number of rods, about 1/8 inch in 
diameter, made of wood, bone, or metal, set parallel to each other and to the 
shoi ter dimension of the frame. On each rod are strung seven wooden beads, 
the upper two separated from the lower five by a “bridge” which runs the 
whole length of the frame. In the Chinese suan p’an, the beads are roughly 
in the shape of a 60° equatorial zone section of a sphere; in the Japanese soroban, 
they are in the form of a double cone, with a rather sharp angle where the bases 
join, and it is claimed that this sharp edge makes for quicker manipulation than 
the rounded Chinese form. 

The most, usual size of the instrument i§ about seven by fourteen inches, and 
contains thirteen rods or columns, with beads about 7/8 inch in diameter. They 
may also be obtained with more columns, or with smaller beads, down to about 
3/8 inch in diameter; but these are too small for convenience, and the standard 
size, or a little smaller, is the most practicable. The cost is from fifty cents to a 
few dollars, depending on the size, and on the quality of the wood. 

Each rod represents one column, arranged in decreasing powers of 10 from 
left to right, as in our system of notation. No decimal point is marked on the 
ordinary instrument, the user locating it mentally for the problem he is working 
on. Banks sometimes have the columns labelled, to facilitate computations in 
the exchange of money. The westerner will find it convenient to tie strings 
between the columns, separating them into groups of threes; coloring the beads 
differently in groups of three columns, as is done with the keys of adding machines, 
might also be a help. 

In each column, each of the lower five beads represents 1 unit, and each of 
the upper two represents 5 units. Properly, only four beads below the bridge, 
and one above are needed to set up 9 in each column; the Japanese soroban does 
omit one of the upper beads, thus allowing only 10 to be set up. The Chinese 
form permits the setting up of 15 in each column; this is never done in addition, 
as 10 is at once carried to the next column on the left, but in long division it is a 
convenience to have the extra capacity in setting up the steps of the problem. 

It is in this use of one upper bead to represent 5 units that the suan p’an 
is far superior as a practical device to the abacus of ten beads, often sold as a 
children’s toy or for use in primary 'arithmetic. On the suan p’an, the eye can 
take in at a glance the number in a group of beads, never more than four; while 
on the ten bead form, it is often necessary to stop and count. The arrangement 
in vertical columns is also a preparation for the decimal notation, much better 
than the horizontal rows of the American form. Still another advantage is that 
the beads slide easily on the wooden rods, while in the American form, the thin 
wires are easily bent, and the beads do not slide so smoothly. 

Before beginning a problem, the lower beads are slid down by tilting the 
instrument, and the upper ones are pushed up with a sweep of the hand, leaving 
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none adjacent to the bridge. Numbers are set up by moving the beads towards 
the bridge. The figure below represents the number 15387652 set up, the 
decimal point to be provided according to the conditions of the problem, and 
there still being five blank columns to the left. 
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to right is a distinct advantage, as it gives the digits in the order in which thev 
are wntten or spoken. This enables one person to use the instrument whik> 

another cal s off the numbers to him, if necessary; although it is of course more 
often used by one man alone. 1 

For a fuller description of the method of addition, and also for subtraction 
multiplication, division, and extraction of roots, the reader is referred to the fu l 

and dear explanations given by Knott , 1 and by Smith and Mikami.^ 

cilice the principle of the instrument is perfectly simple, it requires onlv a 
little practice to develop fair accuracy and speed in the use of it, at least for addi- 
tion. It is much simpler to learn than typewriting, but as in that, the best wav 
is by regular daily practice. Fifteen minutes daily will in a short time familiarize 
one with it, so that the carrying becomes practically automatic. This is one of 
the features of the instrument that recommends it strongly to the writer. There 
is none of the mental tension of remembering partial" totals. If interrupted 
you can stop at any point (provided only you keep track of where vou leave off) 
and take it up again. There is of course the objection that if you make a mistake 
• °, U mu * t gc ; back the beginning, whereas in pencil addition, you have some 
column totals already written down. But even there, you may have no record 
of the amounts carried, and so have to start afresh. In any addition, the best 
check is, probably, to add again. The writer has found the abacus very useful 
in accounting work,, which occupies a good deal of his time. As the columns 
have to have a pencil total anyway, he first adds up with pencil, and then again 
by abacus. . This gives a very good check, as there is almost no chance of making 
tne same mistake by the two different methods. 

Another very useful place for the suan p’an is in adding numbers that are 
not written in columns. The westerner is trained from childhood to add in 
columns, and it may not be possible for him to become proficient enough on the 
abacus to save much time there, although as remarked above the work is made 
easier. But cross addition of large numbers, or the addition of items picked out 
here and there in an account book, or of numbers on separate slips, as a pile of 
checks from the bank, is very difficult for the ordinary person, unless he copies 
them down in a column. It is here that the abacus saves much time, for the 
left hand can run along from number to number, or turn over the pile of slips, 
while the right hand adds. The addition should of course be repeated as a check! 
preferably taking the. numbers in the opposite order. There are cases of this 
kind where a written list is needed, but when only the total is required the abacus 
is much quicker. 

The writer has used the instrument chiefly for addition, and is doubtful 
w hether the abacus methods of multiplication and division have much advantage 

a . f' G. Knott, ‘ The abacus in its historic and scientific aspects,” Transactions of the Asiatic 
bocielyoj Japan, Yokohama, vol. xiv, 18S6. This is reprinted in an abridged form, under the 
J „,l ie ., Calt : u ^ t r g , machine of the East: the abacus,” in Horsburgk, Modern Instruments 
136-154 °^ S ^°^ cu ^ a ^ on$ ^ & an db 0 °k °f the Napier Tercentenary , Loudon, Bell, [1911], pp. 

anc * ^ r * ^ikarxii, A History of Japanese Mathematics , Chicago, Open Court. 
1914, Chapter III. , ■ . ,y-.. 
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over ours, for one who has not used it from childhood. However, the special case 
of multiplication where a large number of multipliers are to be used on the same 
multiplicand, can economically be done on the abacus, bv making out a table of 
the products by the nine digits, and then adding on the instrument the products 
for each digit of the multiplier, moving one place to the right each time; and if 
only a certain number of significant figures are wanted, nothing need be added 
to the right of a certain column. Similar use may be made of the abacus in 
connection with the various printed partial product tables of interest, etc. 

The use of the suan p’an is taught in elementary schools in China by means of 
a large demonstration instrument, analogous to our demonstration slide rules, 
which is set on the wall, the beads being prevented from sliding down by bristles 
set in the rods. Every shopkeeper, and even illiterate coolies, can use it to a 
certain extent, with great variation in accuracy and speed among individuals, 
just as there is in written or mental computation with us. Chinese bank clerks 
are most expert in it, and can go through long calculations of money exchange, 
which involve two long divisions, such as £ 3,567 os. 9d. at 6s. 3|d. = Shanghai 
Taels ? at .731 = Mexican Dollars ?, and give the answer in about the time that 
it takes us to set down the figures. 

While the westerner can probably not hope for such speed, and indeed if he 
had occasion for it, it would probably be more economical for him to buy an 
adding machine rather than to spend his time developing it, still the simplicity 
and cheapness of the instrument might make it a useful help to anyone who 
has a moderate amount of addition to do, whether in accounting, or in any 
mathematical work. 


CLUB ACTIVITIES. 


The Mathematical Club of Smith College, Northampton, Mass. 

[ 1918 , 91, 455]. 

Officers of the club for the year 1918-19 were: President, Professor Eleanor 
P. Cushing; vice-president, Barbara Johnson T9; secretary, Emily Porter T9; 
treasurer, Cornelia Hopkins T9. 

November 25, 1918: “Work in the New York Life Insurance Company” by 
Professor Ruth Wood. 

December 2: “Theories of determinants” by Eleanor Smith T9. 

December 18: Christmas party. 

February 10, 1919: “Theory of determinants” (continued) bv Marjorie Stanton 
T9. 

March 3: “Permutations” by Adele Adams T9; “Combinations” by Helen 
Crittenden T9. 

March 24: “Theory of Probability” by Frances Lowe T9 and Gladys Kern T9. 
April 28: “Theory of Probability” (continued) by Florence Fessenden T9. 

May 19: Social meeting. 

The officers elected for the year 1919-20 are: President, Professor Cushing; 
vice-president, Mary F. MeConnaughy ’20; secretary, Constance Torrey; treas- 
urer, Ruth Andrew ’20. 
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Pi Mu Epsilon Fraternity, Syracuse University, Syracuse, N. Y. [ 1918 , 27 1-273]. 

During the year 191S-19 there were forty-one members, of whom sixteen were 
faculty and graduates and twenty-five were undergraduates. The officers were: 
Director, Professor John L. Jones; vice-director, Professor Louis Lindsey; secre- 
tary, Gertrude Reynolds T9; treasurer, Donald F. Sears ’20; librarian, Agnes 
Wilcox ’20; executive committee, the above officers and Roy Horst T9, Helen 
De Long T9, Ora M. Tanner T9; scholarship committee, Professors Floyd F. - 
Decker and William H. Metzler, Roy Horst T9, Ethel M. Hicks T9 and Lona 
Preston T9. 

December 2, 1918: Outline of plan for the year. Discussion of mathematical 
magazines. 

January 6, 1919: Report of the scholarship committee and election of new mem- 
bers. 

January 27: Initiation of new members. “Rerating of regent’s papers” by 
Professor Lindsey. 

February 17 : “The method of least squares” by Joseph Atwell T9; “An applica- 
tion of the binomial theorem ” by William Start T9. 

March 10: “Normals to conics” by Ora Tanner T9, Cornelia Tyler T9 and 
Bertha Adams T9. 

March 31: “The planimeter and how to integrate by mechanical means” by 
Professor Street. 

April 28: “Teaching graphs in high school” by Professor Lindsey. 

May 12: Election of officers. Informal talks by the faculty and seniors. 

May 14: Annual picnic. 

May 26: Special meeting to vote on the establishment of a chapter at Ohio 
State University. (Note: A new chapter of Pi Mu Epsilon has been estab- 
lished at Ohio State University.) 


PROBLEMS AND SOLUTIONS. 

Edited by B. F. Finkel and Otto Duxkel. 

Send ail communications about Problems to B. F. finkel, Springfield, Mo. 

PROBLEMS FOR SOLUTION. , 

2822. Proposed by A. M. HARDING, University of Arkansas. 

Show 7 that the sum of the series 

1 + 3-2 + 5-2* + 7-2* + • * • + (2/i - l)2*~ l 
to n terms is 3 — 2 n -f (n — 1)2 M+1 . 

2823. Proposed by S. A. COREY, Des Moitses, Iowa. 

Let TQ and PR be diameters of a circle with center 0. Bisect TO at X and draw PQ. On PQ 
erect the perpendicular XW and on PR, the perpendicular QV. Prove that OX-PV ™ PW-PQ . 

2824. Proposed by O. Y. SOSNOW, Newark, N. J. 

If n h n 2 , n 3 , n -4 be the lengths of the four normals and h, h } h, the lengths of the three tangents 
drawn from any point to the semi-cubical parabola, ay 2 = .r 3 , then will 27 n injn&ii = ahht%> 
[From Mathematical Tripos Examination , Cambridge, England.] 
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2825. Proposed by the late L. g. weld. 

A ball, having a coefficient of resilience a, strikes a rigid plane surface, inclined at an angle 0 
from the horizontal, after failing through a height h. What is the distance from the first to" the 
second point of impact with the plane? 

2826. Proposed by ALBERT A. BENNETT, University of Texas, 

As a standard form for a square non-singular symmetric matrix under certain transformations 
may be taken the form in which only the elements in the secondary diagonal are different from 
zero, and each of these is equal to unity. Analogously, as a standard form for a square non-singular 
skew-symmetric matrix (and hence incidentally of even order), may be taken the form in which 
only the elements of the secondary diagonal are different from zero, while the half of these which 
are towards the upper right-hand corner are each minus one, and the remaining half towards the 
lower deft-hand corner, are each plus one. Denote both of these standard matrices by A T . 

Give simple parallel proofs that if M he given as non-singular and symmetric or non-sym- 
metric as the ease may be, a matrix P exists such that, with the usual notation 

M = PALP'. 

2827. Proposed by B. F. FINKEL, Drury College. 

Find the equation of the envelope of the system of circles inscribed in a triangle having a 
given base and a given altitude, b 

2828. Proposed by T. M. BLAKSLEE, Ames, Iowa. 

On page 72 of R. B. Hayward's The Algebra of Coplanar Vectors and Trigonometry occurs the 
sentence: “It will* be a good exercise for the student to show that cos (90°/7) « where -n 


quation and find xi, (2) Deduce the .s-equation 
root xi gives cos (90°/9) = cos 10° - §V5L (3) 
isines? Develop a method of writing out at once 
given for (n - l)v and (n - 2)v. The same for 
find the number of degrees in a radian. Hence, 


Ti + .5, - "f'" “ 01 x , = ^ ~ <H 
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4G3A (Geometry) [Wig, 16 1; 1919, 414]. Proposed by b. . 1 . brown, Kansas City. 
m and , are the parameters of the two eonfoeal eonieoids through any point on the ellipsoid 

X“ . ?/ 2 £" 

fflS" 1- p + ^2 = 1) 

show that m + r + a= + c 2 = 0, along a central circular seetion. 

Solution by William Hoover, Columbus, Ohio. 

.File parameters being ,« and p, the eonieoids eonfoeal with 

I ■ 

■ d 2 ^ b 2 ^ c 2 ~~ 1 (I) 


a 2, 4- ,u 1 b 2 + 


/* c 2 + M 


(1) - (2) gives 


and (1) - (3), 


+ m J* 2 „ 

a 2 + p - 6 2 + ^ c 2 + v ~ A ‘ 


— V J_ U , f 

a 2 (a 2 4- n) 1 b 2 {b 2 + n)’ r c 2 (c 2 ”~f M ) 


. ^ _j_ y“ L z* 

a 2 (a 2 4~ e) b' 2 (h 2 c 2 (c 2 4- p) ” (5) 

The equation of the central circular sections of (1) is 

c 2 (a 2 - b 2 )x 2 - a\b 2 - c 2 )z 2 = 0, (6) 

a? > V >c*>0. Since (4), (5), and (6) must be consistent for values of x, y, s, not all zero, 

j 1 1 . _ 1 | 

; o 2 (a 2 + m) ’ i> 2 (6 2 + n). ’ c-(fi- + /i) j. 

-1 4 1 1 j = 0. 

«H«* + ») ’ 62(62 + p ) > C 2( C 2 + vj | 

c 2 (« 2 - 6 2 ), 0 , -<j2(6 2 -c 2 )l 

5* “ rt “” 01h ' r — b >' 

a 2 4" c 2 4- m 4" v ~ 0. 

Okiah!La Ge0metry) f1916 ’ 341 5 1919, 414] ’ Proposed by NATHAN ALTSHILLEE, University of 
Find the surfaces all the plane sections of which are circles. 

Solution by W. D. Cairns, Oberlin College. 

, WltI \ any posit |°f of ] h F ee “ utualI y Perpendicular axes, for a fixed value of x the equations 

eoefficienT f ofT/m S ^ be f the 1°™ y ’ z) = °> where ll designates a linear form, the 

the form! l £ 2 not vanishing; similarly, for y = const, and for z = const,, they must take 
t) [“™ ¥f’ z) 7 ° 1 and l *j X + 2/ 2 , x > V) = respectively. It may be shown by 

theorems relating to the equivalence of polynomials that this is possible only if the equations of 
tne suriaces are of the linear form: 

Z(.r 2 +&+ *«, x, y,z) = 0 , 

in which the coefficients are constants; that this is sufficient is a well known fact. Hence (he 
class ot surfaces is composed of all spheres. ’ 

Also discussed by William Hoover. ;: ';W 
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II. Tucker’s Solution, Remarks, and Historical Notes. By R. C. Archi- 
bald, Brown University. 

The result of this problem was announced, without proof, by Steiner in a memoir read before 
the Berlin Academy in 1856 and published the following year in Journal fur die reine und ange - 
wandk Mathcmatik (Crelie), vol. 53, pages 231-237. It was here also that Steiner stated that the 
envelope of the Wallace lines of a triangle was a three cusped hypoeycloid tangent to its sides, 
and with center at the center of the nine point circle. Hence, from the result of our problem under 
discussion, it was remarked by Steiner that the orthoptic locus of this curve of the fourth degree 
and third class, as in the case of a conic section, is a circle (in part, at least). This memoir of 
Steiner was abridged, translated into English, and published in Mathematical Questions with their 
Solutions from the Educational Times , vol. 3, 1865, pp. 97-100. 

Many solutions of the problem proposed by Dr. Sousley have been published. Three, 
including a brief one by R. Tucker, were published in the volume of Mathematical Questions 
mentioned above, pages 58-59. Others are: by Le Bel and Talayrach, Nouvelles annales de 
nmt unnafiqtw, April, 1865, pp. 1/7-178; by E. Lemoine in Journal de mathematiques elementaires 
PP* 246-247; by Goffart in Nouvelles annales de mathematique, August, 1884, 
pp. 397-399; and by Weill in Journal de mathematiques spSciales, 1884, pp. 15-16, 
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2776 [1919, 267]. Proposed by C. 1\ SOUSLEY, State College, Penn. 

Prove by elementary geometry that the Wallace lines of the extremities of any diameter of 
the circumscribed circle of a triangle intersect at right angles on the nine-point circle of the triangle. 


L Solution by F. V. Morley, Johns Hopkins University. 

Let ABC be the given triangle, 0 and P the ends of any diameter of the eircumcircle. Let 
p h p h be the images of P in the sides of the triangle; then pip 2 ps is the line of images of P, 
and ngim-i the corresponding Wallace line. And similarly for 0. 

Any line of images passes through S, the orthocenter. 
For PS is known to be bisected by the Wallace line 
ntfhnj (Casey, Sequel to Euclid, second edition, 1882, 
p. 36). Hence, S is on ptpipz. Similarly, S is on any 
Mne of images (l) of a point (p) on the eircumcircle. 
Consider p as moving round the circle. Then l 
pivots on 8. The angle BSC is the supplement of the 
angle A, and therefore the image of the eircumcircle in 
BC will pass through S. As p moves through an arc 
2x along the eircumcircle, its image pi will move 
through an equal arc along the circle BSC. The line 
piS, namely l, will rotate about S through the angle 
x. The rotation of l is in the contrary sense to the 
motion of p, and of half the measure. Hence, when p 
moves through an angle x, as from P to 0, l moves 
through the angle tt/ 2. Therefore pipvpz A. oio 2 o 3 . 

It folloivs that the Wallace lines for P and 0 are 
perpendicular, for they are parallel to the lines of images. 

Now S is a center of similitude of the eircumcircle and the nine-point circle (Casey, l.c., p. 
105). If M and N are the points in which OS and PS cut the nine-point circle, it follows 
that MN is parallel to OP, of half its length, and hence a diameter of the nine-point circle. The 
perpendicular lines and nwmt, passing through M and N, will therefore meet in T on 

the nine-point circle. 
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supplemental to tlie angle ABO or C'B'A', B' being the middle point of AO; hence T lies on the 
circle through A', B f , O', that is to say, on the nine-point circle of the triangle ABCP 

. r f! ie Mathematician, vol. 2, pp. 289-290, July 1847, Fenwick discussed the nine-point 
- conic 1 .which may be defined as follows: Given a triangle ABC and a point. P in its plane, a conic 
can be drawn through the following nine points: (1) The middle points of the sides of the triangle; 
(2) the middle points of the lines joining P to the vertices of the triangle; (3) the points where 
these last named lines cut the sides of the triangle. Fenwick proved that this conic is .the locus .of 
. the center of the conics passing through the four points A, B, 0, and P; when P is the orthocenter 
of the triangle the conic is a rectangular hyperbola. Brianchon and Fencelet proved (Anmtles de 
mathimatiques pares et appliquees (Gergonne), tome 11, pp. 205, 213, January, 1821) that every 
rectangular hyperbola through A, B, and C must also pass through the orthoeenter and that the 
locus of the centers of such hyperbolas is the nine-point, circle of the triangle. The asymptotes 
for any one of the hyperbolas are the pair of Wallace lines corresponding to the ends of a certain 
diameter of the circumscribed circle. (Steiner, l.c., cf. also Weill, Journal de mathematiques speciaks, 
1884, p. 16.) When this diameter passes through the center of the inscribed circle we have that 
the corresponding Wallace lines intersect at the point of contact of the nine-point and inscribed 
circles (Neuberg, Malhesis, 1893, p. 86). The equilateral hyperbola with this point as center 
has been called the hyperbola of Feuerbach, (Neuberg, l,c.) since the theorem that the nine-point 
circle of a triangle is tangent to the inscribed and the three escribed circle was enunciated and 
proved by Feuerbach in a publication of 1822. I have not seen a reference to the three similar 
hyperbolas corresponding to diameters through the centers of the escribed circles. 

Corresponding to the diameter through the orthocenter (that is, Euler’s line) we have the 
hyperbola of Jerdhek (Jerabek, Mathesis f 1S88, pp. 81-84), and to the diameter through the Lemoine 
point, 2 we have the hyperbola called by Neuberg (Journal de mathematiques speciaks , 1886, p. 73) 
hyperbola of Kiepert (Nouvelles annales de mathematique , 1869, pp. 40-42.). 

^ A more general form of Dr. Sousley’s problem was given by Weill (Journal de mathematiques 
speciaks , 1S84, p. 13) : If m and m' are the Wallace lines of any two points M and M f on the 
circumcircle, then the angles between m and m r are equal to one or other of the angles under which 
the line segment MAP is seen from a point of the circumcircle. 

Also solved by P. J. da Ctjnha, A. Pelletier, and the Proposer. 


NOTES AND NEWS. 


Edited by E. J. Moulton, Northwestern University, Evanston, 111. 

Dr. W. H. Wilson, of the Massachusetts Institute of Technology, has been 
instructor in mathematics at the University of Iowa since last September. 

At the University of Oklahoma Associate Professor E. P. R. Duval resigned, 
his resignation to become effective at the end of the first semester, and is engaged 
in fruit growing at Springdale, Arkansas. Mr. E. E. Cowan has been appointed 
instructor in mathematics. 

At Yale University Assistant Professor W. R. Longley has been promoted 
to a full professorship, and Instructor J. K. Whittemore to an assistant pro- 
fessorship of mathematics. 

1 This name seems to be due to Beltrami, 1863, “Intorno alle coniche dei nove puati o ad 
aleune questioni che ne dipendone,” Memorie delVaccademia delle scienze deW Isiituto di Bologna, 
serie 2, vol. 2 (1862), pp. 361-395; also Opere maiematiche di Eugenio Beltrami, vol. 1, 1902, 
pp. 45-72. 

2 This is the point of intersection of the symmedians of a triangle, that is, the lines through the 

vertices of the triangle symmetric to the medians through those vertices, with respect to the corn* 
spending angle bisectors. : 
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Assistant Professor A. E. Babbitt, of the University of Nebraska, has re- 
signed his position in the mathematics department, and has accepted the position 
as secretary and actuary with the Lamar Insurance Company of Jackson, Miss. 

At the University of Texas are the following part-time instructors in mathe- 
matics this year in the school of pure mathematics: Messrs. J. E. Burnam, 
H. II. Hammer, Claude Bailey, and C. PI. Roberson; Mr. C. Al. Cleveland 
was appointed instructor in mathematics in the school of applied mathematics. 

At the University of Kansas, Assistant Professor Solomon Lefschetz has 
been advanced to an associate professorship. 

Air. P. C. Porter is dean of the college and professor of mathematics in 
Baylor College for Women, Belton, Texas. 

P.erre Robinson, now a graduate student at the University of Chicago, has 
accepted an instruetorship in mathematics at the University of Chicago High 
School. 

Dr. I. A. Barnett, now Benjamin Peirce instructor at Harvard University, 
will go to University of Illinois as instructor in mathematics next year. 

Mr. C. C. Wylie who, aside from war work with the Technical Staff of the 
Ordnance Department, has for six years been an assistant in the U. S. Naval 
Observatory, has taken a position in the department of astronomy in the Uni- 
versity of Illinois. 

The official title of Professor E. R. Hedrick, of the University of Missouri, 
has been changed from professor of mathematics to professor of mathematics 
and of the teaching of mathematics. 

At Washington University, Miss Jessica M. Young, instructor in Astronomy 
at Northwestern University during the first semester, has been instructor in 
mathematics and astronomy since the beginning of the second semester; Airs. 
Pearl C. AIiller has been an assistant in the mathematics department since 
the middle of last December. vU'-A ; y 

Professor E. W. Brown, of Yale University, whose term of office as a repre- 
sentative of the American Mathematical Society on the Division of Physical 
Sciences in the National Research Council would have expired this month, 
resigned in December. .The Council of the Society appointed as his successor 
1 rofessor Oswald Ye b lex of Princeton Universitv. 

The government of Servia has created a university of Lioubliana (formerly 
Laibach) and Professors J. Plemelj, of the University of Czernowitz (Roumania), 
and R. Zoupantchitch (French form of Suppantschitch), honorary docent of 
the polytechnic school at Vienna, have been appointed professors of mathematics. 



7 r « : l 0t ^ lermont Dr - G - has been appointed ehargg de 

com, tor differential and integral calculus in place of Professor A. C. E. PfLet 

uho has retired from active teaching. At the University of Poitiers Dr. RenIc 
tAkmer has been appointed charge de cours for rational and applied mechanics 
m place of I rofessor M. I-rechet now at the University of Strassburg (1919, 371). 

The following paragraph is from Science, February 13: “Boston University 
has concluded an arrangement for an exchange of professorships in mathematics 
o, he eoUege jw 1920-192, with T s i„ g Hua College, Peking, CM™ C 

, 01 R - E ' Rruc f e ’ chairman of the department in Boston University, will 
exchange with I rofessor A. H. Heinz, of Tsing Hua. Professor Heinz, head of 
the depaitment ot mathematics, is a graduate of the University of Missouri and 
uis icen at 1 sing Hua nine years. This college is under the control of the Chinese 
government and was founded with part of the returned Boxer Indemnity! 
I loressor Bruce will sail from the Pacific coast in April. Professor Heinz will 
reach this country m time to begin his work at Boston University at the opening 
ot the college in September.” b 

Dr. Adolf Unarm, p 
school at Zurich, since 1892 ; 


in the federal polytechnic 
aged sixty years. 

Nature for December 25, 1919, notes: 

“ Tlle last day of this year marks the bicentenary of the death of John Flamsteed first 
Astronomer Royal ot England, and the rector of the parish of Burstov, Surrey, where he is buried 
uncommemorated, we understand, by an monument. Flamsteed was bom four years afur 
*: * X ?L Was , a natlve ° f Derbyshire, being the son of a well-to-do maltster. Though pre- 
vemed by illness from attending a university, he was devoted to mathematical studies, and in 
11 1 t0 tlle Boyal Society. Three years later he published his ‘Ephemerides,’ a 

o7\m1 i r- nR < TT i t0 Cha wl IL by Jonas Moore - 1( ' <! Flamsteed being appoint ed 
‘fnrtht n tr lh i' 1 • *^ tr °f 01 “ cal Observer at a salary of 100JE per annum, his duty being 
forthwith to apply himself with the most exact care and diligence to the rectifying the tables of 
he motions ot the heavens and the places of the fixed stars, so as to find out the so much desired 
longitude oi places tor the perfecting the art of navigation.’ The observatory at Greenwich, 
constructed partly of brick from old Tilbury Fort and of timber and lead from the Tower of 
3 ' vas desl S»ed by Wren and built at a cost of 520£, the money being derived from the sale 
d spoilt gun-powder. The struggles and disputes, the dogged perseverance, and the memorable 
achievements of Flamsteed have their place in the history of astronomy, but it may safely be 
said that never has king or Government made a better investment than when Greenwich was 
on lit and Mamsteed made passing rich on 100£ a year.” 
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Dickson chairman of a committee to deal with communications coining from the 
provisional union. It has developed, however, that at an earlier date the union 
(with its secretaries representing Belgium, France and Roumania) called for 
an International Mathematical Congress (so-called), at the University of Stras- 
bourg, the same to commence September 22, 1920. According to information 
recently received it would appear as if English mathematicians were with Ameri- 
cans equally ignored in the decision with regard to the desirability of a Con- 
gress at the time stated. 

The following reports of Summer Sessions in 1920 have been received. 

University of Chicago , First Term, June 1-July 28; Second Term, July 29- 
September 3. By Professor E. H. Moore: Hermitian matrices of positive type 
in general analysis, 4 hours, Limits and Series, 4 hours, first term only. By 
Professor G. A. Bliss: Functions of a complex variable, 4 hours; Integral calculus, 
5 hours. By Professor L. E. Dickson: Theory of matrices and bilinear and 
quadratic forms, 4 hours; Theory of numbers, 4 hours. By Professor M. W. 
Haskell: Projective geometry, 4 hours; Topics in analytic geometry, 5 hours. 
By Professor J, W. A. Young: Theory of equations, 4 hours; Differential calculus, 
5 hours. By Professor E. W. C-hittenden: Differential equations, 4 hours; 
College Algebra, 5 hours. By Professor W. D. MacMillan: Celestial mechanics 
II, 4 hours; Descriptive astronomy, 5 hours. Courses in plane analytic geometry 
and trigonometry will also be given. 

University of Colorado, First term, June 14— July 21; second term, July 22- 
August 28. By Professor Abraham Cohen, Johns Hopkins University : Teachers 
course in mathematics; Differential equations. By Professor G. H. Light: 
Review course in mathematics; Calculus of variations. By Dr. Guy W. Smith, 
l Diversity of Kentucky: Trigonometry; Plane analytical geometry; Differential 
calculus. The following advanced courses will be given by Professors Cohen 
and Light: Theory of algebraic equations; Definite integrals; Theory of a com- 
plex variable; Elliptic integrals and functions; An introductory course in analysis ; 
Differential geometry. ' yLy'-i-y 

Columbia University, July 6- August 13. Undergraduate courses in ele- 
mentary algebra, plane geometry, logarithms and trigonometry, solid geometry, 
college algebra, analytical geometry and calculus will be given by various mem- 
bers of the staff. Graduate courses are offered as follows: By Professor E. 
Kasneh: Fundamental concepts of modem mathematics; Geometric transfor- 
mations and groups. By Professor W. B. Fite: Differential equations. Bv Dr. 
G, E. Pfeiffer: Introduction to higher algebra. In the School of Education, 
teachers College, several courses will be given by Professor Upton and Mr. 
Breckenridge for teachers of mathematics in secondary schools. Professor 
Mith vill lecture on the history of mathematics and give a practicuin in the 
teaching of mathematics. , : ,h : 
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Harvard University, July 6- August 14. By ] 
nometry; Analytic geometry. By Professor G. 
cuius; Integral calculus. These courses will be a 
the degrees of A.B., A.A., and S.B. 

University of Illinois, June 21-August 14, B- 
Mathematical theory of statistics; Differential e 
Ivempner: Functions of a complex variable; Ad 
Lytle: Teachers’ course; Plane trigonometry, 
ential calculus. By Mr. W. E. Edington: Inte 
By Mr. Pettit: Trigonometry: ColWe aWhw> 


umtermy of Iowa, First lerm, June 16-July 27. By Professor II. L. IRetz : 
1 eachers ’ course; Solid geometry. By Dr. J. W. Campbell: Trigonometry; 
Analytic geometry; Differential equations. By Dr. W. H. Wilson: College 
algebra; Calculus; Reading course. By Mr. E. E. Gleason: Solid geom- 
etry. Second Term, July 28-August 31. By Professor J. F. Reilly: Analytic 
geometry; Calculus; Reading course. By Mr. It. E. Gleason: College algebra; 
Reading course. I he courses are five hours per week in class through the sessions. 
When transformed into hours of the ordinary academic year the credit for each 
course taken during the first session is two semester hours and for the second 
session five-sixths of this amount. 

I mversvty of Kansas, June 10-July 31. By Professor C. II. Ashton: Mech- 
anics, 3 semester hrs. credit; Algebra, 3 hrs. By Professor S. Lefsciietz: Theory 
of numbers, 3 hrs.; Analytic geometry, 2 hrs. By Professor J. J. Wheeler: 
Calculus, 3 hrs.; Solid geometry, 3 hrs. Second session, July 22-August 19. 
By Professor E. B. Stouffer: Mathematical theory of investments, 2 hrs.; 
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Differential calculus; Integral calculus; Solid geometry; Plane trigonometry; 
Intermediate algebra; College algebra; Analytic geometry; Projective geometry; 
Theory of statistics; will be offered by the following staff: Professor G. H. Hal- 
lett, Assistant Professor PI. IP. Mitchell, Assistant Professor S. P. Shugeht 
and Mr. Thomas. 

Queen's University, July 5-August 13. Freshman and Sophomore Mathe- 
matics will be given by the following staff: Professor J. Matheson; Professor 
D. Bithanan; Professor C. F. Gummer; Messrs. N. Miller, H. Van Patter 
and F. M. Wood ; and Miss Grace II. Jeffrey. 


The Work of the National Committee on Mathematical Requirements 
March 1920. (Cf. 1920 , 145-146.) 


28th, the sum of $25,000, was appropriated for the use of the National Com- 
mittee on Mathematical Requirements to continue its work for the vear beginning 
July 1,1920. 

The preliminary report on “The Reorganization of the First Courses in 
Secondary School Mathematics” published for the Committee by the U. S. 
Bureau of Education has been distributed widely. Copies of the report have 
gone to all the state departments of education, to all county and district super- 
intendents in the United States and to all city superintendents in cities and 
towns of over 2500 population.^ It has been sent to all the normal schools in 
the country , to some 1500 libraries and to almost 300 periodicals and newspapers. 
In addition it has been sent to about 4500 individuals, the names and addresses 
of which were furnished the Bureau of Education by the National Committee. 
I his list of indi\ idnals consists chiefly of teachers of mathematics and principals 
of schools throughout the country. Additions to this mailing list to secure 
copies of the future reports of the Committee can still be made. Individuals 
interested in securing these reports should send their names and addresses to the 

Chairman of the Committee (J. W. Young, Hanover, N. H.). 

A subcommittee consisting of Professor C. N. Moore of the University of 
Cincinnati, Mr. W. F. Downey of Boston and Miss Eula Weeks of St. Louis 
has been appointed to prepare a report for the Committee on Elective Courses 
m Mathematics for Secondary Schools. Any material or suggestions for this 
report may be sent directly to any member of the subcommittee. 

Ihe recent work of the National Co mmittee had a place on the program of 
he orgamato” „f the National Couneil of Teachers of Mathematics 

l m ^ eVeland on February 24, m connection with the meeting of the Depart- 
ment ol Superintendence of the National Education Association. The meeting 

fl h l-rr zatl0n f ^ National CounciI was enthusiastically attended! 
A constitution was adopted and officers and an executive committee elected. 

r a ; V 7 ?o b g ; of * he National Committee on Mathematical Requirements, 
was elected Secretary-Treasurer of the National Council. 
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A MECHANISM FOR THE SOLUTION OF AN EQUATION OF 

THE ATII DEGREE. 

Bjr A. L. CANDY, University of Nebraska. 

W. Peddle 1 read a paper on this subject before the Fifth International Con- 
gress of Mathematicians held in Cambridge, England, in 1912. This paper is 
found in the Proceedings of this Congress, Vol. I, pp. 399-402. Professor Peddie’s 
communication also contains a picture of his mechanism. From this picture, 
as well as from his description, it is quite evident that this instrument can not 
be manufactured by any one except an expert mechanic, who has access to a 
shop well equipped for working in metal. The crude instrument, that I shall 
describe and explain herein, was made by myself. A similar one can be made 
by any one who has a moderate amount of mechanical ingenuity and a few simple 
tools, out of materials that can be procured almost anywhere. Both the design 
and the proof that I here submit, seem to me to be simpler, although the under- 
lying principle is virtually the same as that used by Professor Peddie. 

Description of the Mechanism. This mechanism, shown closed in Fig. 1, 
and open in Fig. 2, consists of a main bar about 32 inches long, to which are hinged 
three arms each about S inches long, the distances between the hinges being equal. 
A lighter connecting bar is attached to the free ends of the arms in such a manner 
that these arms always turn through the same angle. On the main bar, and also 
each of the arms, are beveled cleats along which grooved slides move freely. 
Each of these slides on the main bar carries an eye-headed screw, like those used 
to fasten the hanging cords to picture frames. These screws are placed so that 
when the instrument is closed and these slides are at their zero points, as shown 
in Fig. .1, the eyes are in line with the pins of the hinges. Each slide on the arms 
carries a small drum that is held firm by means of a milled nut. To each of 
the drums is attached a small, flexible, inelastic cord, which passes through the 
eye carried by the adjacent slide on the main bar, and is fastened to the next slide 
below on the main bar, the lower end of the last cord being made fast to the main 
bar. The first slide is held in place by means of a small iron pin inserted in holes 
in the main bar. A graduated circular scale is placed under the first arm, from 
which the roots of the equation are read. The scales for reading the positions 
of the slides are marked off on the left side of the main bar. The instrument may 
be used (I) in a vertical position, as shown in the figures, so that the lengthening 
of any string by unwinding will cause some of the slides to move downwards by 
their own weight; or (2) lying on a table and operated with both hands. 

Solution of an Equation. Let us now solve the equation 

10a: 3 + 24a? + 9ar - 7 - 0. (1) 

The process is as follows: First, close the instrument, then wind, up the drums 
1 Professor of physics, University College, Dundee. 
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until each slide comes to the zero point of its scale, and all the cords are taut 
(Fig. 1). The arms will now move freely through an angle of 90°, with all the 
cords continuously taut. Now move the first slide 10 units — the coefficient of a? 
—downward, by moving the iron pin which always holds this slide in a fixed 
position ; unwind 24 units— the coefficient of «r — from the cord wound around the 
first drum; likewise, unwind 9 units— the coefficient of x — from the second drum; 
since the constant term is negative 7, wind up the last drum until the last cord 


IS shortened by 7 units. Now turn the arms through some angle 
cords become taut, with the slides on the arms so adjusted that the cc 
to them shall be at right angles to the arms (Fig. 2). The reading- 
under the first arm now shows one root of the equation to be .366, 
root is ( "V3 — l)/2. 

, Proof. Let the instrument be closed, as shown in Fig. 1 with : 
taut; and suppose the small bar connecting the outer ends of the a 
to be M.OTOJ for fc time being, so that each arm can turn indepa 
Let jS, P, and Q (Fig. 3) be the zero positions of the slides m +i 
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or more accurately, the “eyes” on these slides, when they are in lir 
unge pins. Ihen the slides which are on the arms, and cam* the 
Di, Do, will be to the right of S, P, Q, respectively. Let R be a weii 
faxed point on the cord which is attached to the drum Do and whos< 
■is fastened to the main bar. • 

Move the slide at S down to S u where it will remain fixed, makin 


I his will let all the slides move downward the same distance, the slide at P 
stopping at Pi, making PPj = a, also. 

Now turn the first arm through an angle. 9, the slide on it taking the position 
D, with the cord SJJ perpendicular to the arm SO. Since the cord attached to 
the drum D passes through the eye on the slide at S u and is made fast to the slide 
at 1 1 , this will pull the latter up to P 2 , making 

P1P2 = SJ) — a sin 6. 

••• PP S = PPi - PiP 2 = o(l 

Next unwind a length b on 
slid; P -2 move down to P 3 , a 
way as P, taking the same number of 
we have 

PPs = QQs = a(l — sin 6) + b. 

Then turn the second arm through the same angle 9, the slide 
position D], Since the cord attached to D\ passes through the 
is fastened to Q. this will pull Q up to Q t , making 


sin 6). 

the cord attached to the drum D. This will let 
and since the slide Q has moved in precisely the same 
— ’ corresponding positions, and is now at Q s , 


QQ 1 — QQs ~ QsQi = PP 3 ( 1 — sin 6). 

= a(l — sin 6'f + h(l — sin 9). 

Now unwind a length c from drum D u This will move Q down to Q-„, and 
since the point R has moyed in the same manner as Q, and is now at P 5 , we have 

QQs ~ RR& - «(1 — sin 6) 2 + 6(1 — sin 9) + c. (4) 

Ihen turn the third arm through the angle 9. Since the cord attached to D 2 
passes through the eye 011 Q, this will draw the point R up to P c , making 
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Finally unwind (or wind up) a distance d at drum D 2 . This will move R to R 7 , 
making 

RR 7 = a( 1 — sin 6) z + 6(1 — sin 6 ) 2 + c(l — sin $) + d. (5) 

If the angle B be taken so that the last cord shall now be taut, the point R 7 
will coincide with the initial position of R. We shall then have RR 7 = 0, and hence 
it is evident from equation (5), -that (1 - sin 6) will then be a root of the equation 


aa? + bx 2 + cx + d = 0. 


( 6 ) 


The values of (1 — sin 6 ) for every degree from 0° to 90° are the numbers 
written on the circular scale under the first arm from which the roots are read. 

furthermore, from equations (2), (3), and (4), we see that the values of 
SSi, PP S , and QQr, are the results obtained by synthetic substitution, when 
(1 - sm B ) is substituted for x in equation (6). So that the instrument not only 
gives a root, r, say, but at the same time the readings on the main bar give the 
quotient obtained when the equation is divided by x — r. 

This fact was not pointed out by Professor Peddie. His method of proof 
does not reveal it. Although I can see no reason why his instrument should not 
give these coefficients, I do not believe these numbers could be read off on his 
machine, because all of his scales are placed on the drums. 

The quotient given in the solution of equation (1) above was 

lO* 2 +. 27.5a: + 19.1. 

Limits of the Mechanism. Since (1 - sin d) is a number that always lies 
between 0 and 1, the instrument will find only a root that lies between 0 and 1 
Furthermore, the distances S 8 ll PI\ and QQ S , must all be positive. Other- 
wise it would be necessary for the slide on at least one of the arms to cross over 
to the other side of the mam bar, which is manifestly impossible. Hence the 
c . efficients oi the quotient must all be positive. This means that the equation 

° mU !f ha ; x \ no P° sith ' e except the one lying between 0 and 

1. I his is another fact that was not stated specifically by Professor Peddie 
aMiough it must hold for his instrument also.) Hence, the equation to be solved 
ust have the constant term negative, and all the other coefficients positive- 
and the sum of the positive coefficients must be greater than the constant term’ 
An equation of the first degree can be solved by using onlv the upper or lower 
arm. An equation of the second degree can be solved bv ling two a ms e£ 
the upper two or the lower two. In order to solve an equation of the ’fourth 

£*£ t0 * dd ” 0thel ' “ “ * “ K «- V so on, for 

- _ T , hlS ™ cha “ ls . m can also be used to graph a function of x from x = 0 to 
at 11 J f£ would only be necessary to attach the last cord to a slide 
> (.1©. 3) instead of making it fast to the main bar. Then *nnt th* 

funct,™ on the instrument” just as in s„lvi„ g M equation Whon thefoin 
ment « dosed, tl,c distance of this slide R from its initial position rfl be the 
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ON THE ORTHOCENTRIC QUADRILATERAL 


By NATHAN ALTSHILLER-COURT, University of Oklahoma. 

Introduction, (a) The altitudes AD, BE, CF of a triangle ABC meets in a 
point II, the orthocenter of ABC . The triangle DEF formed by the feet I), E, F f 
of the altitudes is frequently called the orthie triangle of ABC. 

To Carnot 2 is due the credit for having called attention to the almost obvious 
fact that each of the four points II, A, B, C, is the orthocenter of the triangle formed 
by the other three . 

The points A, B, G, II are referred to as an orthocentric group of points , or an 
orthocentric quadrilateral , and the four triangles determined by these four points 
as an orthocentric group of triangles. 

(b) In 1821 Brianchon and Poncelet showed that the circnmcirele (N) of 
the orthie triangle DEF of ABC passes through the mid-points A', B C f , of the 
sides BC, CA , AB, of ABC, and also through the mid-points P, Q, R, of the 
segments AH, BH, CH respectively. 3 That the circle through the first six 
points mentioned passes also through the last three becomes obvious if we observe 
that DEF is the orthie triangle not only of ABC, but of each of the four triangles of 
the orthocentric group ABCIL 

(c) In 1822 Feuerbach proved 1 that the circle (N) is tangent to the four circles 
which, touch the sides of the triangle ABC. It was not until 1801 that Sir William 
R. Hamilton pointed out that (N) is also tangent to the circles touching the sides 
of the triangles BCII CHA , II AB : 5 Now since the orthie triangle DEF is com- 
mon to the four triangles of the orthocentric group ABCII, the circnmcirele (N) 
of DEF is the nine-point circle of each of these four triangles., and therefore 
Hamilton's extension of Feuerbach’s theorem becomes self-evident. 

1 Read before the American Mathematical Society, St. Louis, December 31, 1919. Readers 
of this article will be interested in comparing it with the first part of the author’s earlier article 
a On the I-eentre of a triangle ” (1918, 241-240) — Editor. 

2 Carnot. De la correlation dcs figures de Geometric, 1S01, p. 102. 

:i For the proof, see, for instance, J. Casey, A Sequel to Euclid, second edition, XSS2, p. 58, or 
C. V. Durell, Plane Geometry for Advanced Students, vol. 1, pp. 30-31. 

4 For a proof see Casey, lx., pp. 58-61, or Durell, lx., pp. 46-47 and pp. 149-150. 

B In making this statement Professor Altshiller-Court was possibly misled by Casey’s refer- 
ence to the result as ‘‘Sir William Hamilton’s Theorem” (Quarterly Journal of Mathematics, 1861, 
p. 249) and by the fact that Sir William proposed the result as a problem in. Nouvelks annaks de 
mulhcnialiques , 1861, vol. 20, p. 216. 

The result was not, however, given originally’ by Sir William, but by T. T. Wilkinson, as 
prize-problem 1883 in Lady's and Gentleman's Diary, London, 1854, p. 72 (Solutions, Diary , 
1855, pp. 67-69 ). — Editor. • f NACAyy PQiilfxAA A V., : C 



respect to X. Similarly for the eirc 
HJB. Consequently: l 1 he four circui 
jorn an orthocentric group which is the 
the nine-point center. 

2. From the symmetry of the tw 
follow immediately all the know 
For instance: 

(a) The triangles OfhO-, and ABC 
are respectively parallel It i ; 

the pairs of triangles 0,0,0 and BCII; 

‘ For the proof compare Casey, or Dureli,7.c. 

Durell, Id, p. 3(>j exercise 89. 


umcenters 0 2f 0%, of the triangles CHA , 
ncenters of an orthocentric group of triangles 
symmetric of the given group with respect to 

0 Sf ou Ps o£ points ABC II and 0 1 0 2 0,0 
n properties of the circum centers 0±, 0 2) (? 3 , 0. 

are congruent 2 and furthermore, their sides 
may also be observed that these properties hold for 
(hOOi and CHA; OOfri and HAB. 


f ... Tll <‘ se examples suggest that in certain connections it may be fruitful to con- 
sider the circle (N) as belonging not to the triangle ABC, but to the orthocentric 
group ABCIL The following considerations are based on this remark. 

L The center i\ 7 of the nine-point circle (N) of the triangle ABC was 
shown by Benjamin Be van, in 1804/ to lie midway between the orthocenter II 
and the eircumcentcr 0 of the triangle ABC . In other words,, the circumceiiter 
0 of ABC is the symmetric of II with respect to N. But, as has been pointed 
out above, {f\ ! is also the nine-point circle of the triangle BCII , whose 'orthocenter 
is the point A, hence the circumcenter 0 X of BCII is the symmetric of A with 
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(b) The point II is the circumcenter of ike triangle O1O2O3. 1 Similarly the 
points A, B 3 C, are the respective cireumcenters of the triangles 0 /)$, O3OO1, 
OOxth. 

(e) The lines B 0 % mul C 0 2 are parallel 1 and similarly for other pairs of analogous 
lines. . 

8. A wealth of other propositions, so far unobserved or unannounced, may he 
derived from the two symmetrical figures. We shall call: attention to the 
following. In the symmetrical transformation considered the center of sym- 
metry N is-a double point, and the nine-point circle (iV) is transformed into itself, 
hence: An orthocentric group of triangles and the orthocentric group of their cireum - 
centers ham the same nine-point circle. 

4 . The orthic triangle D'E'F' of the orthocentric group OO1O2O3 is the 
symmetric of the orthic triangle DBF of the orthocentric group ABC II, the pairs 
of points 1 ), D'; E, E r ; F, F'; being diametrically opposite on the circle (N). 
Thus we find a geometric interpretation of three new points of the nine-point circle 
of the triangle ABC. 

5 . The nine-point circle (N) of the orthocentric group OO1O2O3 is tangent 
to the sixteen circles which touch the sides of the four triangles of this group, 
according to Hamilton’s extension of Feuerbach’s theorem (Introduction), 
These sixteen circles are the symmetric, with respect to N, of the analogous 
sixteen circles of the orthocentric group ABCIL Thus we find sixteen new circles 
which are tangent to ike nine-point circle of the triangle ABC? 

6. The orthoeentrie group OOxO.Oz has been derived by symmetry from the 
given orthoeentrie group ASCII. But the process may be reversed, and the 
group II ABC may be derived from the group OO1O0O3 considered as given. 
Consequently: The vertices of a green orthoeentrie group of triangles may he con- 
sidered as the four cireumcenters of a second orthoeentrie group of triangles, the two 
orlhocentric groups ha ling the same nine-point circle and being symmetrical with 
respect to its center . 

7 . The point of intersection G of the medians of ABC, often referred to as the 
centroid of ABC , lies, according to a theorem of Euler, 3 on the line joining the 
orthocenter H to the circumcenter 0 of ABC, and we have GOjGII = 1/2, 
Since the nine-point center N is the midpoint of Oil, we have NGjNII = 1 / 3 , 
the points G and II being on opposite sides of N. In other words, the point G 

1 Durell, l.c., p. 36, exercise SS. 

2 The results of paragraphs 1, 2, 3, 4 and 5 were given by T. T. Wilkinson in Mathematical 
Questions with their Solutions from the Educational Times , London, Yol. 1, 1864, pp, 6-7; see also 
Mathematical Questions, etc., Vol. 6, 1866, pp, 25-26. 

T. T, Wilkinson seems to have been the first to discover an infinite series of circles tangent to 
the nine-point circle of a triangle (Lady's and Gentleman's Diary, London, 1857, p. 86; 1858, 87): 
“If the radical centers of the inscribed and escribed circles of any triangle be taken , and circles be 
inscribed and escribed to the triangles formed by joining these radical centers, and the radical cotters 
of the latter system of circles be again taken and circles inscribed and escribed to the triangles thus 
formal, and so on ad infinitum, the infinite number of circles thus found, as well as the original system 
of inscribed and escribed circles , always touch the circle drawn through the middle poinds of the [sides 
of the] first triangle .” — Editor. 

3 Dureii, l.c., p. 41 * . y ; -v> vy:y ' yiy . yy-f vy' 



corresponds to II in a similitude of ratio — 1/3, the .center of similitude being NA 
But N is also the nine-point center of the triangle BCII , whose orthocenter is A, 
hence the centroid Gi of BCII corresponds to A in a similitude of ratio — 1/3 
with N as center of similitude. Similarly for the centroids Go, G 3 , of the triangles 
CHA, II AB. Consequently: The four centroids of an orthocentric group of tri- 
angles form an orthocentric group, the two groups being similar and similarly placed . 

S. Since the centroids G, GY, G 2 , G 3 , form an orthocentric group, all the 
properties of such a group immediately follow, as, for instance, that G is the 
orthocenter of the triangle GiG 2 G 3 , etc. 

Again the similitude of the two groups GGiG 2 G 3 and EABC puts into evidence 
a great many properties, as for instance, that G 1 G 0 is parallel to AB and is equal 
to 1/3 of its length; that the point of intersection of GGi and G 2 G 3 , which will 
be represented by (GGY, G 2 G 3 ), is collinear with N and D = (HA, BC) ; etc. 
The reader may find it interesting to formulate a number of these propositions. 

9. In the similitude (7) by which the group GG1G2G3 is derived from the group 
II ABC, the center of similitude N is a double point. Hence: An orthocentric 
group of triangles and the orthocentric group of their centroids hare the same nine-point 
center . 

10. The orthocentric group GGiG 2 G 3 has been derived from the given ortho- 
centric group IIABC by a similitude of center N and ratio — 1/3. But the 
process may be reversed, and the orthocentric group HABC may be derived from 
the orthocentric group GGiG 2 G 3 , considered as given, by a similitude of ratio - 3, 
the center remaining the same* Consequently: The four points of an orthocentric 
group may be considered as the centroids of another orthocentric group of triangles, 
the two groups haring the same nine-point center , this point beina a center of similitude 
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GRAPHIC SOLUTION OF THE CUBIC ' EQUATION 


A GRAPHIC SOLUTION OF THE CUBIC EQUATION 


By J. P. Ballantine, University of Maine. 

The purpose of this paper is to suggest a graphic method of finding the real roots 
of a numerical cubic equation, a method which will involve comparatively little 
work when there are a large number of problems. 

Let us consider the general cubic reduced to the standard form 

(1) u? + u 2 + xu — y. 

This can easily be effected by dividing by the coefficient of w 3 , and then by 
dividing the roots of the equation by the coefficient of u\ It may happen in a 
particular case that this latter coefficient is zero, in which case the form obtained 
will differ from the form given above in that the vr term is missing; but a similar 
discussion is easily worked out for that case. 

All the cubics of the standard form are easily set in a one to one correspondence 
with the points of the plane. Let us say that the x and the y of the cubic are the 
coordinates of the corresponding point. 

The necessary and sufficient condition that v be a root of the standard cubic 
is that: 

(2) $ + v 2 + xv = y. 

The same is a necessary and sufficient condition that the point (x, y) lie on 
a certain straight line, of which the above is said to be the equation. The points 
therefore corresponding to a set of isoradical cubics 2 lie on a straight line, and the 
common root of the cubics is the slope of the line. 

Let us next consider the locus of points corresponding to cubics with two 
equal roots. The necessary and sufficient condition that y be a double root of 

1 While the essential features of this solution are not new they are probably sufficiently un- 
familiar to readers of the Monthly to render Mr. Ballantine^ presentation of his rediscovery of 
them a matter of general interest. As applied to the equation u z + xu 4* y = 0 there is a recent 
discussion in J, Lipka, Graphical and Mechanical Computation , 1918, pp. 35-36. A similar dis- 
cussion is found in C. Bunge, Graphical Methods, New York, 1912, pp. 59-60 (also Praxis der 
Gleichungen, Leipzig, 1900, p, 159), and L. E. Dickson incorrectly attributes the method to: 
Bunge (Dickson, Elementary Theory oj Equations, New York, 1914, p. 17). This method origi- 
nated with Leon Laianne who made the discovery in 1843 and regarded the cubic as a special 
case of the trinomial equation u m -f xu n -f y = 0 (“Sur les tables graphiques et sur la g£om<§trie 
anamorphique . . Annales des ponts et cJiaussees, 1846, ler semestre, pp. 27-29; Comptes 
rend us de V academic d. Sc ., Paris, tome 81, 1875, pp. 1187-1188; and “ MSthodes graphiques pour 
Fexpression des lois k trois variables,” Notices r6unies par k ministere des travaux publics d V occasion 
de V Exposition umverselle de Paris, 1878). Laianne found that his form of the cubic equation 
led to the semi-cubical parabola 4a? 8 -f 27 y 2 ~ 0 as an envelope. 

The subject is also discussed in J, de la Gournerie, Traite de Geometric descriptive , seconde 
Edition, troisieme partie, Texte, Paris, 1885, pp. 211-212, Atlas, 3, fig. 455 (filling a quarto page), 
plate 46; and in M. d’Ocagne, Traite de Nomographic, Paris, 1S99, pp. 43-44. — Editor. 

2 Two cubics are said to be isoradical if they have a root in common. A straight line is said 
to be isoradical if its points correspond to isoradical cubics. 
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tlie standard cubic is that: 

(3) 


f ® 3 + v 2 + xv — y 
( 3i? + 2v + x = 0. 


This is also the necessary and sufficient condition that the point (i, y) lie on the 

tbe Ste ' eht Every “»> ^ h thUre taiS 


is? - a: 2 + 18 ® y + 27 f - 4 y 


0 


obtained by eliminating v from (3). 

All that is necessary, therefore, in order to solve a cubic is to' reduce it +„ 

mid (tr. r“tl° bta f ' ng the q,lantities * and V • Hot the corresponding point 

S be the b, eC t0 thC l0CUS (4) ' The sl °P es of the three tangenfa 

\ote tle,t tf 7 ° r! le * q, i at,on as written in standard form. 

Aotc that the locus (4) can be plotted once for all, and in place of olottino- 

* C,,b " : M,Uat,on - “ ed °°b plot a point tor each problem to b“ 
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Edited bi . A. Hcrwitz, Cornell University, Ithaca, N. Y. 


discussions. 

OldnSSSwS K ¥S t ‘°"T 1 beit ” ««* -M* form, tbe 
future. It is not surprising tiipf l l f d ^ u . cators are seeking to read the 
raatics as a means of prediction Such 11 ? S ] ° Ud >e ma , d f for tlie us e of mathe- 
the first discussion tffiamontlu" mfl 7 “ *«* h * Profes ^ Weaver in 
tastic without an investigation into it« 11Ctp . Ion lr ^ lst not be dismissed as fan- 
prediction of individual events or oh n J amn £ - _ He makes quite clear that no 
that tbe progress of history hi the^^ 068 / 8 his hope is at most 

In support of his contention mav be cited the^ered^ 7™ f &y 7 forecasted - 
tins function of prediction in ennuer+h „ .vu senice . of mathematics m exactly 
be argued that an example of similar -mnY , . e Physical sciences. It may even 
found in the generally accepted theorvnf ^ at!on , to the social sciences is to be 
prosperity and depression with ^ f' e P en odicity of economic cvcles of 
Against this LZeTlX ° f ten <* ^ven years! 

regards mathematical formulation' of the* “ P ?^ renti J llopeIess complexity, as 
Physical problem. It is d^ubHul Vbltlt ?? Clal P roblem > compared with the 
laws, or even tbe specification of t 1 1 the , reductl ? n to concis ^ qualitative 
such laws are to be stated lies within the mentaf t m tenns of wh ich 

Several details in Professor Weaver’- V P + entla itles °f the human race, 
ample, it is not obvious that thelmWv ofX l f ggeSt comment For ex- 
an everywhere analytic function VaIues of 

J me t allies of the function and its derivatives 
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Also the notion of the “most probable” of all possible trends of nit, .ml 

determination' of the^h!? ksS f mpIe than s P eciaI cases would indicate. That 

“most probable” nf <01 * ^ -° f, C( ?] n * r > y or tlie world which will produce the 
most probab e of all conceivable birth-rates may not coincide with the deter 

z d r "r “ most r bab,c ” d ™ tion ot iife - ^ 

. - C1 ?. m f P lb not meant as an objection to Professor Weaver’s remirks 

set" S con Ft’ m ° St Confi ® uratioH under the whole imaginable 

£ve toTe e Id ^ Sr ^ sucb ««■*» would naturally 

reality preSent V1S1 ° n sh ° uId come within appreciable range of 

The second discussion brings us back to something more concrete Dr 
Sensemg indicates a form of derivation of the integral as the STi sum 

identity 1 ^ tlie cLcTXw t0 ) ^ ° fan ana]ytic function, of the 

sucf p 00 s tt h nd 9 , and anh ~ de ^ e - ft fe * times useful to have 
uch pi oofs at hand, even in elementary instruction, as aids in producing con- 
viction in the minds of students. Of course, the use of the formula for C* 
Jill prove an obstacle to the use of Dr. Sensenig’s work for ^thatm™ It l 
doubtless universally familiar that the convergence of the Cauchy sum in the 
case of a monotonically increasing or decreasing continuous^ hmJon’Zt 

cksses in E ™ ^ ? *° * with by the binary 

As the third discussion appears an alternative derivation of the expressions 
for the half-angles of a plane triangle in terms of the sides. Pr^sSSZ 
obtams die relations from the law of sines instead of from the law 0 cosines 

Ihe work is less simple than the ordinary methods; it is interesting however 
to see that it can be carried out. interesting, However, 

I. Forecast. 

By Warren Weaver, California Institute of Technology. 

last fiti w-frf u! 1S ° f Sa6I i. Ce a ' K I scientific thought have been subjected in the 
-hit} Kars to examination of a most critical sort. This examination has 

thelSrsticeT* aI ° ng tW ° general Iines i a hlhng of needful matter into 
Ln fnf tl ° f hC , 6Ven yCt porous body of Jogical thought where the general 
trend of the previously accepted body has been found still tenable, and an opening 

up of new problems m those regions where the old theories have been found 
inadequate or merely approximate. As an example of the first type there comes 
to one s mind the rigor that has been brought to the fundamental Concepts of the 
; CU US means of function theory. The outstanding illustration of the latter 
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typo of problem of the newer science is the recasting of the old concepts of time 
and space that is necessary under the modern theory of relativity, along with the 
fundamental and far-reaching alterations which this theory imposes upon 
mechanics and electrical theory. 1 

In many such investigations a mode of attack is being used that reminds one 
of the older metaphysical and theological considerations of scientific problems 
such as the proof of the Principle of Least Action given by Maupertius. As the 
P P ° f prohIem bem g studied becomes more and more fundamental and ultimate 
m nature one is not surprised to find that philosophical considerations enter 
,• y th considerations of a more formal mathematical nature. So that it is a 
htt e less idle than hitherto for one to speculate how fundamental the truths 
real]} may be that he meets with in pure mathematics and in the mathematics 
of pure physics. Some of the theories that have hitherto seemed restricted to 

r s TtSr? t, “b of .* he , r tI r stioi “. w b «» 3 

\ , generality and broad applicability of which are not vet fnllv 

alcatel. Out of an almost indecent past sbM% emmeoted withthi IS. 
table comes a theory of probability that, expanded by the researches ofYihh? 
and others, furnishes the one ultimate foundation for the kinetic theory of gases 
kinetic theories of electrical conductivity, a broad class of thermodynamical 

to be known upon other grounds 

that a more formal pr„“f d«, not it"?* “ “““ truths in a way 

corpuscular nature of ener^mlt d£ , m ° S ? U ? ure ° f matto “ d the 
tend towards some certain definite roost **1 Vi ' ,V T ',? a " d that 0 nature is to 

definite most probable distribution of eLr”'Tt mi“tteT t '' : 'hl T' * Certain 
discrete elements of matter and energy 3 V P [. SS . lbIe to recognize 

1^1^. conceived™ nd i^rphcable todlvmlsifi^considera- 

l » i,. . . ........ ” ~~-iV ■' , I. 
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SSS == S Bts ':i. X sars 

tlm frlf'+l t f J ], but . wouId also contain, among other things, an explanation of 
i-hJ +h t iat S ,° 0( f de . slgns are P er Petuated in nature. We may conclude therefore 

b*, i! ‘ ° th0,,8l,t at tbe J“t rend™ SZ re tpefu! 

and less inexcusable to contemplate analogies between the principles of nnthe 

° ! Iife ' in the * «■** -5 per£“; 

It ought to seem queer to the scientist that history is so nearly exclusive! v „ 

st 0 ' f ?r ndin ? ^ „ sSatE*; 

win clo. 1 oi the method of the scientist is to record past events only so far as is 

possS a e y the° prXion ofevente iftfitfure. X^ns f M? 
times suggested that serious study be made of the possiblntHf a shnilar mShod 
bemg used in history but perhaps the best-known comes from tlTZtS^ 
of II G. W ells In a discourse entitled “ The Discovery of the Future ”* delivered 
at the Royal Institution in London he gives his foundation for an optimistic 
hope that a bold and searching study may serve to give us eventually a <mod deal 

i!^TZ eed 7 ly USeM kn T Iedge 0f future. He s StteW 
mTnd hat th^d conception _ of science, the persuasion comes into one’s 
mind that the adequacy of causation is universal,” so that “the man of science 
comes to believe at last that the events of the year A.D. 4000 are as fixed settled 
and unchangeable as the events of the year A.D. 1600.” He eites the ’pushing 

rn'ts of°T f0rma d° n t0 Pre, f St0rk times ^ -ans not 

ZXf ke n f d Vlg °f US Ilabit of in 9 uir y> and continues; “and now if it 

SiStCk t£ r men ; V , pieking ° U . t a mmh ™ of suggestive and significant 
+i g 1 * K P resen C by comparing them, criticizing them and discussing 

them, with a perpetual insistence upon ‘Why’’ without anv m idim, !!odV 8 
and indeed in the teeth of established beliefs, to construct this anting seShS 

thing to”ugleS I e , re r te P St ' “ !t really ’ af,cr *"• su 't an extravagant 
.,. g . . Igg bt tllat) by seeking operating causes instead of fossils and hv 

th0r °” eMy “ the Seologie record Va^tieen 
bac Wd a3 ,^r” b 6 1 h fT “ * aroIlli S ht inference forward instead of 
convineni „d LfinM “ kn r W 8n <•« coming things as clear, as universally 
tho n^f g ’ i fi y ?° re lm P° rtant *o mankind than the clear vision of 
the past geology has opened to us during the nineteenth century?” The lecture 
includes a discussion to show that the existence of the “ exceptional man ” Wh . 
as Napoleon, Ciesar, or William the Conqueror need not hopelessly remove the 
possibihty for success of such a scheme, 

and, same author, Phil. Mag.^vTs?, Feb lOi? Phtlosn P hml Soe -> VoL 54, Part 3, 1909-1910: 

8 Published by B. W.Huebsch, New York, in' book form with the above title. i ' V : :: L 
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fantastic hope for individual prophecy— a fact which need no more disturb the 
main result than the fact that we are unable to predict the motion of any single 
molecule in a gas need preclude the possibility of a statistical forecast of a future 
state of it. We can no more hope to forecast the life of a single certain man than, 
to extend Wells’s illustration, we can hope to give a detailed history of the past 
life of some single certain labyrinthodon or pterodactyl. 

A certain crude sort of mathematical justification for some such notion had 
occurred to the writer about a year before he chanced to see this book of Wells. 
An analytic function y of an independent variable x may be expanded by means 
of Taylor’s Theorem in a power series in (a* — a). If this;; series-, represents the 
function y for values x to the left of a, it will also represent y for values of x 
to the right of a. In fact, the scries will represent the function y for all values of x 
if it is convergent for all real values of x. And all we have to know in order to 
possess' complete information about this series is the value of the function and 
of its derivatives at the point cl If we call the independent variable t instead of x 
the analogy becomes apparent. It clearly suggests that if we could know, about 
a certain social factor, its present state, and have complete instantaneous informa- 
tion as to the trend of it we ought to be able to forecast accurately its importance 
at any future time. 

One may conjecture some general things about certain types of functions that 
would probably prove necessary in such a connection. A general steady growth 
would be represented by a linear function, to determine which we would need 
only its present value, and present rate of change. The sort of thing of which 
one says that “history repeats itself ’ 5 'would be represented by circular or other 
periodic functions. One may guess that several such, of different periods, would 
combine to produce nearly zero result for long stretches of time, and then with a 
sudden “beat , 55 through constructive addition, give a sharp maximum — perhaps 
we may say a Renaissance ! Any factor which is being damped out would in all 
probability be represented by an ordinary exponential damping term, with 
negative exponent. It Is conceivable that little else would be necessary, and in 
all these cases it is cheerful to note that our information would extend to any 
time in the future, however remote; which corresponds directly to the mathe- 
matical fact that the Maclaurin expansions of the functions hi, sin t, cos t, and e~ kt 
are convergent for all real values of i . We might conceive of a Fourier series 
(perhaps multiplied by an exponential factor) doing the trick for us, so that some 
later-day genius could construct for us a tide-predicting machine not for the 
ocean’s tides, but for the tides of human thought and the surge of human progress. 

A possible objection to the application of the above analogy lies in the fact 
that one needs, in general, the value of an Infinite number of derivatives at the 
point a really to possess the whole series. Beyond the fact that a finite number 
of terms (and often a small number) gives a good approximation for short ranges 
of x mathematics has a further hopeful suggestion. In the potential theory it is 
very well known that if we have given, over a closed surface S „ the value at every 
point of the potential function V we can calculate the potential at any other 
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point. 1 In terms of our former analogy we may say that if we have a set of 
“cross-section” values of a function (which in our application would be a set of 
values for a constant t) and of its first derivative, and know that the function is 
characterized and specialized by the fact that it satisfies some very general condi- 
tion (which condition while very general must get at -the very root of the matter) 
we can completely determine the function at all other points. This general 
condition, in the case of ordinary potential and many allied problems is, of course, 
given by the ordinary Laplacian equation A 2 V = 0. This suggests that if, by 
careful study, we could but obtain some universally applicable and fundamentally 
far-reaching principle— some truly dynamic theory of history, to use Henry 
Adams’s phrase, we could probably thus cut down enormously upon the amount 
of contemporary data necessary. 

This analogy may perhaps all be interpreted as merely strengthening Wells’s 
point that in science effect seems inevitably to follow cause in an unending and 
inescapable chain of events. There is perhaps no more striking example of the 
adequacy of causation than that contained in the fact that the value and be- 
havior of y a million million miles down the x axis is inevitably determined by 
the way in which the curve crosses the y axis; and it is a natural and, it would 
seem, not ridiculous hope to expect that some day there will be an historian bold 
enough and wise enough to write down a few of the equations of history which 
will hold not only for the minus sign, but also for the plus. 

IL A Pboof of the Definite Integral Formula. 

By Wayne Sensenig, Conshohocken, Pa. 

On pages 214-216 of Lamb’s Infinitesimal Calculus several special cases of the 
definite integral are calculated “ab initio.” 2 The following direct proof of the 
formula for the definite integral covers cases where y can be expressed as a 
convergent power series in x over the closed interval considered in the definite 
integral. The area under a curve is used as an illustration, but the form of 
proof is obviously independent of any special geometric interpretation. Use is 
made of the following well-known formula : 3 
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1 If it is desired to calculate at points exterior to S the regularity of V at infinity is also neces- 
sary. The above mathematical fact does not correspond perfectly to the previous example, 
but the aspect of the logical content with which we are concerned is closely enough connected 
with the former to serve our purpose. 

2 Similar exercises are found in various text-books. Problems of the same character have 

from time to tune appeared in the Monthly,— Editor ,» 

3 Hall and Knight, Higher Algebra, p. 337. 
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with a term in n or nr, the B’s being the Bernoulli numbers 


Let the interval of integration be 
j | 0 S x 0 , and suppose 

• i 1 | ! y — fix) = «o + d\X + « 2 .t 2 

■A'&'x j | I ! j i A n ! . . . 

* a’aJj;' ! i I ! ! the series converging m an interval ex- 

’’i V’l j | ! j | tending beyond x 0 . Then, since the con- 

h \ h. l l I i '! < ' A -1 vergence must be uniform in the closed 

0 nh=x ° interval 1*1= *o, any given e, however 

small, will determine a value of m, such that 

y — a a + (t-ix + «‘ 2 * 2 + ■ • • + o m x m + Rm(x), 

where 

0 = a - = * 0 . 


Divide the interval into n equal parts each of length h, and form the Cauchy 
sum in the usual way. With reference to the accompanying figure, we have: 

A i = a a h + ffli/r + az¥ + • • • + a m h m+1 + hR m (h), 

A 2 = a 0 k+ 2axk?+ 2%¥ + b 2 m a m h m+1 + hR m (2h), 


so that Independently of n, r 
Furthermore, we have 


can be made arbitrarily small 
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Jim s m , n — a Q xo + a,i — — f- • • ■ + a m — r— . 

»— ► oo . . 9 ® T - 1 

The last expression is the sum of (m + 1) terms of the series 

, X 0 ~ X 0 S 

aoX 0 + ai~^ + «2 "g" + 

If we chQose » so great that s m , n differs from its limit by less than e/2, then since 
\r m ,n\ < e/2 for all n, we see that 4 differs from the sum of (m + 1) terms of 
the above series by less than e. Since the series is readily shown to converge, it 
follows that the limit of A, as n becomes infinite, exists and is equal to the value 
of the series: 

f f(x)dx = ao.ro + at 'N' + eta vr + • • • • 

J 0 Jjfj 

The result can easily be extended to the case in which the lower limit of 
integration is not zero. 

III. On a Formula of Plane Trigonometry. 

By M. C. Baudin, Miami University. 

The formulas for finding the angles of a triangle when the three sides are 
given, namely : 


, A 
tan 2" = 


t (s-b)(s-c) B 
tan 2 


(8-a)(s-c) C 

V-Ti-W'-’ tol 2 


l(? — a) 0 - h) 
V s (s — * c) f 


where s is one half the perimeter of the triangle, may be derived trigonometrically 
from the law of sines in the following manner. 

Consider the equations: 


(1) 

sin A + sin B — sin C 

s — c 

sin A + sin B + sin C ~ 

s ! 

(2) 

sin A — sin B + sin C ■ 

8 — b 

sin A + sin B + sin C 

s 

(3) 

— sin A + sin B + sin C 

s — a 

sin A + sin B + sin C ~ 

s 


Let us change the left-hand members of these equations into quotients of products. 
The numerator of (1) may be written 

(4) sin A + sin B — sin C + sin (A + B + C), - 


!,] i i d j J/h;! ] I %\ J 1 ; 1 1 » ! 
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A + B A - B 


sin A + sin B = 2 sin 


sin (A + B + C ) — sin C = 2 sin 


and (4) becomes 


4 + $ 


4+ B B+C A + C 


The denominator of (1) may be written 

sin A + sin B + sin C — sin (A + B + C). 

Changing sin A + sin B and then sin C — sin (A + B + C) into products and 
adding the results, we get 

nj .4 + nr 4-B ( n , A + BY] 


A+B . B+C . A+C 


4 COS -r COS COS , 

We therefore have ’ 

sin A + sin B — sin C A B 

■ ' 4 i j d i • /y ' Tan , ~~z tan tt/, « 

sm A + sin B + sm C 2 2 

In the same way we obtaip v-V- -C; 

sin A — sin B + sin C A C ' . 
sin .4 + sin B + sinC “ tan 2 tan 2 ’ 

— si n A + sin B + sin C _ B C 

sin A + sin B + sin C ^ an 2 ^ an 2 * 

Substituting these values for the left-hand members in (1), (2) and (3), and solving 

those equations, we get 

■ J0IO C . /<7=^=&j 


The positive sign must evidently be chosen before the radical, since A 
Cj 2 cannot be greater than tt/2. 
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Mathematical Philosophy and Philosophy op Mathematics. 

Introduction to Mathematical Philosophy. By Bertrand Russell. New York, 

The Macmillan Company, 1919. S 4- 208 pages. Price $3.00. 

The title of this book does not sufficiently indicate, perhaps no brief title 
could indicate clearly, the nature of the work. It is not so much an introduction 
to mathematical philosophy as to the philosophy of mathematics. The two 
‘philosophies 5 are very different things, the former being identified mainly by its 
method, the latter by its matter. An example of mathematical philosophy is 
the famous attempt of Spinoza to geometrize the philosophy of Descartes or his 
yet more famous attempt to construct the Ethics after the manner of Euclid. 
On the other hand, the philosophy of mathematics, as Mr. Russell himself here 
and elsewhere avows, is primarily concerned with such unanswered questions as 
arise in reflecting upon the nature of mathematics and the character of its founda- 
tions. This distinction being understood, we may say that there are two respects 
in which the present book may be properly said to be an introduction to the 
philosophy of mathematics. These respects may be indicated briefly as follows. 
When a question belonging to the philosophy of mathematics is at length accep- 
tably answered, it ceases to be a question; the matter passes from the domain 
of philosophy to that of science, it becomes a genuine part of mathematics itself. 
Students of the logical foundations of mathematics are well aware, though the 
average professional philosopher is slow to learn, that this transition from specula- 
tion to knowledge has been a common and striking phenomenon in recent times. 
Many questions regarding the nature of such fundamentals as class, relation, 
number, continuity, infinity, and kindred matters, have been answered satis- 
factorily. The answers together with the ways of discovering them constitute 
the most fundamental branch, of mathematical, science. In the book before us 
Mr. Russell has endeavored to give the reader a stimulating acquaintance with 
some of these scientific results and methods. In this respect, then, the hook 
is an introduction to the philosophy of mathematics, for the best approach to 
questions that have not been answered lies through acquaintance with the 
answers to those that have been answered. But the author has done more than 
that. Not only is the reader led in various directions towards the frontier of 
knowledge in this field but in several directions he is led to the frontier and is 
made to feel the challenge of unanswered questions that arise there. What is 
the characteristic— the necessary and sufficient criterion — of a mathematical 
proposition? What is to be the ultimate form of the theory of “ logical types”? 
Is the multiplicative axiom, which is equivalent to that of Zermelo, true? In 
other words, is it true that, given any class of mutually exclusive classes, of which 
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none is empty, there is at least one class having exactly one term in common with, 
each of the given classes? Is every infinite class reflexive? Such are some of the 
frontier questions which Mr. Russell’s introduction makes the reader aware of. 

The scope and content of the book are fairly indicated by the titles of its IS 
chapters, which are as follows: 

(1) The series of natural numbers; (2) Definition of number; (3) Finitude 
and mathematical induction; (4) The definition of order; (5) Kinds of relations ; 
(6) Similarity of relations; (7) Rational, real and complex numbers; (8) Infinite 
cardinal numbers; (9) Infinite series and ordinals; (10) Limits and continuity; 

1) Limits and continuity of functions; (12) Selections and the multiplicative 
axiom; (13) The axiom of infinity and logical types; (14) Incompatibility and 
the theory of deduction; (15) Propositional functions; (16) Descriptions; (17) 
Classes; (IS) Mathematics and logic. 

In the space allotted to this review it is impossible to present a digest of 
these chapters, for each of these is itself only a semi-popular digest, in some cases 
only a very compact and somewhat meager digest, of the more elaborate and 
more systematic and technical handling of the same topics in Whitehead and 
Russell’s Principia Matkematica and in Russell’s earlier work, The Principles of 
Mathematics. Accordingly I shall not attempt to offer a digest of these various 
digests but shall content myself with giving a sketchy account of some of them 
in the hope that the reader may be thereby drawn to the book itself and by it 
to the mentioned Principia and the great spiritual enterprise it represents. 

The supreme thesis of the book is that logic and mathematics, rightly under- 
stood, are not two distinct sciences but that they together literally constitute 
one science without any inner division or breach from the most primitive things 
in what is traditionally called logic to the latest developments in what is tradi- 
tionally called mathematics. Why, then, does Mr. Russell open his discussion 
with a consideration of the natural numbers, or ordinary integers? Are these 
assumed to be the most primitive of known things in logic ( Le . mathematics)? 
Far from it. In the Principia one must march through more than 350 large 
pages of solid developments before the concept of even the first of the integers 
is encountered. In an introduction designed to attract instead of repelling the 
uninitiated it was necessary to take most of those developments for granted; 
it was necessary to begin with something familiar; and nothing is more familiar 
than the so-called natural numbers, notwithstanding the fact that very few people, 
even among mathematicians, have taken the pains to ascertain the significance of 
these numbers in terms of logical primitives. 

Mr. Russell’s discussion of the natural numbers attaches itself to the great, 
albeit now superseded, work of Peano. “ Having reduced all traditional pure 
mathematics to the theory of the natural numbers, the next great step in logical 
analysis was to reduce this theory itself to the smallest set of premises and un- 
defined terms from which it could be derived. This work was accomplished by 
He showed that the entire theory of the natural numbers could be derived 
from three primitive ideas and five primitive propositions in addition to those of 
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pure logic.” Having paid this deserved tribute to the pioneer work of the dis- 
tinguished Italian, Mr. Russell proceeds to show in detail that and how Pea no’s 
three primitive (undefined) ideas — zero, number, successor — may be defined 
perfectly in purely logical terms and, moreover, that and how his five primitive 
(undemonstrated) propositions admit of rigorous demonstration by means of 
purely logical concepts and propositions. This beautiful achievement, accom- 
plished in less than 30 pages, is very weighty as showing how the entire super- 
structure of traditional mathematics rests upon a purely logical basis. 

The natural numbers are cardinal numbers. On the threshold of this subject 
three questions present themselves: (1) What is meant by saying that two given 
classes have the same cardinal number? (2) What is meant by the cardinal 
number of a given class? (3) What is a cardinal number? Two classes are 
similar if they can be paired in one-one fashion like the class whose members 
are the legs and the class whose members are the arms of a normal human body. 
The answer to question (1) is: two classes have the same cardinal number if 
they are similar. The answer to (2) is: the cardinal number of a given class c 
is the class C of all classes similar to c, i.e. ; of all classes each of which has the 
same cardinal number as a . The answer to (3) is: the class C' of all classes C 
such that each of these has for its members all the classes c similar to. one of them. 
It is interesting to note, in passing, how far the concept, cardinal number, is 
removed* from the domain of perception. 

Evidently cardinal numbers are signless, neither positive nor negative. In 
order to prepare the reader for definitions (in terms of logical constants) of 
positive and negative integers, rational numbers, real numbers, complex numbers 
and other sorts, it is necessary to acquaint him with a certain serviceable stock of 
relations and their chief properties— relations between individuals and classes, 
relations subsisting between classes, and relations, such as likeness of structure, 
holding between relations themselves. After such preparation, which the reader 
receives with pleasure and a growing sense of enlightenment, lie readily discerns 
what manner of things the various kinds of number really are. He finds, for 
example, that a positive or a negative integer, instead of being, like a cardinal, 
a class of classes, is a specific kind of relation between such classes of classes. 
More precisely, if n be any cardinal (finite or infinite) and m be a finite cardinal, 
the positive integer, + m, is the relation of the cardinal, n + m, to n, and the 
negative integer, — m, is the converse relation, namely that of n to n + ru. 

What is meant by a rational number? This, too, is a relation between cardi- 
nals but a different sort of relation from the foregoing one. Tire direct logical 
approach is through the notion of propositional function. A propositional 
function is any statement involving one or more variables. It has the form of a 
proposition but is not one, being neither true nor false since the variables in it 
are but blanks or empty symbols. If it contain but one variable, the function 
determines a class of terms, namely that composed of all the terms which, if 
substituted for the variable, yield true propositions. If it contains two variables, 
say x and y, it determines a dyadic relation, which for mathematics is a class 
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has occasionally relieved the austerity of his discourse by a brief and sudden 
sally, serving to show that the logical faculty, which is the human faculty par 


of couples of terms, where a and b (taken in the order named) will be a couple, a 
member of the class, a constituent of the relation, if and only if, on being sub- 
stituted, u for x and b for ?/, a true proposition results. W e can now define 
precisely what is meant by the rational number m/n where m and n are definite 
finite cardinals. Let x and y be variables denoting finite car / Then the 

statement xn = ym is a propositional function determining a dyadic relation. 
The relation is a certain class of couples (a b ) of cardinals such that, if a and 6 
be substituted respectively for x and y in the function, a true proposition results. 
This relation, this class of couples, is, by definition, the rational number or 
fraction m/n. 

Such rational arc, like cardinals, signless. Positive and negative fractions 
are relations between the signless fractions and hence are relations of relations 
of cardinals. 

What is a real number? There is room here for only a hint. May it suffice. 
A real number is neither a class of classes nor a relation of any kind used above. 
It is, however, a kind of relation called a segment of rationals. What the term 
means may be indicated by an example or two. The rationals arranged in 
order of increasing magnitude constitute a special sort of series, a special sort of 
relation. Now’ consider two parts of this relation: (1) that part consisting of 
all the rationals equal to or less than the rational 2; (2) that part consisting of 
all the rationals whose squares (rationals) are less than the rational 2. Each of 
these parts is a relation, an ordered class of rationals, and is called a segment of 
rationals. Of these segments the first has a boundary, 2, but the second has no 
boundary. These segments are defined to be real numbers; the former one, the 
real (not the rational) number 2; the latter one, the real number, v2. In case 
of unbounded segments it has long been customary to “ postulate” a boundary 
and to call it a real number. It involves some labor to show that the segments 
themselves, which do not require to be postulated, answer the purpose. And Mr. 
Russell's wit is justified: “The method of ‘postulating’ what we want has many 
advantages; they are the same as the advantages of theft over honest toil.” 

It is interesting to observe that in practice the same symbol is used to denote 
essentially different numbers. Thus, for example, the symbol, 2, is employed 
to denote a cardinal number, a positive integer, a rational number, a positive 
rational, a real number, and so on, all of which are radically different things. 

For a fuller account of these matters and for a delightful excursion among 
kindred topics— complex and relation numbers, cardinal, ordinal and serial 
infinities, limits and continuity, selection theory, logical types, and so on— an 
interested reader must go to the book itself, and he will be amply rewarded 
whether he be a high school teacher of mathematics, a philosopher, or a research 
mathematician. 

A distinguished British statesman has said: “I am a statesman but I am 
also a man. It is a pleasure to note, in closing this sketch, that Mr, Russell 
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excellence, consists well with the warmer elements of a broader humanity, A 
citation or two may be in place. “ Pure logic, and pure mathematics (which is the 
same thing), aims at being true, in Leibnizian phraseology, in all possible worlds, 
not only in this higgledy-piggledy job-lot of a world in which chance has im- 
prisoned us. 7 Again: “It is a disgrace to the human race that it has chosen to 
employ the same word 1 is 7 in two such utterances as, Socrates is human, and 
Socrates is a man. 77 Once more: “Men may be defined as featherless bipeds, or 
as rational animals, or (more correctly) by the traits by which Swift delineates 
the Yahoos. 77 

Cassius J. Keyser. 

Columbia University. 

Elements of Vector Algebra. By L. Silberstein. London, Longmans, 1919. 

8 vo. 4+42 pp. Price $1.60. 

Extract from the Preface- — “This little book was written at the instance of Messrs. Adam 
Hilger, and, in accordance with their desire, it contains just what is required for the purpose of 
reading and handling my Simplified Method of Tracing Rays, etc, (Longmans, Green and Co., 
London, 1918) . With this practical aim in view, all critical snbleti.es have been purposely avoided. 
In fact, it is scarcely more than a synoptical presentation of the elements of vector algebra cover- 
ing the needs of those engaged in geometrical optics. At the same time, however, it is hoped 
that this booklet wall serve a more general purpose, viz., to provide everybody unacquainted with 
the subject with an easy introduction to the use of vector algebra. 

“It is scarcely necessary to explain that the deductions given in this book are based on 
Euclid's axioms, notably with the inclusion of his postulate of parallels—upon which the equality 
of vectors is most essentially based. Those readers who are desirous of seeing how the formal 
rules here given can be generalized so as to be valid independently of the axioms of congruence 
and of parallels, may consult the author’s Projective Vector Algebra (Bell and Sons, 1919), and a 
sequel to it published in Phil. Mag. for July, 1919, pp. 115-143. It is, however, advisable for the 
student to become first thoroughly familiar with the Euclidean vector algebra as here presented.” 

Contents — Section 1. Vectors defined, 1-2; 2. Equality of vectors defined, 2-3; 3. Addition 
of vectors, 3-10; 4. Subtraction of vectors, 10-11; 5. Scalar product of two vectors, 11-17; 6. 
The vector product of vectors, 17-21; 7. Expansion of vector formulas, 21-23; 8. Iteration of 
vectorial multiplication 23-25; 9. The linear vector operator, 25-38; 10. Hints on differentiation 
of vectors, 38-40; Index, 41-42. 

NOTES. 

The Elementary Differential Geometry of Plane Curves by li. H. Fowler, 
fellow of Trinity College, Cambridge is the latest issue, number 20, of the Cam- 
bridge Mathematical Tracts (Cambridge University Press, price 6 shillings). 

The beautiful large pages, large type, and wide margins which the American 
Journal of Mathematics maintained for forty-one years have made way for pages 
about one-half as large, smaller type, and narrower margins. 

Among the rich contents of Archimo di Storia della Scienza , volume 1, no. 2, 
June, 1919 (published February, 1920) lire: an unpublished letter by Pierre 
Fermat, edited by G. Giovannozzi, 137-140; a bibliography of the printed -works 
and of the facsimilies of manuscripts of Leonardo da Vinci, by A. Mieli, 177-187; 
a methodical bibliography of works on the history of science (326 titles) published 
in Italy since 1913, by A. Mieli, 195-217; and a review by G. Loria of L. C. 
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Robert of Chester s LaMn Translation of the Algebra of al Khowarismi 
1915) 218-219. 

in December, 1919, completed the jubilee volume of Zeitschrift fur 
hen und naturwissenscdmftU ehen Unterricht alter Schulgattungen , 


In 191 1 Teubner published the first two volumes of the great edition of Leonard 
Euler's Opera Omnia , now being prepared under the auspices of the Swiss Mathe- 
matical Society, a section of the Society of Swiss Naturalists. It was planned 
that the works should contain about 70 volumes and be issued in three series: 
series 1 -opera mathematica, 28 volumes; series II — opera meehanica et astro - 
nomica,' 27 volumes; series III— opera physica, miscellanea, epistolae, L5 volumes* 
Thirteen of these volumes have been published: the two volumes of Dioptric a 
In series III; the two volumes of Meehanica she motus scientia analytice exposita 
in series II; and the following nine volumes in series I — Vollstdndige Anleitung 
zur Algebra; the first of four volumes of Commentationes arithmeticae; the four 
volumes of Instihdiones calculi differ entkdis and InstUutiones calculi integralis; 
the first of the two volumes of Commentationes analyticae (integrals); and the 
two volumes of Commentationes analyticae (elliptic integrals). 


In E. C. Moore’s What the War Teaches About Education and other Papers 
and Addresses (New York, Macmillan, 1919) Chapter 6, pages 95-119, entitled 
“Does the study of mathematics train the mind specifically or universally? ”, 
was an address before the Association of Teachers of Mathematics in New Eng- 
land, April, 1917; chapter 7, pages 120-128, entitled “Mathematics and formal 
discipline again/’ was reprinted from School and Society, December 29, 1917, and 
is a reply to “The inadequacy of arguments against disciplinary values ” by C. N. 
Moore; chapter 8, pages 129-151, entitled “Does the study of mathematics 
train the mind specifically or universally? A reply to a reply,” is reprinted from 
Srhntl and Society, April 27, 1918, in reply to “Does the study of mathematics 
train the mind specifically or universally? A reply” by IL E. Moritz. 


ARTICLES IN CURRENT PERIODICALS. 

Annies sctkntificas da Academia Polytechnics do Porto, volume 13, 1919, no. 2: 
“Pedro Nunes e os infimtamente pequenos” by li. Guimaraes, 65-71— No. 3: “Sur les surfaces 
mglfe” by C. Serrate, 129-151; “Sur Foetaedre h faces triangulaires” by J. Ncuberg, 161-171. 
, ' , Bulletin re la Society Mathematical be France, volume 47, nos. 1-2, 1919: “Les 
fondements de la theorie des fonctions elliptiques” by H. Hancock, 37-42. 

T 1 Bulletin res Sciences Mathematiques/ volume 54, August," 1919: Review -by H. 
DeltJuai of G. Castelmiovo’s Calcolo delle .Pjobabilita (Milano-Roma-Napoli, 1919), 165-L74; 
Review by E. Cartan of G. Bouligand’s Corns de geomelrk analytique (Paris. 1919). 175-178* “ Sur 
les mteg a!e« de Fresnel” by A. Bloch, 179-180. 

Harvard Graduates Magazine, volume 28, March 1920: “An American liaison officer 
m Paris” by J. L. Coohdge, 394-408. 

Mathematical Gazette, volume 9, no. 143, December, 1919; “Report of the Mathe- 
matical Association committee on the teaching of mathematics in public and secondary schools,” 
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393-421 ; “Gleanings far and near,” 421 ; Note on “The series for sin a- and cos *” bv F. Jackson , 
42^-424; Books received, contents of journals, etc.,” i-iv; “The teachers’ library,” i-viii 
[section III (history, about 60 titles), section IV (biography, about 40 titles), section V (philosophy , 
about 3o titles)] \ olume 10, no. 144, Januarjq 1920: “The relations of geography and mathe- 
matics m a well-equipped secondary school” b 3 r J. Fairgrieve, 1-2; “The graphical treatment of 
differential equations (continued) by. S. Brodetsky, 3-8; “Gleanings far and near,” 8, 18; 
'Ratio and proportion” by D. K. Picken, 9-13; “Note on Napier’s logarithms” by W. R. 
Bower, 14-16. 

• ^ Messenger . of Mathematics, volume 49.,- no. 1, May, 1919; “ Factorisation, of 
N & N' = (x» =F y») + (x =F y), &c. [when x - y « 1],” by A. Cunningham, 1-16— June: 
[same], 1/-32. 

Nature, volume 104, December 25, 1919: “The reform of the calendar” by H. C. P[lummor], 
415-416 [First sentence: “Those who have concerned themselves with the question of a reformed 
calendar will find much interesting matter in a report published by a committee which was ap- 
pointed early' in the year by. the Paris Societe d’Encouragemeiit pour F Industrie nalionalc] — * 
January 1, 1920: “Deflection of light during a solar eclipse” by A. Anderson, 436; “Einstein’s 
theory and a map analogue” by E. Cunningham, 437— January 8: “The neglected study of 
probabilities” by G. S. Bryan, 464-465 [Review of Castelnuovo’s book Calcolo dette Probability ]; 
(Milano-Roma-Napoli, 1919). 

Quotation: [“Among the sins of omission for which mathematicians and teachers of mathe- 
matics might be charged, there is probably none which has so vitally affected our national wel- 
fare as the neglect of the study of probabilities. Into every event of ordinary life considerations 
of probability enter in a greater or less degree, and for this reason every boy or girl who has 
learnt to use. vulgar fractions ought to be taught to apply them to simple games of chance, and in 
this way to illustrate the rules for fractional addition, multiplication, and So forth. In default 
of this knowledge, millions of pounds are spent on postal orders in response to attractive offers 
of hundred-pound prizes the expectation value of which is not one-tenth of the price paid. Yet 
it was only recently that the Central Welsh Board excluded probabilities from ail examination 
syllabus in algebra which was simply loaded up with questions on collections of letters and symbols 
that could convey no meaning to the victims of the examination system. 

“Other applications are to such problems as life assurance and statistics . . . Prof. Castel- 
nuovo’s treatise strikes the reviewer as just the kind of book of which it would he worth while 
to publish an English, translation. . . . In our universities a great deal of waste energy in the 
departments of pure mathematics could also be utilized by turning out graduates with a knowledge 
of probabilities and statistics which would filter down through the teachers to the elementary 
schools and thus to the citizens of the future.”] “Deflection of light during a solar eclipse” 
by A. Schuster, 468; “Relativity and radio-activity” by J. Joly, 468; “Retirement of Sir 
Oliver Lodge,” 483 — February 26: “A mathematician’s miscellany,” review by X. R. G. of 
M. Leeat’s Pctisecs sur la science , la guerre ct sur cles sujets ires varies (Bruxelles, 1919), 689-690; 
“ Gravitational deflection of high-speed particles” by Leigh Page, 692-693 — Volume 105, March 4: 
“The Einstein deflection of light” by A. D. Grommelin, 23-24 — March 11; “Mathematical 
cosmogony” by H, C. Plummer, 31-32 [Review of J. II. Jean’s Problems of cosmogony and stellar 
dynamics , (Cambridge, 1919)]; “ Gravitational deflection of high-speed particles” by A. S. Edding- 
ton, 37; “Gravitational shift of spectral lines” by H. Jeffreys, 37-38; “The mariner’s compass,’ 7 
44; “'The gyrostatic compass” by S. G. Brown, 44-4S. 

Nouvelles Annales be Mathematiques, volume 78, August, 1919: “Theoreme 
general sur les equations algebriques” by M. Petrovitch, 281-284; “Sur Fidentitd de Regout” 
by B. Gambier, 284-297; “Concours d’agregation de 1914,” 297-31 1 ; “Solutions de questions 
proposes,” 311-320 — September: “Demonstration du theoreme fondamental de la theorie des 
Equations algebriques” by L. Pomey, 321-324; “Sur le rapport anharmonique” by M. Auric, 
325-329; “'Sur les courbes a axe orthoptique et les courbes de direction ” by M. d’Ocagne, 329-338 ; 
“Remarques geometriques sur une question de concours a l’Ecole Polytechnique cu 1919” by P. 
du Plessis, 338-342; “Agregation de Feuseignement secondaire des jeunes filles: concours de 1919. 
— Probleme de geom<§trie et de geometric analvtique,” 342-354; “Sur la determination du rayon 
de courbure en coordonnte polaires” by M. d’Ocagne, 354-356; “L’enseignement mathematiques 
h Funiversite de Strasbourg,” 356-360 — October: “Sur le complexe. de Painvin,” by A. Myller, 
361-365; “Quelques applications d’une remar que de M. d’Ocagne” by M. F. Egan, 365-868 ; 
“Quelques applications des formules vectorielles (L) ” (continued) by — Levengle, 36S-373; “Trois 
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demonstrations des theoremes do Fermat et de TS'ilson” by L. Pomey; 373 oSO [ Si p est un 
nombre premier et a un entier non divisible par lui, p divise <x p 1 ~ 1 (Fermat) et (p — 1). + 1 
(Wilson)”]; “Em-eloppe des plans des faces des hexaedres dont les diagonales sont. portees par 
des droites donnas” by G. Fontene, 380-391; “Observations sur les triangles rectangles en 
noinhres on tiers et les suites de Fibonacci” by C. A. Laisant, 391— 897 5 Review by R. Bricard of 
G. Bouligand’s Cnurs de geometric analytique (Paris, 1919), 397-399; “Questions,” 399-400. 

Philosophical Magazine, London, sixth series, volume 38, December, 1919: “The 
kinematics of the eye” by H. Lamb, 685-695 [“This subject should be of interest to mathe- 
inal ieians, for it is almost t he only field where the theory of finite rotations, so elegant geometrically, 
finds a practical application, 

“The theory of the movements of the eye was investigated very completely by Helmholtz, 1 
and forms a considerable chapter of his Physiologisehe Qptik. 2 The mathematical part of the 
exposition is rather elaborate, and has 1 think somewhat obscured the essential simplicity of the 
matter. There is a decided gain in this respect, as I wish to show, if we adopt a purely geometrical 
treatment, based mainly on theorems of Donkin and Hamilton, which were indeed anterior in 
date to Helmholtz’s work but could hardly have been known to him”]; “On some aspects of the 
theory- of probability” by Dorothy Wrinch and H. Jeffreys, 715-731 [“Summary: It is shown 
that the attempt to give a definition of probability in terms of frequency is unsuccessful. Laplace’s 
definition, apparently in these terms, really involves implicitly the concept of probability and is 
therefore circular in character. Veun’s definition in terms of the limit of a series is unsatisfactory 
because there is no reason to believe that his series do in fact usually tend to a limit; it is shown 
that there are many cases where they do not ; and as his process is incapable of being carried out, 
the existence of such a limit can in any case only be known a priori if at all, so that his method 
offers no advantage over that of regarding probability as an entity known to exist independently 
of definition, intelligible without such definition, and perhaps indefinable. 

“A set of axioms on which a mathematical theory of probability can be based is then given, 
which seems to offer certain advantages over the current ones. In particular it is capable of 
covering cases where the principle of sufficient reason cannot be applied to assess probability. It is 
also shown that a complete theory of probability must allow for the use of infinitesimals. 

“A discussion of sampling induction is given, in which it is shown that when the sample is 
large enough the prior probabilities of different constitutions of the whole do not usually affect 
appreciably the probabilities inferred after the samples have been taken. Also the range within 
which the fractional constitution is as likely as not to lie includes the fractional constitution of the 
sample, and its extent is inversely proportional to the number of the sample itself, whatever be 
the number of the whole.”]— January, 1920: “Note on the construction of a parabolic trajectory 
and a property of the parabola used by Archimedes ” by W. B. Morton and T. C. Tobin, 157-160, 
—February: “The recent eclipse results and Stokes-Planek’s aether” by L. Silberstein, 161-170; 
“Note*, on the possible structure for the aether” by O. J. Lodge, 170-174. — March: “Parametric 
solutions for a fundamental equation in the general theory of relativity, with a note on similar 
equations in dynamics” by E. T. Bell, 285-288; “On the measurement of time— a rejoinder to 
Dr. X. Campbell” by L. Silberstein, 366-372; Review of J. II. Jeans’s Problems of Cosmogony 
and Stellar Dynamics (Cambridge, 1919), 377-378; Review of L. C. Karpinski, H. Y. Benedict 
and J. W. Calhoun’s Unified Mathematics (Boston, 1918), 380-381 [Last paragraph: “The whole 
book is very elegant and stimulating, and carries Perry’s pioneering ideas to a high stage of develop- 
ment and pitch of perfection”]; Review of H. Lamb’s Elementary Course of Infinitesimal Calculus 
(Revised edition, Cambridge, 1919), 381-383. 

Proceedings of the Edinburgh Mathematical Society, volume 37 (session 1918- 
39), issued November, 1919: “The Stirling numbers and polynomials” by C. Tweedie, 2-25; 
“ Note on the complete Jacobian elliptic integrals” by F. Bowman, 26-32; “A theorem of Sonine 
m Bessel functions, with two extensions to spherical harmonics” by J. Dougall, 33-47; “On the 
stereometric generation of the De JonqiuAres transformation” by J. F. Tinto, 48-58; “The co« 
symmedian system of tetrahedra inscribed in a sphere” by W, L~ Marr, 59-64; “ Determinants! 
systems of apolar triads in a conic” by W. L. Marr, 65-68; “ Determinantal systems of apolar 
j™^ 3 to® twisted cubic” by W. L. Marr, 69-75; “Approximations to the length of an arc” 
^”^9; “Relations between the integrals of the hypergeometrie equa- 

, i;T eb ?r, di ® normakl1 Bewegimg des roenschlichen Auges” (1863), reprinted in Wisseii 
Bchafthche Abhandlungen, vol. 2, p. 360. 

2 First edition, 1866; second edition, 1896. 
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tion” by T. M. MacRobert, 80-84; “Theorems connected- with the differentiation of acirculant” 
by W. H. Metzler, 85-96; “List of Members, 1918-19” 97-104. 

Proceedings of THE Royal Society, London, volume 97, no. A6S1, March 1, 1920: 
“ Discussion on the theory of relativity” [on February 5, 1920] by J, H. Jeans, A. 8. Eddington, 
F. W. Dyson, A. Fowler, E. Cunningham, H. F. Newall, and L. Silberstin, 66-79. 

Revista Matematica Hispano- Americana, volume 1, nos, 8-9, October-N o vember, 
1919: “Daniel Augusto da Silva, su vida y su obra cientifica” by F. Gomes Teixeira, 287-243; 
“Puntos notables del triangulo” by P. M. Gonjzdlez Quijano, 244-251; “Algunas nociones de 
andlisis situs” by O. Fernandez Banos, 252-258; “La sueesion de Fibonacci” (third article) by 
F. Vera, 259-263; Problems and solutions, 264-269; “Cr6nica,” “Notap necroldgicas,” “Revista 
de revistas,” “Bibliografia,” “Glosario matemdtico,” 270-292; “ Volumen del prismatoide” by 
L. Catald, 293-296. 

SCHOOL Review, Chicago, volume 28, no. 1, January ,1920: “A failure class in algebra” 
by 0. A. Wood, 41-49. 

SCHOOL AN!) SOCIETY, volume 10, December 27, 1919: “The work of the national com- 
mittee on mathematical requirements,” 765-766; “A queer mathematical conjecture” by G. A. 
Miller, 773 — Volume 11, January 24, 1920: “The work of the national committee on mathe- 
matical requirements” by J. W. Y[oung], 110-111, 

School Science and Mathematics, volume 19, no. 9, December, 1919: “What is prac- 
tical mathematics?” by D. H. Moskowitz, 827-829; “Marginal notes on Cajon's History of 
Mathematics” by G. A. Miller, 830-835; “Some mathematical howlers,” 835; Problem depart- 
ment, 836-840; “The socialized recitation in mathematics” by F. E, Buss, 844-848; Book 
reviews, 862-868 — Volume 20, no. 1, January, 1920: “A few live projects in high school mathe- 
matics” by F. M. Rich, 34-45; “Applied mathematics for high schools” by E. H. Barker, 46-51; 
“Determination of the Brocard points” by J. C. Camplain, 51; Problem department, 86-90; 
“ Notes and news regarding the work of the national. committee on mathematical requirements, ”92. 
— February: “The relation of vocational guidance to our teaching of science and mathematics ” 
by Anna Y. Reed, 105-113; “Correlation of mathematical subjects” by E. R. Brestieh, 125-134; 
“Weighting data” by J. P. Ballantine, 140-141; “The differential pulley or chain hoist” by W. F. 
Roecker, 142-143; Problems and solutions, 174-176. 

SCIENCE, new series, volume 51, January 2, 1920: “Time, space and gravitation” by A. 
Einstein, 8-10 [Quotation: “Thus the new theory of gravitation diverges widely from, that of 
Newton with respect to its basal principle. But in practical application the two agree so closely 
that it has been difficult to find cases in which the actual differences could be subjected to obser- 
vation. . . . No one must think that Newton's great creation can be overthrown in any real 
sense by this or by any other theory. His clear and wide ideas will for ever retain their significance 
as the foundation on which our modern conceptions of physics have been built.” | — January 9: 
“ Weight of a body moving along equator ” by E. V. Huntington, 45-46 [“ To the Editor of Science: 
A prominent engineer, Dr. Carl Bering, recently proposed to me the following question: ‘Does a 
body in motion along the earth's equator weightless (or more) than the same body at rest?' 
Since this question, in some form or other, has come up several times in recent discussions, the 
following solution, although entirely elementary, may be not without interest. . . . There are 
two speeds [of a train], one westward of about 18,700 miles per hour, and one eastward of about 
16,700 miles per hour, at which the 'weight' of the body as measured by an observer on the train 
(that is, the tension in the supporting string . . . ) would be zero.”]; “An odd problem in mech- 
anics” by C. Hering, 46 [the one discussed by E. V. Huntington]— January 16: “Recent advances 
in dynamics” by G. D. Birkhoff, 51-55 [address of the vice-president and chairman of Section A, 
Mathematics and Astronomy, of the American Association for the Advancement of Science, 
St. Louis, December, 1919]— January 23: “Concerning application of the probable error in cases 
of extremely asymmetrical frequency curves” by E. L. Michael, 89-91; “The American Mathe- 
matical Society” by F. N. Cole, 91-92— February 6: “Gravity and aerostatic pressure on fast 
ships and air-planes,” by A. McAdie, 144-145— February 13: “Further history of the calculus” 
by A. S. Hathaway, 166-167— February 20: “The conference at Cleveland on the history of 
science” by L. Thorndike, 193-194— February 27: “A proposed method for carrying triangulation 
across wide gaps” by II . L. Cooke and H. N. Russell, 211-213; “Two new’ base maps of the United 
States,” 213-214 — March 5: “Some aspects of physics in war and peace” by G. F. Hull. 221-233 
[Address of the vice-president and chairman of Section B, Physics, American Association for the 
Advancement of Science, St. Louis, December, 1919]; “Mathematics at the University of Straa- 
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bourg” by E. B. Wilson, 243— March 12: "Einsteins' law of gravitation” by J. S. Ames, 253-261 
iPnwiential address delivered at the St. Louis meeting of the Physical Society, December 30, 
1916 ]: “An odd problem in mechanics” by W. D. Lambert, 271-272 [First paragraph: “The 
following statements are intended to throw light on the questions raised by Dr. Heririg in his letter 
entitled ‘An odd problem in mechanics’ in Science for January, 9, 1920”]— March 26; “Modern 
interpretation of differentials” by E. V. Huntington, 320-321 [“Without attempting to discuss 
till* historical questions involved, I wish to point out that the theory of 'differentials’ given by 
Professor A. 8. Hathaway in Science for February 13, would prove highly misleading to the modem 
student ”]; “Weight and centripetal acceleration” by B. L. Newkirk, 321 [First sentence: “ Mr. 
Carl Bering’s suggestion for a new form of dynamic compass ought to be challenged before some 
one organizes a company to work the idea out on a commercial basis.”] 

SCIENCE Progress, volume 14, January, 1920: “Recent, advances in pure mathematics” 
by Dorothy Wrincli, 361-369; “Evolution and irreversibility ” by A. J. Lotka, 406-417; “Philip 
Edward Bertrand Jourdain,” 448-451; Reviews by Dorothy Wrineh of L. E. Dickson’s History 
of l he Thorn of Number*; Vol /, Divisibility and Primaliiy (Washington, 1919) and of C. E. 
CulhVs Matrices awl Determinoids , Vol. II (Cambridge, 19 IS), and by P. E. B. Jourdain of J. 
Milne’s The Analytical Geometry of the Straight Line mid Ike Circle (London, 1919), 497— 499. 

Technology Review, Cambridge, Mass., volume 22, no. 1, January, 1920: [Various tributes 
to Richard Cockburn Maelaurin, 1870-1920, portrait frontispiece], 13-49. 

Tohoku Mathematical Journal, volume 16, nos. 3-4, November, 1919: “Flat-sphere 
geometry,” (third paper) by J. Eiesland, 184-235; “On a certain class of geometrical figures ” by 
K. Yoneyama,. 236-263; “ On the relations' between .the roots of certain two transcendental func- 
tions” by Y. Okada, 264-269; “On the theory of Stackel curvature” by K. Ogura, 270-290; “On 
the convergence-abscissa of a certain definite integral” by K. Kurosu, 291-298; “On the wan- 
sanhis of the Sendai, Ichnoseld, Morioka, and Hirosaki hans ” [in Japanese] by T. Hayashi, 299- 
333; New Books, Contents of Periodicals, Miscellaneous Notes, 334-348. 

Transactions of the Cambridge Philosophical Society, volume 22, no. 15, Octo- 
ber, 1919: “ Asymptotic satellites near the equilateral-triangle equilibrium points in the problem 
of three bodies ” by D. Buchanan, 309-340. 

University of California Publications in Mathematics, volume 1, no., 8, Feb- 
ruary 18, 1920: “A list of Oughtred’s mathematical symbols with historical notes” by F. Cajori, 
171-186 — No. 9, February 17: “On the history of Gunter’s scale and the slide rule during the 
seventeenth century” by F. Cajori, 187-209 — No. 10, February 17: “On a birational transfor- 
mation' connected with a pencil of eubics” by A. R. Williams, 211-222 — No. 11, February 17: 
“Classification of in volutory cubic space transformations” by F. R. Morris, 223-240. 

University of Texas Bulletin, no. 1905, January 20, 1919: Some dangers in establishing 
a pension system and the proper precautions by E. L. Dodd, 26 pp. 

r Washington University Studies, scientific series, volume 7, no. 2, January, 1920: 
“Notes on the geometry of the characteristic curves of the synchronous motor ” bv A. S. Langford, 
47-57 ; “Geometric description of the halo on the dome of the St. Louis cathedral” by W r . H. 
Roever, 59-65 [An analytic derivation of the form of this halo was given by the author in this 
Monthly, December, 1913, volume 20, pp. 299-303]. 

YaJjE Review, volume 9, no. 3, April, 1920: “Einstein’s theory of gravitation” by L. Page, 
570-585. 

^^eitschrift fur mathematischen und naturwissenschaftlichen Unterricht, 
volume oO, 1919, nos. 6-7 : “Die Interpolation im mathematischen Unterricht” by G. Wolff, 
201 - 210 ; “Geduldspiele” by B. Kerst, 211-212; “ Konstruktion des Sehussnetzes fur die Artil- 
ierie ’ by^A. Krebs, 213-217; “Graphisehe Losung der Gleichung x 3 + ax -j- h — 0” by O. 
D6rge, 2D-219; “Uber die Verknupfung des Pothenotsehen Problems mit einigen anderen” by 
F. Real, 219-222j Das Buehsieb” by Friese, 223-225; “Zeichnerische Losung astronomischer 
Aufgaben by W.JMisar, 225-227; “Das Minimum der Ablenkung” by M. Brties, 227-228— 
Nc>s, 8-9: “Der Einfluss der Kriegs erfahrungen auf den mathematisch-physikalischen Unter- 
ncht der hoheren Schulen ” by W. Lietzmann, 249-267 ; “Ueber zwei Fragen, die mit dem Problem 
aer Keferenz-ltaohen des Himmels and der Gestirne zusammenhiingen” by A. Muller, 267-271 — 
No. 10: “ Rudolf Sturm zum Gedachtnis” (with portrait) by W. Lorev, 289-293; “Ein Beitrag 
ssur sehulgemassen Behandlung der Tragheits-momente” by E. Rehfeld, 294-301; “Zum Satz 

by R. 301-305; “Modell zur Anwendung der Peripheriewinkelsatze” by 

A, 1‘inzel, 305-307 . : u A; ; £ > Af / ■ — 
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UNDERGRADUATE MATHEMATICS CLUBS. 


Edited by IT. G. Mitchell, University of Kansas, Lawrence. 

NOTES AND SUGGESTIONS. 

A Junior Mathematics Club was organized at Cornell University in the early 
part of the present academic year. One feature of this club's work seems to the 
editor well worth incorporating into the program of other undergraduate dubs. 
In response to a request from the students, a member of the faculty devoted an 
hour to explaining to the club “the utility and value of each of the mathematical 
courses offered by the University beyond the freshman year; what courses would 
be of greatest value to the student of chemistry, of physics, of biology, of 
economics, of education, and for further mathematical development; and, in 
each case, some of the reasons why the course suggested was of particular value 
in the field indicated.” 

In response to a request 'published some time ago for suggestions as to mathe- 
matical games suitable for club uses in social meetings, Mrs. W. E. Beckwith 
of the College for' Women, Western Reserve University, Cleveland, Ohio, sends 
the following: “Place a fairly good-sized mirror upright on a table and have each 
student draw a four-inch square with its diagonals by watching his movements 
in the mirror. I find it necessary to cover the hands to insure use of the mirror 
only. This undertaking is far more difficult than it would appear to be and is 
certain to ‘ break the iee J on any occasion.” 

In response to the same request Professor Elizabeth B. Cowley of Vassal* 
College, Poughkeepsie, N. ¥., writes that their club has used mathematical 
adaptations of some of the familiar guessing games. For example, a theorem 
in geometry was selected and each person of a group took one word of the theorem. 
The person who had been sent “out” returned and asked each a question to 
which she replied, using in the reply, her word in the theorem. This game was 
most successful when the theorem selected was quite familiar. Another game 
was that in which one member was sent out and all the others selected a mathe- 
matical term. When the person returned, she had the privilege of asking twenty 
questions about the term, selecting the persons to be questioned. Each person 
questioned must answer, but without mentioning the term. Of course, if the 
questions are skilful and the answers are less so, the term is quickly guessed. 
At one of its meetings the club played charades using mathematical terms as the 1 
words to be represented -by acts. 


CLUB ACTIVITIES. 


The Mathematics Club of Brown University, Providence, R. L [ 1918 , 

33-34; 1919 , 167; 1920 , 28.] 

The Mathematics Club of Brown University issues annually a printed folder 
announcing the program for the year and containing the list of officers and 
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information concerning dates and places of meeting. From the 1919-20 folder 
we have taken the data given below. 

The programs for the year are as follows: 

November 7, 1919: “Women as mathematicians and astronomers” by Rachel T. 
Easterbrooks ’20; “ Geometric proofs of the law of tangents” by Clarence M. 
Eddy ’22; “Logarithmic spiral shapes for cams and wheels” by Chauncey 
I). Wentworth ’20. 

December 12: “Hyperbolic functions and some of their practical applications” 
by Fred L. Itschener ’21; “Probabilities in the game of shooting craps” by 
Everett L. Sweet ’21. 

February 13, 1920: “History and development of logarithms” by Allen A. 

Edgcomb ’22; “Arithmetic prodigies” by Harold B. Yeaton ’21. 

March 12: “Imaginary quantities and their graphs” by Martha W. Watt, Gr.; 

“Map-making” by Raymond L. Wilder ’20. 

April 9: “Projective methods of generating curves” by Professor Helen A. 

Merrill of Wellesley College, Wellesley, Mass. Club picture. 

May: (date to be announced later) : Picnic. 

At some time during the year Professor David Eugene Smith of Columbia 
University, N. Y., is to give an illustrated stereopticon lecture on “The history 
of mathematics” but at the time of this writing (April) the date has not yet 
been definitely determined. 


The Junior Mathematical Club, University of Wisconsin, Madison, Wis. 
[1918, 188-189, 457-458.] 

Regular meetings of the club are held on the second and fourth Thursdays of 
each month. It is planned to have faculty members speak at about half of the 
meetings and students (usually two at each meeting) furnish the programs for 
the other meetings. The club has two picnics each year — one in the fall for the 
purpose of arousing interest in the club and of getting the mathematics students 
acquainted with each other, and one late in the spring which serves as a farewell 
to the senior members. 

’I he club is open to both men and women and includes not only those majoring 
in mathematics but also a number who have minors in mathematics (chiefly 
students of physics and chemistry). The membership for the year 1918-19 was 21 
and for the year 1919-20 between 25 and 30. 

The officers for the year 1918-19 were: President, Eva Thornton ’19; vice- 
president, Arlisle Schumacher ’21; secretary-treasurer, Ruth Conlin ’19. 

Because of the S. A. T. C. and the influenza epidemic no meetings were held 
in the fall of 1918. The programs for the meetings since then up to the time of 
sending in this copy are given below. 

January 21, 1919: "French mathematics” by Professor Edward B. Van Vleek. 
February 4: “ Italian mathematicians ” by Professor L. W. Dowling. 

February 13: Continuation of discussion of “Italian mathematicians” including 
some personal experiences as a student in Italy, by Professor Dowling. 
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PROBLEMS AND' SOLUTIONS. 


February 27: “Who’s who in modern mathematics” by Professor .Ernest B. 
Skinner. 

March 13: “The trisection of an angle by means of conic sections” by Madge 
Ryan ’20; “Curves” by Ethel Vasey T9. 

April 16: Social evening at the home of Professor and Mrs. Dowling. Illus- 
trated lecture on “Famous mathematicians” by Professor Dowling. 

May 8: “Works of Archimedes” by Professor Charles S, Slichter. 

May 22: Business meeting for election of officers. Officers elected for the year 
1919-20: President, Margaret Lee ’20; vice-president, Ruth-Marie Urban 
’20; secretary-treasurer, Gladys Baur ’20. 

October 21: Picnic. 

October 30: “Classification of curves and surfaces” by Professor Van Week. 

November 13: “Some surprises in the history of mathematics” by Professor 
Dowling. 

December 4: “Mathematical recreations” by Estelle Stone ’20 and Madge 
Ryan ’20. 

December 18: “Graphical calculation” by Professor Arnold Dresden. 

January 8, 1920: “Numerals of antiquity” by Ruth-Marie Urban ’20; “Life 
and works of Abel” by Alta Gudsos ’20. 

January 22: “ Integers ” by Professor Skinner. 


PROBLEMS AND SOLUTIONS. 

Edited by B. F. Finked and Otto Dunked. 

Send all communications about problems and solutions to B. F. FINKED, Springfield, Mo. 

Note on Caustics. 

By Otto Dunked, Washington University. 

The purpose of this note is to show that the formula (3), which was de- 
rived by Professor da Cunha in another way in his solution of problem 2708, 
below, has a somewhat wider application. If from a point F rays of light fall 
upon the concave side of a curve T in a plane containing the point, and the reflected 
rays intersect on the same side, the envelope y of these reflected rays is called 
the caustic of T with respect to the point F. Let M be a point of F, F' the point 
in which the ray reflected from M lias contact with y, w the angle of incidence, 
R = MO, the radius of curvature of F at M, 5 — FM and S' = MF'. Then 
it may be proved that 
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perpendiculars from F and F' upon the normal M T and by considering two pairs 
of similar triangles, it is easily seen from a figure that 


From (1) and (2) there results at once 


' ' COS' £0 

the formula mentioned above. 

If the curvature of the curve F is such that the point F' lies on the side 
opposite to F, then by a very slight modification of the derivation given by Hum- 
bert it may be shown that (1) is again true provided that 5' be regarded as 
negative. In this case there is no caustic by reflection in the physical sense and 
it is not considered by Humbert. Also a proof similar to that indicated above 
shows that (2) also is true if S' be regarded as negative. Thus (3) is true for 
both cases. It is thus somewhat more general and at the same time simpler than 
(1) ; it also has the advantage of being more convenient for geometrical construc- 
tions. Thus, if the point 0 has been found on the evolute of a curve F corre- 
sponding to the point M of T, the formula (3) gives an easy construction for the 
point F‘ on the caustic of F with respect to a given point F. If, for example, the 
curve F is a circle the caustic may be easily traced by this construction. If, on 
the other hand, T is a conic and F is a focus, then y reduces to the other focus, 
or to a point at infinity in the case of a parabola, and the formula gives the 
construction given by Professor da Cunha. 

Another construction for the center of curvature may be derived from 
a property of triangles. In any triangle FMF' let C be the middle point 
of the side FF 1 , T the point in which the bisector of the angle at M meets 
FF', P the point in which the side FM is cut by the perpendicular to the bisector 
at T, 0 the point in which the perpendicular to FM at P meets the bisector MT 
(0 is the center of curvature when F, F' and M have the meaning above) and 
finally Q the point in which TP meets CM. The property referred to is the fact 
that QO is perpendicular to FF'. A similar theorem is true for the external 
bisector. The second construction, which applies to the general case as well as 
to conics, is then as follows: Erect a perpendicular to the normal at the point 
where it cuts the axis and from the point in which this perpendicular meets 
the line joining the center with the given point on the curve drop a per- 
pendicular to the axis and produce it to meet the normal. This point is the 
center of curvature. 

PROBLEMS FOR SOLUTION. 

2829. Proposed by E. s. palmer, New Haven, Conn. 

Given a set of arbitrary pairs of positive integers (a p , b p ), (p = 1, 2, •••, n) : (a). Is it 
always possible to find a set of positive integers k p , (p = 1, 2, •■•,«) such that 

» ' rssn. 

k*ap + h’b > S **ir, (p = 1,2,3, •••,»). 

(h) If or when possible, show how to find k p ? 
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2830. Proposed by william hoover, Columbus, Ohio. 

An elastic string connects a pair of opposite vertices of a square whose sides are four equal 
rods freely jointed, each of length 2 a. The system is suspended vertically from a vertex attached 
to the string and is at rest. If the String be cut, and 0 is the acute angle any side makes with the 
vertical at any moment during the motion, determine the angular velocity of any rod. 

2831. Proposed by B. J. BROWN, Kansas City, Mo. 

00. 

Given that the series %'a n y* is absolutely convergent when | y j <1, prove that the series 
o 

S «»( 2 x cos 8 — x 2 ) n may be arranged in powers of -x provided \x\ < | . 

oc 

Prove that if x lies between 1 and 2, the series % (2x — x 2 ) 11 is.- convergent and consists only of 

o 

positive terms, but that the series obtained by arranging it in powers of x, diverges. 

2832. Proposed by S, A. COREY, Des Moines, Iowa. 

Prove that the square of the sum of four squares is the sum of four squares, that the square 
of the sum of eight squares is the sum of six squares, and that the square of the sum of sixteen 
squares is the sum of ten squares. 

2833. Proposed by W. H. ECHOLS, University of Virginia. 

In Engineering , London, during 1917 appeared the following equations concerning the 
stability of ships; they are employed by the naval constructors in the Norfolk, Virginia, Navy 
Yard, and they are of importance, 

tan 3 0 o + — tan 0 O — — = 0, 
p p 

tan 3 (0o Oi) d tan (0o -f* 0i) * — — 0, 

p PP 

tan 3 (0o — 62 ) + — tan (0« — 9 2 ) — — -f — = 0. 

P P P 

The required unknowns are 0 O , Xo and m. The constants have values as follows, &i and are 
positive angles ranging from 15' to 10°, x is positive and less than 5, and p is positive with consider- 
able range of values. A rapid solution involving small labor is desired, determining Xa within 
the same limits as given for x. 

SOLUTIONS OF PROBLEMS. 

2740 [1919, 35]. Proposed by E. W. CHITTENDEN, University of Illinois. 

Establish the identity (the determinant is of order n ) : 


a — X, 

a, 

a, 

a | 

a, a - 


a, 

a! 

a, 

a, 

a — X, 

*, a 


. s ( — l)»“ l X w '" 1 (na — X). 

<2, 

<x f 

a, • 

>•, a — X 


Solution by L. E. Mensenkamp, Freeport, Illinois, 

We proceed to establish this relation by mathematical induction. The relation is obviously 
true for n m 2. Assume it is true for a determinant of order n as written above by the proposer. 

Multiply both sides of this equality by t X _ ^ ' The ri « ht - han ' 1 mwnber of the 



' II. Solution by the Proposer, 

A (by algebra). 

Let P = annual premium, p = quarterly premium = p, 


r = annual rate of interest, 
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resulting expression is (- 1 ) n X n [(?i + l)a - X], and is of the form demanded by our theorem by 
the ease of n + 1. The left-hand member of- the resulting expression may be written so that 
its determinant is of order n + 1, 

0, 

a — X, 
a. 


nc L + a x 

na — X 


a 


0, 

a, 

X, 


Here the — X of our multiplier appears as the element in the first row and first column of the 
determinant of order n + 1. Add the second, third, and each of the following rows in turn to 
the first- row obtaining an equal expression, the new determinant being exactly the same as that 
in (!) above except that the elements of the first row are now all na — X. Multiply the factor 
preceding this determinant into the elements of the first row obtaining a third determinant which 
is again exactly like (1) except that the elements of the first row are now all na 4~ a — X. Subtract 
the second, third, and each of the following rows from the first, thus obtaining a determinant of 
order n + 1 and of precisely the form demanded by our theorem if it is to be true in the case of 
n -f L Thus, if the relation is true for n, it is also true for n + 1, and the induction is complete. 

Also solved by A. L. Candy, P- J. ha Cunha, L. D. Hand, A. M. Harding, 
R. A. Johnson, L. C. Mathewson, H. L. Olson, A. Pelletier, J. L. Riley, 
G. Y, Sosnow, Elijah Swift, and C. C. Yen. 

2744 [1919, 37]. Proposed by E. B. ESCOTT, Chicago, 111. w 

An insurance company computes its quarterly premiums by adding 6 per cent to the annual 
premium and dividing by 4. If a policyholder pays quarterly, what rate of interest is he paying? 

L Solution by Elijah Swift, University of Vermont. 

If we assume that this means that the policyholder sets aside the annual premium at the 
beginning of the year, pays the first of the quarterly premiums out of it, lets the remainder lie at 
interest for three months, then deducts the second premium, and so on, the interest will be com- 
pounded quarterly, and the present worth of the four premiums at the beginning of the year 
must equal the annual premium. If we call the annual premium, 4P, and the (unknown) annual 
interest rat e, 4i, each quarterly premium will be 1.06P and we have the equation 


1.06P , 1.06P 


X.06P 


= 4P 


1 . 06 P + = 4P 

1 + t i 4~ 2i 1 -j- St 


^ (1 + (1 + if 

This cubic may be solved by Horner's method, whence 4i = 16.11 per cent. 
If interest be compounded semi-annually, we have a quadratic, 

imp + ^ p .+±™ p .+ i-oep— 

1 4- i 1 +' 2 i' (1 -}- i)(l + 2i) 


whence 4/ = 1(133 per cent. 

If interest be reckoned as simple (compounded annually) we have to solve the cubic 


whence 4t * 1(154 per cent. 

In any ease, then, the policyholder must pay over 16 per cent for the accommodation. 
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We have the equation 


Putting 


(p~P>[i+lJ-p[i + lJ~v[y+i}-v-o. 


and substituting value of P, we have the equation 

294a: 3 - 106a: 2 - 106.r - 106 - 0. 

Solving by Horner’s Method, we have 

x = 1 + 1 = 1.0402S, 

r = .16112 = 16.112 per cent compounded, quarterly. 

B (by arithmetic). A more elementary and more “practical” method is the method by 
trial and error. A few trials will show that the rate is something over 16 per cent. 

First Trial. Taking the rate as 16 per cent and the annual premium as 100, we have the 
scheme,* — 

Annual premium due 100.00 

First quarterly premium paid 26.50 

73.50 

Interest for three months 2.94 

76.44 

Second quarterly premium paid 26.50 

49.94 

Interest for 3 months 2.00 

51.94 

Third quarterly premium paid 26.50 

25.44 

Interest for 3 months 1 .02 


Fourth quarterly premium. 26.50 

First error 0.04 

We see that 16 per cent is slightly too small. 

Second trial. Taking the rate as 16.2 per cent., we have, in the same way as before, an error 
of + .03. 

Forming a table 

Rate i Error 
16 —.04 

16.2 1 +.03 

By interpolation, the rate that will give zero error is 

16 + | X .2 ~ 16.114 per cent. 

If greater accuracy were required, repeat the computation with the last rate and interpolate 
again. 

Also solved by G. N. Armstrong, H. N. Carleton, and IL L. Olson. 

2747 [1919, 72]. Proposed by baniel kreth, Wellman, Iowa. 

In the right triangle ARC, right angle C, we have given on the hypotenuse the segments 
AD = 15, DE = 10, EB = 15, and the angle DCE equal to the angle ECB. Find the angle 
DCE } and the sides AC and BC, 
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Solution by Emma M. Gibson, Springfield (Mo.) High School, 

The sum of n terms of an arithmetical progression is expressed by the formula 

_ w (ai + dn) 


where at and a n are the first and nth terms, respectively. 

Hence, <% ~ n(ai + a n )/2, s 2n = 2n(ai -f a in )l 2, and s 3n = 3n(ai + a 3 »)/ 2 are the sums of 
the first n terms, the first 2 n terms, and the first 3n terms, respectively. Now a 2 « = a» + nd, 
dm * <Hn + nd = a n + 2nd, d being the common difference. 

Then s 2 * '** 2n(di + a„ + nd)/2 and s u - 3n(ui + a n + 2nd)/2 and 

B%n - S n « 2n(ai + On + nd)1 2 — n(a x + a n )l 2 = n(>i + a n -f 2nd)/2 = s u ! 3. 

Also solved by R. D. Bohannan, H. L. Bridges, Jr., H. N. Carleton, 
W. F. Cheney, Jr., P. J. da Cunha, H. C. Gossard, William Herberg, C. N. 
Mills, Louis O’Shaughnessey, H. L. Olson, A. Pelletier, J. B. Reynolds, 
I. S. Sun, and Elijah Swift. 

2768 [1919, 171]. Proposed by PAUL CAPRON, U. S. Naval Academy. 

Given the center, a focus, and a point of a conic, construct geometrically the circle of curvature 
at the point. : : 



PROBLEMS AND SOLUTIONS, 


L Solution by P. J. da Cunha, University of Lisbon. 

Soient F le foyer doling, C le c entre, F f Pautre foyer, determine sur FC par CF' - FC * c, 
2 a et 2b les axes de la conique, e = Va 2 =fc b ~fa son excentricite, 2p son parametre, M le point donn4, 
5 et S' les rayons vecteurs FM et F'M , 22 et n le rayon de courbnre et la longueur de la normale 
MT a la conique au m^rne point, 2co Tangle FMF' pour P ellipse et son supplement pour P hyperbole, 
x, y les coordonnees de M, en supposant la conique rapportee k ses axes. 

En considerant d’abord le cas d’ellipse, nous partirons des tommies conrmes 


d’oii 11 resulte, en premier lieu 
„ _ ah/ + W __ a?(a~b 2 


Le triangle FMF' donne, d’autre part, 4c 2 = 5 2 -f 5'“ — 285' cos 2w = (8 ~f S') 2 — 455' cos 2 u> 
m dgard k Pequation (2) 4c 2 = 4.a 2 - (4a 2 /'6 2 )n 2 cos 2 <o, d’ ou il vient, toutes reductions fait.es, 
s os — h 2 /a = p. La premiere des formuies (1) donne ensuite 


Par le point T, ou la normale coupe Paxe FF', on mene une perpendiculaire h MT, et par le 
point P, ou elle coupe FM, on mene une autre perpendiculaire a FM. Le point de rencontre 0 
de cette droite avec MT est le centre de eourbure demande. 

Obs. L’enoncd du probleme suppose une conique a centre, mais il est facile de verifier que le 
resultat obtenu s J applique egalement a la parabole. 

Note. La solution ci-dessus rPest pas nouvelle. Voir Duhamel, EMments de calcul infinite- 
ismal, tome 1, Paris, 1856, p. 172-173. 

II. Solution by Grace M. Bareis, Ohio State University. 

Let the center, focus and point of the conic be designated by C, F and M , respectively. On 
the line through CF, locate F', the other focus, so that F’C = CF. Describe the circle through 
F! F, M. Join M to the ends of the diameter that passes through C. These two lines are the 
tangent and normal to the conic at M. The conic is a hyperbola or an ellipse according as the 
line that divides the segment CF* internally or the one that does not so divide it is taken as tangent. 


Il'ijlliii.ljlitilili, 
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Jl X fa =* - I (a + a cos 2 1 + 6 sin 2£j {a cos 2^+6 sin 2t\ cos u*i 

- Ha 4- a cos 2£ 4 b sin 2f } {a cos 2 1 + 6 sin 2 1] sin u-j 

__ _____ _ 4~ I I a sin 2£ ~j~ b cos 2i) (a -{- a cos 2t 4“ & sin 2 2^ j *fr, 

1 Of course it is unnecessary to describe the circle through F', F, M, for the tangent and normal 
bisect angles given at M ; nor is it necessary to invoke an involution in order to get A and A' since 
we have given F f M 4- FJf « 2a.— E ditor. 


L Solution by J. B. Reynolds, Lehigh University. 

A solution by vector analysis. Let r ~ a cos 0 4* b sin 0 be the polar equation of the circle 
revolved. From this we see that for a vector equation of the surface generated, we may write 
r * ( a cos t 4* & sin t) cos t cos u*i 4- (a cos t -f b sin t) cos t sin u*j + ( a cos t 4- b sin t) sin t- k; 

or ' i Qi 44 -4 ■’ 4 ; : . : ■■ ’■ 1 .. :■ 

r « l {a 4 a cos 2t + b sin 2^1 cos u*i 4 - §{a 4* a, cos 2 1 4 - b sin 22} sin wj 

. . , 4- I I b H- a sin 2 1 ~~b cos 2t\ 

from which 

;dr . ; ■ 

f t “ l — a sin 2i + 6 cos 2t\ cos u-i 4- { - asm 2t 4- b cos 2/,} sin u -j 4- [a cos 2 1 + b sin 21 ] •&, 

gj 83 ~ 4|a 4* a cos 2$ 4* &sin2ij sin u*i 4* i|a +a cos2^ 4- b sin 2$} cos u-j, 
giving the vector product 


arc the tangents at these points. The conic is, therefore, determined; for we have three points 
M, A, A r and the tangent at each of them, known. 

From this point on the construction may be completed m any one ot three ways : 

(1) By the use of Pascal's Theorem, find the point H in which the normal at M cuts the come 
again. Draw the circle on II M as diameter. Find the fourth point of intersection G of this circle 
with the conic. Draw HQ. Through M draw MK parallel to HG and determine the point K in 
which this line cuts the conic again. The circle tangent to the conic. at M and passing through 
K is the required circle of curvature at M. (Cf. L. Cremona, Elements of Projective Geometry, 
Oxford, 1885, p. 100). 

(2) By the method previously described both the ellipse and the hyperbola that have center 
e, focus F, and point M are determined. The construction may, therefore, be completed by making 
use of the fact that at the intersection of two confocal conics the center of curvature of either is 
the pole with respect to the other of the tangent to the former at the intersection. 

(3) Through F, draw a line parallel to the tangent at M. By Desargues' Theorem, find the 
points R and R f in which this line meets the conic. On MF take Q so that MQ = RR f . Then the 
circle through Q and tangent to the conic is the required circle of curvature; for, the focal chord 
of curvature is equal to the focal chord of the conic drawn parallel to the tangent at the point. 
For results in (2) and (3) the reader may consult Salmon's Conic Sections , 6th ed., 1879, pp. 374- 
376. 

It may be noted that if C is at infinity, the conic becomes a parabola with the axis CF, the focus 
F, and the point M given. Two parabolas may be drawn satisfying these conditions according to 
which of the bisectors of the angle made by MF and the diameter through M is taken as tangent. 
The above methods of construction then apply to this case also. 

Also solved by H. Halperin, A. Pelletier, J. B. Reynolds, and the 
Proposer. 


2771 [1919, 191]. Proposed by GEORGE paaswell, New York City. 

A circle is revolved through an angle of 90° about a vertical chord which does not pass 
through the center of the circle. Talcing the origin at the lower extremity of the chord, the z-axis 
along the chord and the x- and y-axes in the boundary planes, pass a plane through the rr-axis 
making a given angle with the xy plane. Determine the portion of the area of the surface above 
the plane and between the xz and yz planes. 



1920 .] 


PROBLEMS AND SOLUTIONS. 


Now since a, differential element of the surface generated is the absolute value of -* X ^ 
multiplied by dr du, we have 


\(i~ -j- b 2 j'J* 


In order to get the limits of this integral, we must find the value of l for which the plane 
r = xi + yj 4- y tan a * k, the plane through the re-axis making an angle a with the xy plane, 
cuts the surface of revolution. Equating coefficients of f, ,?, and k in the two equations, we find 

x = | {a 4- a cos 21 4- b sin 2t] cos u, y = |'{o + a cm 2 1 + b sin 21 1 sin u 

y tan a = %{b 4~ cl sin 2 1 — b cos 2 1), 

the latter two of which give us the. equation 

b cot a — a sin u + (a cot « — 6 sin u) sin 21 — (b cot a + a sin u) cos 21 = 0; 

whence, t - tan” 1 ( — a/b) or tan” 1 (sin a/eot a) and since the first of these two values of /; is for 

the special point where r = 0, we have 


•yja? + b~ J ira 
~2 Jo t 2" 


a + b _ a tan -* ~~ ]■ du 

esc 2 a —* cos 2 u esc- a 4* cot 2 a eot~ u cot a J 


_ « + ?/ E5 + •*«*« + a e ? s “lo, r l - a r /2 tan -q^) to 

2 1 4 ' 2 ■ ° 2 = L 1 + sin « J J 2 Jo \cota / 

for the required surface. If a - x/2, S = 0. If « = 0, S = x6 2 /4 cos a, one fourth the surface 
of a sphere of diameter 6 less half a zone of height 6/2(1 — cos a). If a = 0 and 6 - 0, b - x a-/6 
one eighth the surface of a torus. If a = 0, 

„ tt 2 (i \ ! a 2 •+* 6 2 , ir?)Va 2 + ?J 2 


as it should, since a semicircle of length ~ Va 2 4- 6 2 is revolved through 90 about an axis at a 

distance a/2 4- bjr from its center of gravity. Since for a < 45°, tan” 1 (sin u /cot «) will expand 
into an absolutely convergent series we may use for such values of a to any desired degree oi 

accuracy . 0 4 P - X ; o i 

/»-/2 / o n -j/ \ w=?oo . 2*4*0 • ’ * 2/1 — 2 1 

Jo (‘^) *» = »lt ( - 1} (tan 3dW V.7 2 , 1 '-l 2n - 1 * 

II. Solution by B. F. Finkel, Drury College. 

Those of our readers who are unfamiliar with quaternions or in whose hands this subject, is 
not an easily operated instrument of investigation can obtain the integral £> by the following 

process. ^ gam8 notatioa . that iSj taking r, t, and u as polar coordinates, we have for the equa; 
t-ion of the surface of revolution r = a eo 3 1 + b sin l, and for the element of arc on circle revolved 

ds = va 2 4” b 2 «dt. . 

The required area is expressed by the double integral 

S = // r cos t du ds 

~ V a 2 ql ^2 J* J" ( a . cos 2 1 4- b sin t cos 0 da di. 



From the first equation of (5), we then obtain (8) cos 


1. Therefore, from ($). 


Hence, 


from which k ~ r 


Since k and k f are integral, we must have ~ integral Hence, r is a 


multiple of m. 


4 we take * 1=5 l > r 2; in this case r is not a multiple of m. Therefore the 


heorem of the question is not true for this ease —Editors, 
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The limits for u are 0 and x/2, and as the equation of the given plane is tan i = tan a sin u, the 
limits for t will be tan*" 1 (tan a sin u) and r/2. 

Therefore 

S = — / * 12 du . (a 4- a cos 2t + b sin 2 t) dt, 

2 do U tan-* (tan a sm «) 


2772 [1919, 171]. Proposed by harry langman, New York City. 

Given 1 = ■ (— J + x) r »■;.(—;§ — z) r , where r is integral. Prove that r is a multiple of 3. 
In general, if 


r 2ir , l r 

2tt 

cos b £ - 

cos X 

L »» J 

m 


where r and m are integers, prove that r is a multiple of m. 1 

Solution by the Proposer. 


The genera! case only will be considered, and the trivial case r = 0 excluded. 
Put 


( 1 ) 

Then 

(2) 


2tt ... , 2tt 

a — cos h x and b = cos x. 

m m 


a + b - 2 cos 


2 ir 


We may write 


1 = cos 2/c7r + i sin 2&?r. 


fA\ 2&7T I • * 2^7T , . 2/c'tt . . 2fcV . 7 , , 

(4) a «= cos — .+ % sm — and b = cos t sm , 0 < k, k' < r + 1. 


= 2 cos 


2tt 


Hence, 
a - 
From (2), 

from which 

(5) cos (7c + &') | > cos (ft - &')-*! = cos and sin (fc + k') ~ • cos (/c — 7c') ~ ='0. 

Hence, we must have 

( 6 ) 


2kr . 2k'w . ( . . 

cos j- cos j- i ( sm b sm - 

r r \ 


f) 


sin (k + k') ~ = 0. 


hrom the problem, if m 4= 1? we must have a 4= b. Hence, in (4) k 4= 7c', Hence, we must 
have k -f* k f < 2r, that is, ( k + k f )/r < 2. But, from (6), ( k 4* &')/r must be integral Hence, 
since k + fc' > 0, 
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Also solved by. C. A. Barnhart, H. IIalperin, H. L. Olson, and A. Pelle^ 


tier 


2773 [1919, 212]. Proposed by JOSEPH ROSENBAUM, Milford, Conn. 

Point out the fallacy in the proof of the following problem : 

In the triangle AiBiCi let m be a point such that the sum of the distances from it to the sides 
is a maximum; also let A 2 B 2 C 2 be a triangle formed by drawing lines through the vertices Ai, B *» 
and Ci parallel to their opposite sides. Then the sum of the distances from m to the sides of the 
triangle A 2 B 2 C 2 is a minimum. 

Proof . — Because the sides of the two triangles are parallel in pairs, the sum of the distances 
from a variable point P in triangle AJB 1 C 1 to the six sides of the two triangles is constant. Now 
by hypothesis M is a point for which one part of this constant sum is a maximum, and hence it 
follows that the other part is a minimum. 


Solution by H. L, Olson, University of Wisconsin. 

This proof is correct, with the understanding that if a point P is on the opposite side of BC, 
for example, to the vertex A , the distance to the side BC is to be regarded as negative. It is 
easy to see, however, that the point M does not exist, and that the proposition is therefore vacuous. 
Represent the perpendicular distances from P to the sides BC, AC, and AB by a, /3, and y respec- 
tively. If we denote by A the area of the triangle ABC , we are to minimize the function a + & + Y> 
subject to the condition aa + 6/3 + cy = 2 A. (a, b, and c represent, as is customary, the sides 
BC , AC, and AB, respectively.) Eliminating y, we have, as the function to be minimized, 


Hence, the derivatives, yl — - j , and ^ 1 — - j , of this function with respect to a and & 

must vanish; but for the general triangle they do not vanish and hence M does not exist. If, 
however, a ~ b = c, the sum of the distances is the constant 2A/c; likewise the sum of the dis- 
tances for the corresponding triangle A 2 B 2 C 2 is constant. 

Also solved by A. Pelletier and A. L. Wechslee. 

2774 [1919, 212]. Proposed by FRANK IRWIN, University of California. 

Evaluate the circulants 


where, in the latter, a 1 , a 2} form an arithmetical progression. 

L Solution by P. J. da Cunha, University of Lisbon, Portugal 
Denote the first of these circulants by A and the second by A 4 , Let 
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corresponding elements of the last line. We obtain after a little reduction 


- s„ 


— n 

— n 

— n 

— 71 1 

o 

— 71 

— n * • • 

— n j 

0 

0 

— ■» 

“ n .. « (- n ) n - 1 

0 

0 

0 ••• 

— r m 


ihe determmant being of order n — 2. 

Pass now to the determinant A', Putting 

(ik = ci 4 * (& t) r (& “ b 


, n), 


we shall have 

l di ai 4- r a i 4~ 2 r * • • &i 4~ .(« 

A , Jj di + (n - l)r ai ai+r • * * «i + (» 

| ai 4- j* cu 4" 2r «i 4- 3r 

The same reasoning will lead us to 


2 ) r ai 4- C» - 1> | 

3) r <ii 4- (n - 2)r 1 

Ul + 1)^* Ui 




c& i 4 _ 




• 1 


)■ 


as it is easy to see. 

II. Solution by Otto Dunkel, Washington University. 

The reduction of these special circulants can be made to depend upon the known fact that 
the general eirculant reduces to the product /(wi)/(w 2 ) * * * /W» where the co’s are the roots ot 
x* — l =s 0 and f{x) ~ <zi 4- a 2 x + W 2 4- • • • 4- (see Ces&ro, Elementares Lehrbuch der 

algchraisehm Analysis etc., page 25). If we set ^ u i 4* (& “ I) f > then 

f(co) * aii 4- « 4- W 2 4- • • • 4- w n-1 ] 4“ r[co 4- 2w 2 4“ 3« 3 4- * • • 4- (« - 
rn 


- 0 4~ 


: a in -f- 


, if <o 4 s 1» 


r(n — l)n 


= n £ fli4“ r j , if ■« = 


1, 


whence 


A'- 


f* ai 4* r 1 r n ' 

(an - 1 )(mi -« 1) ( ~ D"-™- 1 L a ‘ + - 

Also solved by H. L. Olson and A. Pelletier. 

2777 [1919, 268]. Proposed by W. D. CAIRNS, Oberlin College. 

Prove that the two series 

«j-4 tj -8 

1 J_ _ 4 . - — j- ... 

T 2 4 *4!^ r 2 8 *8! T "■ 




and 


7 T 2 . . 7 T *0 , 

2 2 *2t 2M3! ‘ 2 10 *lO! 


are equal 

Solution by H. S. Uhleb, Yale University. 

By substituting x t — x, ix, and — ix for y in the absolutely convergent series 


'■--i+»+ii+i+ 


+ U1 + 

+ n\ % 
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life* + e~~ x ) - (e i£ -f e" f *)] 


1 + ii +fi + ‘ 

■yin 

. • 4- -A L 

■ ■ . (4«)r. ■ 1 

(1) 

+ ... 

r 6! T 10! r 

■spin— 2 

‘ + #-2)! + 

(2) 


where n = 1, 2, 3, 

Again, since e i6 = cos 9 + i sin 5 it follows that e^/ 2 ) 4- i - £ = 0. 

Consequently by substituting ?r/2 for rc in formulas (1) and (2) we see at a glance that each 
of the given series has the same limit |(e 7r /‘ 2 -f- e~' !T t 1 ) i that is, the series are “equal.” 

Also solved by W. W. Beman, P. J. da Cunha, A. M. Harding, H. L. Olson, 
A. Pelletier, S. W. Reaves, Elijah Swift, E. H. Worthington, and the 
Proposer. 

2785 [1919, 366], Proposed by W. H. ECHOLS, University of Virginia. 

^ If on the sides, as bases, of any closed plane polygon, there be constructed similar triangles 
similarly placed, all outward or all inward, then the centroid of the vertices of these triangles 
coincides with the centroid of the corners of the polygon. 

Solution by the Proposer. 

Let Zi, • ♦ ♦, Z n 33 Zi be the n corners of the polygon, the Z’ s being complex numbers. The 
sides of the polygon are respectively 

&Z r s Z r + 1 — Z? , (r = 1, 


and 2 A Z r = 0, since the polygon is closed. 

The n vertices of the similar triangles, constructed similarly on the sides are 


W r = Zr *f ZvAZr-eS 

k being a real constant factor and a a real constant angle. 
Hence, 

'ZWr » ZZ T + ke^S&Zr 

and therefore, 

- 2 Wr = " 2 Zr - 

n n 

Also solved by S. W. Reaves and Elijah Swift. 


NOTES AND NEWS. 

Edited by E. J. Moulton, Northwestern University, Evanston, III. 

At Ohio State University, Messrs. Van B. Teach, V. B. Cakis and D. L. Hold 
have been assistants in mathematics for the present year. 

H. R. Brai-iama, of Princeton University, has been appointed instructor 
in mathematics at the University of Illinois for 1920-1921. 

Miss May J. Sperry, of Brown University, has been appointed instructor 
in mathematics and physics, at Knox College, Galesburg, III, for 1 920-2 L 
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At Brown University Associate Professor H, P. Manning has resigned after 
twenty nine consecutive years of service as a teacher in the department of mathe- 
matics Dr. 11. P. Borden, of the University of Illinois, has been appointed 
instructor, and Messr sC. D. Wentworth and R. L. Wilder graduate assistants, 
for 1920-21. 

At Cornell University, Dr. H. C. M. Morse, of Harvard University, and Mr. 
P, A. Fraleigh, of Dartmouth College, have been appointed instructors in 
mathematics for 1920-21. 

Dr. C. C. Camp, of the University of Illinois, has been appointed assistant 
professor of mathematics at Iowa State College. 

Dr. Chester Snow has resigned as professor of mathematics at the Uni- 
ersity of Idaho to accept a position as physicist in the Bureau of Standards, 
Washington, D. C. 

According to Science , Professor A. W. Butterfield, of the department of 
mathematics at the Worcester Polytechnic Institute, has resigned to become 
educational director for the Norton Company. 

Dr. C. N. Reynolds, of Wesleyan University, has been appointed instructor 
at Dartmouth College for 1920-21. 

Dr. 0. D. Kellogg, who has been lecturer in mathematics at Harvard Uni- 
versity during the past year, has been promoted to be professor of mathematics. 

Miss Marian M. Torrey, of Brown University, who has been teaching for 
two years in the Phebe Anna Thorne Model School of Bryn Mawr College, has 
been appointed instructor in mathematics at the University of West Virginia. 

At the University of Nancy Dr, Leopold Leau {1920, 89) has been appointed 
professor of differential and integral calculus to replace Dr. A. S. E. Husson. 

At the University of Lyons, Dr. L. Sire, maitre de conference at the Uni- 
versity of Rennes has been appointed professor of applied mathematics in place 
of the late Professor D. J. B. Flamme. 

At the University of Lille, Dr.; A, Chatelet has been appointed professor of 
general mathematics. 

Mr. W. E. H. Berwick has been appointed lecturer in mathematics in the 
University of Leeds. Nature states: y : 

“Air. Berwick was assistant lecturer in the University of Bristol for two years, and afterwards 
became lecturer in mathematics in University College, Bangor. For two years he was engaged 
ou t he staff of the anti-aircraft experimental section of the Munitions Inventions Department at 
Portsmouth, where he made important contributions to the experimental and eomputative theory 
of gunnery. He has published a long series of papers in the Proceedings of the London Mathe- 
matical Society and elsewhere.” ; 
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NOTES AND NEWS, 

Professor G. E. Fisher, of the department of mathematics in the University 
of Pennsylvania, died March 28, 1920 within about three weeks of his fifty-seventh 
birthday. He was instructor in mathematics at Cornell University 1887-89, 
assistant professor at the University of Pennsylvania 1889-1908, and professor 
since 1908. He was a charter member of the Association. 

With Professor I. J. Schwatt he collaborated in issuing the authorized 
translation of the fourth German edition of H. Durege’s Elements of the Theory 
of Functions (Philadelphia, 1896) ; Text-book of Algebra , part 1 (Philadelphia, 
1898); Rudiments of Algebra, 1899; School Algebra , 1899; and other algebras. 

Professor G. D. Birkhoff, of Harvard University, has been elected a member 
of the Royal Danish Academy of Sciences. 

Professor L. E. Dickson, of the University of Chicago, has been elected a 
member of the American Philosophical Society. 

Mr. J. H. Jeans, of Dorking, England, formerly professor of applied mathe- 
matics at Princeton University, has been nominated as secretary of the Royal 
Society of London. 

Professor D. R. Curtiss, of Northwestern University, gave an address before 
the Schoolmasters Club at Ann Arbor, April 3, on “Mathematics.” 

Professor E. W* Brown delivered a lecture on the history of mathematics 
before the Gamma Alpha fraternity of Yale University on February 26. The 
Astronomical Society of the Pacific has awarded to Professor Brown its Bruce 
Medal for 1920. '.'A' 

The Silliman lectures at Yale University for 1920 were delivered by Professor 
Jacques Hadamard, of the College de France, on April 30, A lay 3 and May 5. 
The general subject of the lectures was “Some topics in linear partial differential 
equations.” 

At the meeting of the National Research Council on April 28, the Division of 
Physical Sciences voted to increase its membership by adding a representative of 
the Mathematical Association of America, and a tenth member-at-large, 
who should represent mathematics. There were previously in the division 
fourteen physicists, three representatives of the American Mathematical Society 
(L. E. Dickson, O. Veblen, and H. S. White), three representatives of the 
American Astronomical Society, one meteorologist and one geodesist. 

The fourteenth regular meeting of the American Mathematical Society v as 
held at the University of Chicago, April 9-10. Nineteen papers were presented. 
At the symposium {1920, 144) Professor Max Mason discoursed on The 
electromagnetic field equations” and Professor A. C. Lunn on Ihe theory of 
relativity.” There was an attendance of over a hundred at the meeting. At the 






dinner on the evening of April 9 Professor L. E. Dickson reported recommenda- 
tions of the Committee on Bibliography of which Professor R. C. Archibald 
is chairman. On the presentation of a report, including these recommendations, 
to the Council in New York City on April 23, it was resolved that the Council is 
of the opinion that a journal of mathematical abstracts is very desirable, and the 
Committee was authorized to take steps toward securing the financial aid neces- 
sary to found such a journal and was requested to present to the Council plans 
for its organization. The plan for the establishment of a journal of mathematical 
abstracts was also heartily approved on April 28 by the Division of Physical 
Sciences of the National Research Council. 

At the annual meeting of the National Academy of Sciences in Washington 
April 26-28 the following papers were read by members of the Association : By 
A. G. Webster, (a) “The Springfield rifle and the heduc foramlav”; (b) “Some 
new methods in internal ballistics of the Springfield rifle (c) “Preliminary 
measurements on the pressures in the ‘ onde de choe*”; (d) “On the connection 
of the specific heats with the equation of state of a gas”; by L. E. Dickson, 
“ Recent notable progress in the theory of numbers”; by E. Kasner, “ Geodesies 
and relativity.” 

Professor M. E. C. Jordan of the College de France was elected a foreign 
associate of the Academy, and Professor II. F. Blichfeldt, of Stanford Univer- 
sity, the thirteenth member in the Section of Mathematics. The other twelve 
members are: G. D, Birkhoff, G. A. Bliss, 0. Bolza, L. E. Dickson, E. Kas- 
ner, E. II . Moore, W. F. Osgood, W. E. Story, E. B. Van Vleck, O. Veblen, 
II. S. White, and E. T. Wilczynski. 

In the American Association for the Advancement of Science what has been 
prior to 1920, Section A, Mathematics and Astronomy, has been divided into 
two Sections: Section A, Mathematics, and Section B, Astronomy. The 
officers of Section A are as follows— Vice-president, D. R. Ctjrtiss; Secretary, 
W, H. Rqever; Members of Sectional Committee: 5 years, D. Jackson; 4 years, 
A. D. Pitcher; 3 years, G. A. Bliss; 2 years, J. Page; 1 year, H. L. Rietz; 
Member of the Council, G. A. Miller; Member of the General Committee, 
E. V. Huntington. In Section B the Vice-president is J. Stebbins, and the 
Secretary F. R, Moulton. 

At the meeting of the Association of Teachers of Mathematics in New England 
at Springfield, Mass., March 13, 1920, the following papers by college teachers 
were presented: hv Professor J. W. Young, Dartmouth College, “The work of 
the National Committee on Mathematical Requirements and the National 
Council of Teachers of Mathematics”; by Professor Eleanor C. Doak, Mount 
Holyoke College, “Inseriptible polygons”; by Mr. J. S. Mikesh, Yale University, 
“ Courses for teachers of mathematics in secondary schools.” At the spring 
meeting of the Association, at Boston University, May 1, the following papers 
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were read by members of the Association: By L. R. Perkins., “Collej 
for teachers of mathematics”; by C. L. E. Moore, “Einsteins theory 


At the meeting of Mathematics Teachers of New Jersey in Elizabeth, N. J., 
April 17, 1920, addresses were delivered by the following members of the Associa- 
tion: By F. Durell, “The organization of graphic methods 35 (presidential 
xddress) ; by O. Veblen, “Displacements and symmetries in three dimensions 53 ; 
by 11. E. Webb, ( a ) “Note on the pure quadratic equation/’ (b) “Note on the 
proof of Euler’s theorem e ie = cos 9 + i sin Q” and (c) “Certain questions 
arising from the report of the National Committee.” 


A new organization, to be known as the National Council of Teachers of Mathe- 
matics, was launched at Cleveland, Ohio, on February 24. About 150 persons 
were present, representing 20 different states and many different organizations 
of primary and secondary school teachers in various parts of the country. The 
following officers were elected — President, C. M. Austin, Oak Park, 111.; vice- 
president, H. 0. Rugg, New 7 York, N. Y.; secretary-treasurer, J, A. Foberg, 
Chicago, III; executive committee: Marie Gugle, Columbus, 0. (3 years); J. 
Rorer, Philadelphia, Pa. (3 years); EL Wheeler, Worcester, Mass. (2 years); 
W. D. Reeve, Minneapolis, Minn. (1 year). Two members are to be appointed 
by the committee itself. 

Mathematics Teacher , in reorganized form, will probably be the official organ of 
the Council, administered by an editorial board of from three to five members and 
an editor in chief. This board is to consist of teachers of elementary and secon- 
dary mathematics, and to include a member representing the college group in an 
advisory capacity. 


Sir Thomas Mum lias recently deeded 2500 books from his mathematical 
library to the South African Public Library at Cape Town. This collection is 
mainly made up of serial publications and writings bearing on the theory of 
determinants, and allied matters. So far as is known the library is in this latter 
respect the most complete in existence. 


Additional announcements (cf. 1920, 192-194) of mathematics courses in 
Summer Sessions are as follows: 

Leland Stanford University, June 22-September 3. By Professor II. F. 
Blichfelbt, Columbus, 4 hrs.; Coordinate geometry, 4 hrs.; Advanced course. 
By H. W. Brinkman, Trigonometry, 5 hrs. ; Algebra, 4 hrs. 

University of Missouri , June 21- August 14. By Professor L. Ingold, Second 
calculus and Seminar. By Air. E. Allen, Trigonometry and Analytic geometry. 

Ohio State University , June 21-August 13. By Professor 1L W. Kuhn, 
Fundamental concepts of algebra and geometry, 4 hrs.; Modern higher algebra, 
3 hrs. By Professor S. E. Rasor, Geometrical representation of functions of 
real and complex variables, 3 hrs.; Integral calculus, 5 hrs. By Assistant Pro- 
fessor Uortense Rickard, Trigonometry, 5 hrs.; Analytic geometry, 5 hrs. 
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University of Wisconsin, June 28-August 6. By Professor A. Dresden, 

' W. W. Hart, E. P. Lane, H. W. March, and E. B. Skinner, and Messrs R. W, 
Babcock, J. E. Davis, and H. L. Smith courses in Algebra; Analytic geometry; ■ 
Differential calculus; Commerce algebra; Elementary solid geometry; Elementary 
mathematical analysis; Integral calculus; Teaching of secondary teachers; 
Differential equations; Theoretical mechanics; Modern analytic geometry; 
Differential geometry; Special topics in algebra; Elliptic integrals; Axioms of 
geometry; Point sets; and Differential equations of mathematical physics. 

N.B. University of Chicago: The first term opens J une 21 and not June 1 as 
stated 1920 , 192. 

In view of the wide-spread and increasing interest in applied mathematics 
and the probability that a larger proportion of graduate students may in future 
be disposed to consider including technical, or semi-technical, subjects in their 
programs, the departments of Mathematics and Physics at the Massachusetts 
Institute of Technology announce the following list of courses available for graduate 
students. It will be understood that a particular course may be withdrawn in 
case a very small number of students should apply for it. 

The departments will endeavor to carry out a periodic plan under which, 
while the more fundamental subjects may be given each year, others will be 
offered once in two or three years, in rotation. The possible range of subject 
matter may thus be capable of extension beyond the present list. 

In addition to the titles given, there will also be opportunity — as heretofore— 
for the study of the usual courses in Advanced calculus, Theory of functions. 
Modern geometry, Modern analysis, etc., also experimental physics. 

Analytical mechanics (Moore). A problem course; three hours per week. 

Mathematical laboratory (Lipka). A treatment of alignment charts and other methods of 
graphical computation; two hours per week during the second and third terms. 

Fourier’s series (Bailey). Two hours per week. 

Application of mathematics to chemistry (Hitchcock). An application of thermodynamics to 
chemical problems; three times per week. 

Mathematical theory of investment (Taylor). Three hours per week for one term. 

Advanced mechanics (Phillips). Two hours per week; including Analytical dynamics, Statis- 
tical mechanics and Theory of radiation. 

Relativity and Einstein’s theory of gravitation (Phillips and Moore). Two hours per week. 
Heat conduction (Phillips), Two hours per week for one term. 

Aeronautics, 1st course (Moore). Three hours per week. 

Aeronautics, 2d course (Wilson). Two hours per week. 

Electrochemistry (H. M. Goodwin). Four hours per week. 

Theoret ical ph y sics (W i lson ) . Three hours per week . 

Electromagnetism (Wilson). Including (a) Electrodynamics, (6) Electromagnetic theory, (c) 
f Applied electromagnetism, of which only one would be offered in a particular year. 

Kinetic theory (W r . S. Franklin). Two hours per week for two terms. 

Constitution of matter (Wilson). Two hours per week. 

Research in mathematical physics (Wilson). 

Each course will continue through the year (three terms) except where the 
contrary is stated. , . V 
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MATHEMATICAL ASSOCIATION OF AMERICA, 


MATHEMATICAL ASSOCIATION OF AMERICA 


The Council of the Association has adopted the following resolution which was 
.proposed by the Council’s Committee on a Mathematical Dictionary: 

“ Impressed with the possibilities for the more extensive development of pure 
and applied mathematics in America, and with the importance of such develop- 
ment to the nation, the Council records its conviction that there are undertakings 
whose active consideration would be highly desirable if adequate financial 
assistance might be regarded as available. Among such undertakings are: (1) 
the preparation and publication by societies or individuals of surveys, introduc- 
tory monographs, translations, memoirs, and treatises in important fields, inelud- 

•ganization of research fellowships; 
an encyclopaedia of mathematics in 
annual critical survey, in 
■Id; (5) the preparation and 


ing the history of mathematics; (2) the on 
(3) the preparation and publication of 
English; (4) the preparation and publication of an 
English, of the mathematical literature of the wor 
publication of a biographical and bibliographical dictionary of mathematicians.” 

This is supplementary to the resolution concerning a mathematical dictionary 
adopted by the Association at the Ann Arbor meeting. (See American Mathe- 
matical Monthly, 1919 , 383-384.) 

The Council has elected the following to membership in the Association, 
on applications duly certified: 

Lula A. Barr, A.B. (Okla.). Dept, of math., Okla. College for Women, 
Chickasha, Okla. 

H. S. Beckman, A.B. (Penna.). Computer, Ord. dept., U. S. Army, Washington, 
D. C. 

William B ellis, B.S. (Chicago). Asso. prof., James Millikin Uni v., Decatur, 111. 
W. E. Cleland, A.M. (Pittsburgh). Instr., Uriiv. of Pittsburgh, Pittsburgh, Pa, 
H. L. Coar, Ph.D. (Illinois). Prof, of math, and lecturer on astr., Marietta Coll, 
Marietta, Ohio. 

J. S. Counselman, C.E. (Va. Polytech. Inst.), Head of dept, of math., Central 
High School, Birmingham, Ala. 

F. W. Darling, A.B. (Cornell), Geod. computer, Coast and Geod. Siirv., 
Washington, D. C. 

Ruth II. Hall, A.B. (Brown). Rosemary Hall, Greenwich, Conn, 

H. I). Harper, Instr., Murray Hill Yoc. School, New York, N. Y. 

Mabel E. Harrington, A.M. (Brown). Computer, Ord, dept., U. S. Army, 

. Kenilworth, D. C. 

D. F. Heath, A.B. (Illinois), Prof., Franklin Coll, Franklin, Inch 
R. S. Hoar, A.B., LL.B. (Harvard). Capt., C.A.; instr. in ballistics and 
ballistic math., Ord. School of Applic., Aberdeen Provg, ;Grd., Md. 

Rosa L. Jackson, A.B. (Western Coll.). Dean and head of dept, of math., 
Athens Coll., Athens, Ala. 


M. F. Jordan, A.B. (Maine). Instr., Univ. of Maine, Orono, Me. 

H. B. Meek, S.B. (Boston Univ.). Instr., Univ. of Maine, Orono, Me. 

Kate M. Meek, A.B. (Indiana). Teacher, High School, South Pasadena, Cal. 

L. N. Morscher, M.S. (Kansas). Master computer, Technical staff, Ord. dept,, 
Washington, D. C. 

C. A, Mourhess. Geodetic computer, Coast and Geodetic Survey, Washington, 
D. C. 

W. J. Ryan, A.M., M.S. (St, Louis Univ.). Prof, of collegiate and high school 
math., St. Louis Univ., St. Louis, No. 

Charles Saldanha. Prof., Karnatak Coll., Dharwar, India. 

G. P. St. Clair, A.B. (Dartmouth). Computer, Ord. dept., U. S. Army, 
Washington, D. C. 

Tsutomi Sekiyama. Teacher, Kasukabe Middle School, Saitama-ken, Japan, 

W. G. Shackelford, A.M. (Roanoke Coll.). Dean and prof, of math., Lynch- 
burg Coll, Lynchburg, Va. 

J, W. Shuman, B.S. (Mass. Inst, of Tech.). Secy.-Treas., Power Engg. Co., 
Consulting enggr., Minneapolis, Minn. 

H. A. Simmons, B.S. (Chicago). Instr,, Ga. School of Tech., Atlanta, Ga. 

J. W, Taylor, Ph.D. (Daniel Baker Coll.). Prof., Daniel Baker Coll., Brown- 
wood, Tex, 

P. L. Thorne, M.S. (New York LTniv.). Asst, prof., New York Univ., New York, 
N. Y. 

A, K, Waltz, M.S. (Gettysburg Coll.). Instr., Univ. of V ermont, Burlington, Vt, 

W. R. Warns, Ph.B. (Syracuse), Pd.B. (Syracuse Teachers Coll.). Instr., 
Penna. State ColL, State College, Pa, 

F. L. Wilmer. Omaha, Neb. 

Latjhin Zilliacus, B.S. (Mass. Inst, of Tech.). Instr., Bedales School, Peters- 
field, Eng. 

To institutional membership. 

Occidental College, Los Angeles, Cal. 

College of the Pacific, San Jose, Cal. 

Stephens Junior College, Columbia, Mo. 

W. D. Cairns, Secretary-Treasurer. 


: 1620 

Simon Stevin, Dutch mathematician, contributor to the development of geom- 
etry and mechanics, died. First printed description of the ‘ scale ’ or logarithmic 
‘ lum of numbers ’ of Edmund Gunter, the Englishman, published in London in 
his Canon 1 riangulorum. Joost Biirgi, Swiss mathematician, published at Prag 
his table of logarithms: Arithmetisehe md Geometrische Progress- Tabulen sambt 
grmidlichem unterrieht, wie solche nuhzlich in allerley Rechnungen zu gebrauchen , 
und verstanden werden sol 
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Fig. 1. 


ELIMINATION OF SKIDDING DUE TO STEERING MECHANISM 

ON MOTOR CARS 

By A. L. CANDY, University of Nebraska. 

When a wheel rolls along on the ground, if there is motion in the direction 
perpendicular to the plane of the wheel, then there is some sliding on tin- ground 
as well as a rolling forward in the plane of the wheel. This sliding is what I shall 
call “skidding.” When a wheel rolls along a. curved path, if the plane of the 
wheel is always tangent to its path, there is no skidding, but only a slight rotation 
about the point of contact with the ground, for the center of curvature of the 
path will then be on the projection of the axis of the wheel upon the ground. 

In the ordinary wagon, or traction engine, the 
front axle turns on a single pivot at the center, so 
that the axes of the front wheels are always in the 
same straight line, viz., that of the front axle. If 
such a vehicle is set in motion, and the angle 6 
(Fig. 1) between the axles is kept constant, the four 
wheels, A, B, C, D, will describe concentric circles 
with center at 0, the intersection of the lines of the 
axles, produced. Under these conditions there will 
be no skidding. 

But in the automobile each, front wheel turns on 
a separate pivot at the ends of the front axle. 

Hence the axes of the two front wheels are never in 
the same line, except when the car is moving 
straightforward. Let the two front wheels be turned through the same angle, 
and held rigidly. Then their axes, being parallel, will meet the line of the rear 
axle, produced, in two distinct points, 0, and O' (Fig. 2), and make equal angles, 
6, with it. 

_ Now, if the car be made to turn about the point 0 as a center, the wheel B will 
skid. Likewise, if the car be made to turn about O' the wheel A will skid. If 
the ear be made to turn about any other point on the line DC, both front wheels 
will skid. I nder these conditions, if the car runs along any curved path whatever, 
there will be some skidding. 

If, however, the inner wheel B is turned through a greater angle than the 
outer wheel A, so that the points O' and 0 coincide, then the car will run on a 
circle with 0 as center without any skidding whatever. Now in the steering 
gear of an automobile the cranks are not made parallel to the planes of the front 
wheels, so that the rod connecting the cranks is shorter than the distance between 
the two hinge joints. Hence, in the process of steering, the inner wheel is actually 
turned through a greater angle than the outer wheel. 
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The object of the following investigation is to determine whether by means 
of this simple scheme, all skidding can be practically eliminated. If so, what 
shall be the angle between the crank and the plane of the wheel? 

Let C(a, 0) and C' (-a, 0) be the positions of the two pivot joints at the 
ends of the front axle (Fig. 3). 

Let CE and C'E' be per- 
pendicular to C'C, and in the 
same plane with the cranks 
CA and C'B, of length r. 
Then CE and C'E' will be 
horizontal diameters of the 
front wheels when the car is 
moving straight forward. 

Let a= /.EC A— ZE’C'B, 
the constant angles the cranks 
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make with the planes of the wheels. 

Let the inner crank CA be turned through an angle 6, to the position CA' 
then the outer crank C'B will be turned through some angle <p, to the position 
C'B', making 

/ EC A' ~ a + 6, and Z E'C'B' = a — <p. 

It is required to find the locus of the intersection of the two lines CP and 
/ , which are perpendicular to the planes of the wheels, that is, the lines 
representing the axles of the wheels, produced. 

Draw A’D parallel to the ar-axis (C'OC), meeting the perpendicular from B' 
on the .r-axis, in D. Then 


2a - r [sin (a + 6) + sin (a 

— <p) — cos (a + 6)}, 

— r sin a), a constant; 


<P)\, 


A'D 2 + B'D 2 = A'B' 2 , A'D 

D B' = r [cos (a - 
A'Bf m AB = 2 (a - 
[2a - r[sin (a + 6) + sin (a - 

+ r 2 [cos (a — ip) 

This equation reduces to the form 

(a + D) + sin (» - „)1 + r cos (&,+ »-»>-, cos 2o + 4 « sin <*, (2) 

from which the variables t and „ must be eliminated. 

The equations of the two lines CP and C‘P' are, respectively, 


• cos (a + 0)] 2 = 4(a — r sin a) 2 
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sin 0 


y 


cos 6 


x a 


y 


y\i - r ~ T'x? Sln ^ = ^> cos ^ 


sin (a + 0) = ^ gl s m V o 


. * + a 
1 / X 2 ’ 


cos a 


V'Xx 


sin ( a -<p)~ 


T'X 2 


and 


Sin (0 - *) = -^L, cos (0 _ ) = *;+y- O 3 

1 XlX * ‘ j 1/xTxT 


cos (-<* +0 p) cos 2a cos (6 — <f>) — s i n 2a: sin ( 6 — 0) 


Or* - j- if _ ffl a) CQS 2a _ 2£) ^ sjn 2q , 

l' X,X, " 


Substituting these values in (2), and letting , s = s ; u „ c = cos a . 

= COS 2rv. and b = a , te G 11 u -’ 6 CO* a } *y 2 


sin 2a, 


w ™ cum 

02 ~ cos 2 «- and k = rc 2 + 4m, we get 

L VXl ^ J L vS — \ = k ’ ® 

which is the equation of the locus. 

Multiplying this equation by and rationalizing, we get 

{ - 64a Va: 2 - <?y 2 + as 2 y - aV) 2 - 32 a s b(s¥ - c -,f + as 2 y 

- aV)[c 2 (.r 2 + f - a 2 ) - 2 a-s 2 y] - 2 ¥r[c^ + f - a 2 ) - 2«, s// ]= 

- Sa-kiX 2 (sx +cy- as ) 2 + Xx(«* - cy + as) 2 ] }XiX, + k %% 2 

+ 16a 1 [X 2 (.?a: + cy — as) 2 + Xi (sx — cy + a, s ) 2 ]2 q_ r 4 [e 2 (a“ + ?/ — a 2 ) ^ 

~ -myV — 8aV[Xa'(«r .+ cy — as) 2 -f Xi(a.r — cy 
+ <w) 2 ]fe(** + y- - a 2 ) ~ 2as 2 yf = 0. 

On expanding this equation, restoring the values of Xi and X», which are both 

equ'fen of they’d ^ r fT 8 ®* ™ lu0 of *-«* + <«, we obtain an 

term Jvantb “i2f “ Wh ‘ cl1 ,h ? •» **, **, A and the constant 

rm all vanish. Ihe equation can then be divided bv 32aV Hence the r-uxis 

may be regarded as a part of the locus. 9 

twJt‘v'fiv!! fter ffl”'?™ 0 1 < T ,ml ot work in e»d simplifying the 

Jqultta „) StT “ " 8<!t the W1 °"'” g “"«*» «» “ W faU 
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he seventh degree terms in equation (5), the locus has an 
e a ’-axis. The equation of this asymptote is found by 
hj and a: 6 terms equal to zero. 


For continuous curve, a - 30' 


for dotted curve, a ~= 15' 


Therefore, if, with given values of a and r, we find a value of a: which makes 
the ordinate of this asymptote a little greater than the wheelbase of the ear, 
there will be very little skidding due to the steering mechanism when the car 
runs on a curved path. 

If a = 2.1 ft., r = | ft., and a — 21°, we get y = 10.05 ft. 

These would be good values for a car with a wheel-base of 9.5 ft. 

It is evident from equation (6) that y increases as a diminishes. Therefore, 
since a and r may be considered as practically the ' same in all cars, the greater 
the wheel-base the smaller the angle a must be. 

So far it has been assumed that the cranks are behind the front axle. If the 
cranks project forward, as in some ears, they must then diverge from the planes 
of the wheels. In order to get the corresponding equations for this case, it will 
be sufficient to change the sign of r. 



Fig. 5. 

•ntinuous curve a « 
a ~ 45°; for dotted 


0°; for dot-dash curve, 
curve, a « 60°. 

finite branches extending downward. 
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With a ■ = 2 and r = 1 we get for this asymptote [Eq. (6)] the following equa- 
tions: 

When « = 30°, y = 3V3. [See Fig. 4]. 

When a — 15°, y = 13—. Not shown in Fig, 4. 

When a = 45°, y — 2.6. See dot and dash line in Fig. 5. 

When a = 60°, y — 1.3. See dotted line in Fig. 5. 

When a = 90°, y = 0. 

When a == 0. y = oo . 

If we let 

P = 4a 2 .s 2 -+ 4 arsc 2 + r 2 c 2 2 = (2as + rc 2 ) 2 , 

and 

mr = C2(4a 2 — 4 ars — r%), 
the 7th degree terms may then be written in the form 
2 s~y(Ps? — m-y 2 )(, r 2 + ?/ 2 ) 2 . 

Hence there is also a pair of asymptotes parallel to the two lines 

Px 2 — m 2 y 2 = 0. 

After another long process of reduction we find the equations of these asymp- 
totes to be ‘ 1 

V - ,i„.i - 4ars 3 - r 2 c 2 ) 

y ± m X + ^ i • (7) 

Let a = 2, and r= l. 1 Then for this pair of asymptotes we get the following 
equations: & 

When a = 30°, y = ± —a: + 20 ^ 


F23 
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± x tan 46° 11. '5 + .5. [See Fig. 4] 

When a = 15°, y= ± x tan 29°- 
29' + .03. [See Fig. 4] 

When a = 0, x 2 - 15 y 1 = 0. 

[See Fig. 5] 

When a = 44°59', 

V — ±x tan S8°53'.5 + 2948. 
^-intercepts - ± 55.75. 

When a > 45°, these asymptotes 
are imaginary, since m 2 contains the 
factor eg, which is then negative. 

As a = 45°, these asymptotes 
move off into the infinite region. 
Hence that part of the curve below 
tlm a:-axis [Fig. 5] approaches in the 
limit the form of a parabola with in- 

“i Jr ■" 1 '*• «“<» 
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There are three rather distinct forms of the curve. 

(1) . ^ hen “ ls . ! e f * han about 20 °- This form is represented bv the dotted 
curve in Fig. 4 .which in the limit as « * 0, becomes the continuous cur vein 

’It, “;r ,s then becomin8 Mnite ‘ ,,d >»« 

(2) When 45° > a > 20°. The continuous curve of Fig. 4 is an example of 
this form, and as a - 45 it becomes the dot and dash curve of Fig. 5, the upper 
branch m Fig. 4 then passing entirely into the infinite region. 

(3) When a > 45°. This form is seen in the dotted curve of Fig. 5, and it 

approaches coincidence with the .r-axis as a = 90°. fc 

When a = 0 the equation of the curve is 


SaW + »*(4a* - r 2 )y 2 + 4 a¥] = 0. (S) 


(9) 


0 . 


y\W - 4 (4a 2 - r 2 )xhf 
When a = 45° we get 

2 *W + f)- - 2 (2a - rl / 2)(x 2 - y 2 )( x 2 + y 2 ) 2 

— (4a 2 — 4arV / 2 + 3 r)x 4 y — 2(2 a 2 — 4arV’2 + 3 r 2 )x 2 y s 
+ (4ar 1^2 — 3r 2 )y :> + 6a 2 (2a — rV2)x 4 — 2a(4 d 1 — 2arV'2 + r 2 )x-y~ 

+ 2a (6a 2 - 3arV2 + r 2 )y 4 + 2a 2 (a 2 - 4arf/2 + 3r 2 )z 2 y 
+ £(16a 3 rl/2 - 12a 2 r 2 + r 4 )y s - 6a 4 (2a - rV2)x 2 

+ 2a 3 (6a 2 - 3arV2 + r 2 )y 2 + a 4 (4arV2 - 3 r 2 )y + 2a\2a - rV2) = 

When a = 90° we get 

y[(2a - r) 2 (x 2 + y 2 ) s - a(2 a - r) 2 (a + r)x 4 + a(2 a - r)(6a 2 - 5 nr 

+ 2 r)xry + a(12a ,! — 16a 2 r -f- 6ar — r 3 )y 4 — a s (2a — r) 2 (a — 2 r)x~ 

+ Ja 2 (2a - r) (24a 3 - 2Sa 2 r + 6ar - r 3 )y 2 + a 5 (2a - rf(a - ?•)] 

Equations (S), (9), and (10) were derived directly from equation (4), and 
also by substituting m equation (5), and the two results agreed. 

The ^-intercept of the curve is always a tan 2a. 

When a is 30° and 60° these_intercepts are ± av'3, respectively. We find, 
that the coordinates (0, ± aVi 3) satisfy the corresponding equations. This 
serves as a cheek on the coefficients of the y terms. 

If we let y = 0 in equation (5) we get (x 2 - a 2 ) 3 = 0, for all values of a. 
Hence the coordinates of the points (db a, 0) always satisfy equations (5). When 
a is less than about 20°, the exact value depending upon the relative values of 
a and r, the curve goes through each of these points three times. These points 
are then real double points with respect to the “upper branch” of the locus. 

. large . 1 ' values of “ tJl f se points must be considered as conjugate or isolated 
points, with respect to this branch of the locus. 


( 10 ) 


0 . 
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NOTE ON THE INCENTERS OF A QUADRILATERAL. 

By F. V. Mobley, Johns Hopkins University. 

The rectangular configuration of the incenters of an inscribed quadrilateral 
was known to Professor Neuberg of Liege before 1906. 1 It was rediscovered, 
as an isolated fact, by the writer in 1914, and several proofs were supplied by his 
father, Professor Morley. When the Monthly enlarged its scope in 1916 the 
proposition was sent m as a problem, appearing in March, 1917; the obvious 
extension and the writer’s solution were published soon after. 2 In June, 1918, 
Professor Altshiller-Court published an article in this Monthly, rediscovering 
the configuration. 3 & 

I he proposition as an isolated fact with reference to the inscribed quadri- 
lateral was therefore worth discovery; but it will now be shown that the propo- 
sition appears in a well-known theory. 


There are several beautiful chains of theorems concerned 
geometry of n-lines in a plane. One of these 
similar type are well known to students of 
slight modifications, they apply to directed 

One of these chains is concerned with the incenters of n- 
note it will he simpler to consider the lines as directed, 
composed of three undirected lines has four 
general meaning; but if the three lines are 
one circle tangent to all three in the 

1 The reference here i wv , " 

Neuberg published the result as a problem 
rnatique, Tome 1, 1875, p. 96), accompanied 
iter MathemaUk und Physik, 1842, p. 328. C 
correspond, ance, tome 1, pp. 198-2G0 .— Editor. 

2 November, 1917, volume 24, pp. 429-430 

^ r * i * i “ d * ° f “* 1 

P. H. 1* 


with the elementary 
is Clifford’s chain, and others of 
metric or reflexive geometry. With 
as well as to undirected lines. 4 

■lines. In the present 
For example, a triangle 
incenters, using the term in its 
thought of as directed, there is only 
prop er sense, and hence only one incenter. 
_ to be Neuberg’s article in Mathesis, 1906, pp. 14M7. But 

. 961. “wL y ^ S . earHer , veUe wrrewndance matM- 

it was extracted from Archw 
problem appears in Nouvelle 
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w - ■ *- * < r , 

SSr: ~ '?£ te* -Afut;: 

j-ne statement Ot the chain proceeds as follows . 3 

*^<£m5£z h „z f JTc s :;i * T tm * ,he Um 

h> » jjomfe of «, izr z ", "* ?■.• «■* « 

. ^ /A 0,6 W c »-i ; w/Hf/i are on a circle C the rente, 
incenter, c n , of the n-line. U CCTfe ' 

"■ .fiw directed lines have five circles C, % (L»« > . 

ihe T? e * the 54 \ ne; and in general, n directed lines haw n circles C ' 
_ These general theorems am.lv to th„ / f WCfc * C " 
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Fig. 1. 


these are distinct, for the centers c 7 coalesce and unite with the incenter of the 
configuration. The points c 6 will then lie on a circle, and the points will be 
affected somewhat. 

It is worth investigation to see how these com- 
paratively few points c 5 behave in the case where 
the quadrilateral is considered as a special case of 
eight directed lines; and it is interesting to note in 
Figure 1 their resemblance to the configuration dis- 
cussed above; namely, the rectangular net formed 
by the incenters of an inscribed quadrilateral. 

The figure of the circles, C 5, is also of interest in 
this case, (Figure 2). As their centers are con- 
strained to the rectangular net it is to be expected 
that they are in families of four; in addition they 
all pass through a point. 

III. 

The configuration suggested by the figures is readily proved. It is convenient 
to consider first a quadrilateral with two sides counted both ways; by repeating 
this figure the whole configuration may be obtained, but all that is essential is 
contained in Figure 3. 

Here there are six directed lines. By the general theorem there is a center- 
circle for all six, expressed in the manner of Loud (l.c., p. 325), as 

x = a 0 — ait 

where the constants are complex and t an orthogonal number. The six circles 
Oh are included in the double infinity of circles 

.T = #o — 0±(t -f" t f ) T“ $2 

which are known to pass through a point. Figure 2 is thus confirmed; all the 
circles C\ pass through a point, which turns out to be the Clifford point of the 
quadrilateral. 

On examination the six points c 5 in Figure 3 are seen to fall into two sets; four 
on a rectangle, and two separate. Consider now a triangle with two sides counted 
both ways; by drawing the centers it is found that the incenter c 5 coincides with 
the circum center of the triangle. Here there are tw T o such triangles, formed by 
omitting the s ngle lines 3 and 4 in turn. It follows that the two separate points 
noticed above are the eireumcenters of those triangles, and in passing to the case 
of figure 1, the four points C5 which do not lie on the rectangular net are found to 
be the eireumcenters of the four triangles of the original quadrilateral. They 
each count for 3 of the c 5 , making up with the other 16 the total of 28. It is 
well known that the eireumcenters of a quadrilateral lie on a circle; 1 in this 
particular case the node or Clifford point is also on this circle. 

] Hi olner, Cvsatumdfv Worke, Band 1 , p. 328. ' : 
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tll dd ? e , 0 tl r +1 four c f ters in Pigure 3 are rectangular, mav 
the fact that all the circles of which they are centers pass tir 

Through the node there are a pair of natural rectangular axes 1 
chcE £ F^reT reCtan§le iS Paral!eI - These axes the 


be incenters of the four triangles whose 
To prove this, draw i 
responding to each of the triangle; 
orthocentric . 2 

’I he rather pretty configuration resulting from the consid 
ri ateral as a special case in the theory of directed lines sugge 
of other cases. The centers c 4 of three lines counted both ways 
to the nine point arrangement on a circle of Feuerbach. Simile 
hold for five or more lines, but the complication will increa 
treatment the analytical method of Professor Morley’s men 
followed in the paper by Dr. Loud fU.)) . mnnli I /icc I 


centers have been noted as on a circle. 
a,ny of the circles C 6 , and note that the four points c 5 cor- 
~ :s of the inscribed quadrilateral are mutually 
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NEW QUESTIONS. 


The following interesting questions were formulated by Professor S. Kakeya 
at the request of the editors, and transmitted through Professor Birkhoff. Pro- 
fessor Kakeya has treated some problems of similar nature in various papers in the 
Science Reports of the Tohoku Imperial University. They involve considerations 
of decided difficulty in the analytic formulation of geometric relations. 


DISCUSSIONS. 


For a special type of quintic equation whose coefficients involve two para- 
meters, Mr. C. B. Haldeman, in the first discussion following, obtains an alge- 
braic solution by means of elementary operations and the extraction of roots; 
he also derives expressions for the roots in trigonometric form, and gives a graphi- 
cal construction by the use of a certain cubic curve and a circle. 

' Professor Trevor, who has previously given instances of the use of mathe- 
matics in thermodynamics (1019, 444-447; 1920, 55-57), presents an interesting 
set of results in connection with the study of a state of thermodynamic equilibrium 
m a homogeneous fluid. Several transformations of independent variables in a 
fundamental relation yield corresponding interpretations in the physical problem. 


39. There are certain problems in geomet^ which are simple in statement but can be 
reduced only to very complicated problems in transcendental analysis. Following are several 
examples of the type of problem in question. 

1. What is the smallest plane area within which a given figure can be turned through a com- 
plete revolution? It is not implied that the figure should revolve about a fixed point, but merely 
that in the course of its motion the figure should have every possible orientation in the plane. 
The problem may be modified by considering only convex areas. 

An interesting special case is that in which the given figure is a segment of a straight line. 
In this case it has been conjectured by Professors Osgood and Kubota that the smallest area may 
be bounded by a three-eusped hypocycloid; if we consider only convex areas, perhaps the result 
will be an equilateral triangle. I have no indication of a proof. 

2. For every closed convex curve of area P there is an n-sided circumscribed polygon of least 
area Q and an w-sided inscribed polygon of greatest area R. For a fixed value of the integer n and 
for all closed convex curves, what is the upper limit of Q/P and what is the lower limit of P/P? 
I have succeeded only in proving that for the case n = 3, the upper limit of Q/P is 2. 

3. Let the area of a given simple closed curve A be a. Remove from A the greatest possible 
area «i similar to another given simple closed curve I?. From the remaining figure remove the 
greatest possible area a 2 similar to P. Continue this process indefinitely. Is it or is it not true 
that 

Ci -j- a% 4* Cz 4" . .. , ■ * a? . . 


I have proved the statement to be true in the special case that A is convex and B is a circle. 

.4* ket a given closed convex curve K have the property that a given triangle whose angles 
are incommensurable with t can be revolved completely within K (see part 1 of this question), 
always remaining inscribed in K. What may the curve K be? Can any other curve except a 
circle satisfy the conditions? 



I. Resolution op a Certain Quintic Equation and a 

STRUCTION FOR ITS ROOTS. 

By C. B. Haldeman, Ross, Butler County, Ohio, 
1. The transformation 


will reduce the equation y' a + 5af + 5 ary + 2b 
from which we find x, and consequently 


y — x b + 'xb 1 + o° + \ — b — a lb 2 4* ft 3 - 

If b- + a 6 be negative it appears the roots of the given ec 
onometrical functions of the coefficients; for the transformation 


will reduce the given equation to 


since 


we may take 
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a sin 


ing(2x+sin- , ~=), 


2 V= 


a sin: 


sm~ 


y = 2 'V- 
2/ = 2 a/- 

2. The equation 

.m/V- 




- • if 

a sm g I 


27 T — sin~ 


(6 2 + a 5 ) = a 2 y 3 -f by 2 + 3a 3 y + 2 ab 

represents a real trident of Newton 1 when b 2 + a? is negative, and 

x 2 + y 2 = —4 a (2) 

is the equation of a circle, which will be real when a is negative. Eliminating « 
from (1) by means of (2), the result may be placed under the form 

(?/ 5 + 5 ay 3 + 5a 2 y + 2b) ( ary + 2b) = 0. 

The first of these factors is identical with the quintic expression given above 
and has five real roots when ¥ + a 5 is negative. From this it appears the five 
real roots may be represented by the ordinates of the intersections of a trident 
aud a circle. Ihe five intersections, whose ordinates are the five real roots of 
this equation, are the vertices of a regular pentagon inscribed in a circle whose 
radius is 2 V— a, as may be seen by reference to the above values of y. 

II. Certain Mathematical Features of Thermodynamics. 

By J. E. Trevor, Cornell University. 

Let e, v, s denote the energy, volume, and entropy of unit mass of a body of 
oiuogeneous fluid in a state of thermodynamic equilibrium under the pressure p 
at the temperature 9. The energy * is then a continuous function of s, a, and 
equilibrium subsists when and only when 

^ de — — pdv + 9ds. 

Hence the conditions of equilibrium are the equations 

— V — de/dv, 6 = de/ds. 

T!^ t ^A5 uilibrium is stabIe > with respect to s mall displacements, when 
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and only when all possible sets of variations 8e a,. s„ +i , 

entropy of the body satisfy the inequality “ 16 Cnerg3 ’’ T ° Iume ’ and 

5e + pSv — 68s > 0. 

Hence the necessary and sufficient conditions of stability are 


d-e d*e 
dv 2 ds 2 




d-e 


Ot 


i > 0 . 


A consequence is that d-e/ds 2 > 0 

those chosen. The det"en»i „„„ ts ‘ Z ? 


3(*>, S) 

~d{v, s) 


ds 2 ’ 


d(p , s) 
d(v, s') 


dje 

dv 2 ’ 


ji p, 0) _ &e &y ( d-e \- 
3(v, s) a® 2 a,? + \ a-eds ) ’ 


and by the conditions of stability none of these determinants vanish When 
functions of the new variables are defined by the equations 

/0, 6) — e — 9s, g(p, s ) = e + pv, h(p, 9) — e + pv — 6s, 

differentiation and comparison with (1) yields the criterion of equilibrium in the 

(3) df = - V dv - sdB, dg=vdp + eds, dli = tdp - sdd. 

' lh n. C ?f + < ? ltl0nS 1 0f int ? grabi lit. v of the second members of (1) and f3) are Max- 
well’s “thermodynamic relations,” ' j tlX 


(4) 


dp_ dd 
ds ~ d? 


dp ___ ds 
36 ~~ dv 3 


dv _ d6 
ds dp 3 


dv 

dd 


Os 
dp * 


WeW J tha e t aSked "' lK,ll<irp ’ • “ rl ». * <*» -we « «. of independent variable 

_ _ d(6, s) _ o-e 

d{v, s) d(v, s) ~ aids ; 

and, as discussed below, it may be taken to be a fact of observation that these 
determinants vanish, if at all, only at points on a line 3 2 r/a® 2 = (!. The circum- 
stance that any one of the variables p, v, 9, s is a function of anv two of the others 
gives rise to the consideration of six pairs of variables that can be taken succes- 
sively independent, of twelve functions of pairs of variable s, an<I of a sc t of twcti - 
four first derivatives of these functions. The derivatives of the set mav con- 
veniently be assigned to two classes, Class I containing the derivatives of the 
work variables p, ®, and of the “heat variables” 9, s , with regard to each 
other, and Class II containing the derivatives of a work variable with regard to a 
ieat variable, and the reverse. Making use of the thermodynamic relations (4) 
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connecting the cross derivatives, the proposed classification is exhibited in the 
following table: 

Class I Class II 


_ ( <*p\ = A 

\ dv ) Q 022 

-(0),- + (s).“T- - 

( dp\ e n \ 

\ h /, 1 

_ (§P\ = _ (0!t\ = e J* = f 

\ 66 /„ \ dv ) e £22 

, (dd\ _a_ 

( dv\ / d6 \ 012 

\ds)p ea 

\ ds ~ \ dp ) s e n cjvi 

4 . (M ) _ !?? 

^ \ds/ v 1 

= + (-) =^ 3 =-/ h , 
\se)p \dp)o A nu 


Using the notation ea = d 2 ejdv 2 , e® = d 2 ef dvds, 0 22 = d 2 e/ds 2 , A = ene 22 — 012 2 , 
the tabulated values of the derivatives in terms of second derivatives of e(v, s ) are 
found from the equations 

— dp = Cndv + 0i2 ds, dd = 012 dv + 022 ds 9 

obtained by differentiating the conditions of equilibrium (2). The derivatives 
of Class II have the values 012, /12, —<712, — *12; i.e. 9 they form the terms of the 
conditions of integrability of the second members of the equations (1) and (3)* 
The tabulated derivatives and their reciprocals constitute the set of twenty-four 
derivatives. By the “reciprocal” of (dp/6v) 0 = - A/V, for example, is meant 
the derivative ( dvfd-p ) e = — 0 22 /A. 

The signs of the twenty-four rates of change of the quantities p, v, 6, s with 
regard to one another afford extensive information concerning the thermodyn- 
amic properties of fluids. By the conditions of stability we have that, for all 
realizable states of equilibrium, en f 022, A are positive. It appears then that, for 
realizable states of equilibrium, the signs of the derivatives of Class I are deter- 
mined by the conditions of stability, while the signs of the derivatives of Class II 
are determined by the sign of 0 i2 , which must be found by observation. From 
(dvj dB) p = — 0i2 /A we observe that 012 is negative when the specific volume rises 
on heating at constant pressure, and that 012 changes sign if the representative 
point crosses a line of maximum density at constant pressure. It is clear that 
the fluid states ordinarily observed lie in a field A (in which 0i 2 <0), but that a 
field ]i (in which 012X)) appears if, as in the case with liquid water, a locus of 
maximum density occurs. The derivatives whose values (having regard to 
their signs) are 012, /12, — $12, — hi are negative in the field A , positive in the field 
Ii, and zero on the zero line 012 = 0. A moment’s reflection serves to refer a 
given derivative, with the proper sign, to 012 or / 12 , etc. When “heating” is 
understood to mean increase of entropy or rise of temperature, and “expansion” 
means increase of volume or fall of pressure, the circumstance that 0 i2 is positive 
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at all points m the field B requires that, in this field, heating at constant volume 
decreases the -pressure , and heating at constant pressure decreases the volume while 
isentropic expansion increases the temperature, and isothermal expansion develops 
heat. In the field A the contrary occurs. 

Many interesting conclusions may be drawn. For example, by the definitions 
of the specific heats at constant volume and at constant pressure, and bv refer- 
enee to the table, 


whence, by subtraction, 


ds" 

dd 


A’ 


6 


Jv %! 


0 


£ll _1 Ci2 2 

A t ’22 e%>A' 


It follows that, Cp>e v everywhere except at points]® the zero line, where c p = a,,. 

Again, choosing v, 0 as independent variables, ylet usjeonsider the specific 
heat c of a fluid with regard to an arbitrary assigned path 0) = 0. The 
“heat-differential” dds is 


e^de + d^dv, 

d'V 


dd 


wherefore, . on dividing by d6 and using the second Thermodynamic relation and 
the definition of c v , 

, ,dp dv 

C ~ C ‘ + 6 dddd’ 

where dvjdd is the slope of the path. The quantity dpi 66, which is equal, to 
/i 2 > is positive in the field A and negative in the field B. Hence at any point in 
A the specific heat c is an increasing linear function of dvjdd, while at any point in 
I? it is a decreasing linear function of this slope. Its value at a given" point de- 
pends only on the slope of the path. At any point on the zero line dpi 06 = 0, 
wherefore c is constant for all finite values of dvjdd. In particular c p = c v , as 
found above. When dvjdd is infinite the value of c must be found by evaluating 
an indeterminate form. Two paths for which dvjdd is infinite are the isotherm, 
for which c — o o , and the isentropic, for which e = 0. 

A graphic representation of the values of the general specific heat at points on 
the zero line is had when paths through the point are drawn on the surface 
representing the region of fluid states in the v, s, 6 — space. In this surface 
the zero line is the locus of the minimum points of isentropic section of a trough. 
For at points on the zero line (ddjdv) s = e& — 0. 

When the path is the curve of section of the surface by a cylinder (or plane) 
perpendicular to the s, 0-plane and cutting the zero line, its projection on the 
v, 0-plane has a horizontal tangent at the zero line. Its projection on the s, 
0-plane is a curve with two coincident branches, whose slope dsjdd at the point of 
meeting the zero line determines the value, at this point, of the specific heat 
e = 6 -dsjdd with regard to the path. The isotherm, for which dsjdd - °o, and 
the isentropic, for which dsjdd = 0, are such paths. : y 
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When the path is any other curve whose projection on the v, 0 -plane has a 
horizontal tangent at the zero line, its projection on the s, 0-plane is a curve of 
two distinct branches that meet the zero line in a cusp. The common slope 
dsjdd of these branches at the point of meeting determines the value, at this 
point, of the specific heat c with regard to the path. 

When the path is any curve whose projection on the v, 0 -plane has not a 
horizontal tangent at the point of meeting the zero line, its projection on the 
a, 0-plane is a curve tangent to the zero line at the point of meeting. Hence the 
slope ds jdd of the zero line at this point determines the value there "of the specific 
heat c with regard to the path. The isobar and the isometric (the curve of con- 
stant volume) through the point are such paths. 

III. A Check Formula for the Ambiguous Case in Plane Triangles. 

By W. R. Ransom, Tufts College. 

In the solution of a triangle for which sides a and b and angle A are given, 
two values IV and B" are first obtained for the angle opposite 6; "then two Ingles 

V/m m _T f ° Und > and fmaily two . sides c ' and c”. The obvious relation 
2 (c + e ) — b cos A may be used to discover the presence of an error in either 
of the two triangles that have been computed. This formula does not appear in 
any text book with which I am acquainted: has it not been employed by some one? 

I\. The Kings Chamber” and the Geometry of the Sphere. 

By F. J. Dick, Raj a- Yoga College. 

That the designers of the Great Pyramid possessed a thorough knowledge of 
ie geometry of the sphere has been recognized by some, although the usual 
view is confined to the recognition of their knowledge of the value of tt. The 
ength of the Kings Chamber” is exactly double the breadth, while its height 
} . dia 1 ? onal of the fl oor. 2 Thus if the width be called 2, and the 

length 4 , the cubic diagonal” of the chamber is 5. 

of i ttC1 t° n 1S fTT t0 the si £ nificance of this in connexion with the geometry 

t ape bv e the^av f MC ’ 4 ^ by 2 ’ re P resent the ioor P Ia * 

circle T™ ' h i-’ f ° Und , m mai W ancient temples). Let the circumscribed 

Jtl J 1 ! t J® dla f 6tral Sectlon of a s P here and let two other spheres touch 

in J t he lues JH°ld f ^ nm f th % doub ^yf « P^is <t>O v S and eNOO, determin- 
T k , 7“ . . f nd FG cutting the cylindrical envelope dkuv. The diao-onals 

JG and HI comc.de with the diagonals of DABC, and ate each 5 in lemTT 
thcY are oftheiength.of the cubic diagonal of the “King’s Chamber These 

dLete^h sphere ITMS i» the small eirdes whose 

2 Ov. F B P l95 le ’ The Pymmm Wid Of G - izeh , London; 1883~ ~~ ~ 



RECENT PUBLICATIONS. 


jeeting this and its reflex on AB, Ci 
icosahedron on the plane containing t 
is one face of the internal dodecahedr 
of the icosahedron. 

This diagram appears to show 
“ Iength-double-the- width 
it shows that the 


a relation between the tesici 
features of some archaic arehitectur 
inscription of a 
square in a semicircle places the ico- — Ji'-_ , 

sahedron in the sphere at one stroke, 

so to say. //*' AXv "/ \ 

Taking AN or TM, an edge of the / / /\ ' \ / \/ 

icosahedron, as unity, the edge of the j / / \ 

internal dodecahedron is represented — j f \\ //V 

by the limit of the sequence ' /\ ! / X V/’A 1 


series oi riDonacci/ Tins series \ /y 

is found in nature. In certain species "" 

of plants, the denominators give the _ 

number of shoots or twigs correspond- * H ~ B 
ing to a number of spiral circuits given by the numerator. 

It seems just possible that the geometers of ancient Egypt 
Pythagorean and Platonic schools, derived their knowledge f 
varta, knew well what they meant when suggesting that the i 
built on number and the geometry of the dodecahedron. A 
we possess the merest fragments of what was actually taughl 
old. But we do have some of their mighty works in stone, 
read and fully understood? 
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edition and of which he now gives us Book I in a form adapted to the needs of the 
schools. 

Y\ hat would be the effect upon the pupil of studying Euclid 1 in the original 
Greek, not as a required task but as an elective subject? It would undoubted] v 
be two-fold in its nature. In the first place, Greek would have a new significance. 
In general this language has been studied in this country largely as a piece of 
linguistic gymnastics, and that is one of the reasons why it has so sadly fallen. 
If it had been taught for reading purposes, for the sake of knowing how the 
Greeks thought and acted, and for the influence which it should exert in the use of 
our English tongue, it would never have fallen to its present low estate. If it 
could, even for a short time, be shown to apply to another line of intellectual 
activity, one more closely related to another subject in the curriculum, there 
can be no doubt that students would look at it in quite a different light. 

In the second place, geometry would have new significance and a more potent 
striking force. Those facts which we acquire by serious work are the ones that 
stay with us. The current theories of tabloid education, whereby we get the 
thought of Greece, of Rome, and even of the foreign lands of to-day in condensed 
translations, are too unpsychological to stand for long. In the realm of geometry 
the case is not the same, since this science still requires some vigor of thought; 
but the study of a single book of Euclid in the Greek, supplementing the regular 
course in mathematics, could not fail to impress the meaning of the science upon 
the pupil’s mind and to show 7 him the dignity and logic of geometry at its best. 
That this will be at all general in American schools is not to be expected, at least 
until we get a new generation of educators, but that it could be tried with profit 
in those schools that still emphasize scholarship would seem to be evident. 

The work consists of three parts, (1) the introduction, 40 pages; (2) the Greek 
text o; Book I, 70 pages; and (3) the notes, 120 pages. The introduction, writ en 
in a style tha will appeal to students as well as teachers, contains a brief biography 
of Euclid, a resume of the history of geometry in Greece, a sketch of the later 
history of the Elements, particularly among the Arabs and in medieval Europe, 
and finally a brief statement of the position of Euclid in the domain of education 
since the making of the first translations into Latin. 

The text itself is clearly printed, — much better indeed, than the English 
version in such school editions as the familiar ones of Todhunter and Simson. 

It is in the notes, however, that the student, the teacher, and the general 
reader will find the editor at his best. No other living writer can so skillfully 
interpret to the English, reader the finer shades of meaning of the Greek mathe- 
maticians, and to the teacher of elementary geometry it will be an inspiration to 
read this critical study of the first part of the greatest textbook on the subject, 
all the circumstances considered, that the world has ever produced. To the 
teacher who has never critically considered, for example, the definitions of straight 
line, plane, angle, and circle; or wdio feels that he has come upon an epoch-making 
discovery that postulates and axioms are essentially the same, or that the Greeks 
so considered them; or who thinks that he rivals Euclid by finding some new 
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sequence for his propositions or some new foundation on which to build, — to such 
a teacher these notes will seem like the words of one having authority and not 
as those of the educational scribes and Pharisees. 

Not least among the valuable features of the work is the index of Greek terms 
and the index of proper names, aids which readers so often miss in books of this 
general nature. 

In America the book will serve an immediate purpose, in that it is one of the 
few books on geometry that no teacher can afford to be without, that is indis- 
pensable in the library of any well-equipped high school, and that the general 
reader with scholarly taste will welcome as a pleasant relief from most of our cur- 
rent educational literature. But it is also to be hoped that it will serve still 
another purpose, the one already referred to as supplying a new classic for those 
elective courses which may very likely come with the development of a better 
and more modern type of senior high school in this country. 

David Eugene Smith. 

Theory of Maxima and Minima. By Harris Hancock. Boston, Ginn and 
Company, 1917. xiv + 194 pages. Octavo. Price §2.50. 

The little treatise deals with maxima and minima, the first half being con- 
cerned principally with the case of functions of two variables. The first chapter 
disposes effectually of the one dimensional problem, and some sections treat in 
particular examples of three independent variables. The second half, chapters 
V . to Mil, treat the general case. Ordinary and extraordinary maxima and 
minima, the latter occurring only at irregular points of the function are con- 
sidered, and considerable space is given relative extremes in addition to the 
usual discussion of absolute extremes. The discussion treats the problem from 

many points of view and is particularly rich in elements common to other mathe- 
mated disciplines. 

The principal topics emphasized are homogeneous forms, definite, semi- 
defmite, and indefinite, and their relation to the determination of maxima and 
minima, the fallacy o f the Lagrangian criterion by which the point in question 
is approached on straight lines only; various attempted improve the theory 

wfn m V h ° Se °- S 0 2 ’ S v Cheefer ’ and V ' Dantsche r; homogeneou^ qu^hai 
more LT?- ^ T ** ° f by obvious and also by 

subsidiary enn n ir m i ° dS; app ! lcatlons to geometrical and physical problems; 
nrincml/m H° nS as mutualities rather than equations of condition; Gauss’s 

Lcen Ins iHh T T T CS; reVerSi0n ° f SerieS; certain ^amenta! 

dependence, ^nd^algebraic 2*^- ^ ^ " 

as to h the re nW in 

author mention - a coIIe « e curn ; f lll um this book may be expected to fill. The 

calculus of variations AC f’ mtr °duetory to a courese of lecture on the 
' ' ’ ^ ave ^ or a number of years given a brief outline of the 
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t leoiy of maxima and minima.” It must not be supposed that the book under 
discussion depends for its completeness on any subsequent course in the calculus 
of variations. It should be regarded rather as a self-contained exposition of an 
important elementary subject too seldom mentioned as an independent discipline 
but one which despite its present fairly obvious form, has been a subject of error 
on the part of many of the most conspicuous modern mathematicians, such as 
Lagrange, Bertrand, Serret etc. The treatment is made concrete bv numerous 
numerical examples of no little interest on their own account, and' of the sort 
which usually appeal to undergraduate students. The reviewer regards the 
book as a very eligible candidate for a short post-calculus coursed It does 
not require the acumen essential in an efficient course in real variables nor 
does it demand as much time as a fair course in elementarv differential equa- 
tions, while it shares with the former the chance of developing the critical 
^acuities of the student and with the latter the numerical concreteness desired 

in p If tl ; e , caI .^ lus of vari f tions is to be taught, such an elementary view as given 

Bjeily s little course An Introduction to the Calculus of Variations, 1917, needs 
no book of the sort under review. On the other hand, Bolza’s well-known 
Lectures on the Calculus of Variations presupposes a familiarity with analysis 
and particularly with the notions of real variables for which the present book is 
m no sense a sufficient introduction. The author’s remark “a treatment of these 
cases, the extraordinary cases, required more study than was anticipated ” 
merely illustrates the fact that the treatment of the case of a finite number of 
variables involves difficulties of its own and is not to be viewed as a mere preface 
to the calculus of variations. That these difficulties are not, unworthy of attention 
tne book amply demonstrates. 

Ihe reviewer noted several features which he regards as unfortunate in a 
treatment of this sort, of which the most important are as follows. The student 
is required to have a precise familiarity with the notion of continuity, and the 
idea of uniform continuity is in essence involved many times but no word of 
caution is given to such students as may be somewhat hazy as to the exact 
definition. While the theorems are in general given neither name nor number 
we note “Stolz’s added theorem,” “The Seheefer theorem otherwise stated” 
(which fills nearly a page), as unfortunate names for fundamental theorems. 

A function ./(ai) is regular in the neighborhood of the position x — a, if the func- 
tion in this neighborhood has everywhere a definite value which changes in a 
continuous manner with x,” p. 73, and here real variables only are under con- 
sideration! “Legendre was able indeed to show that this sum could not be 
greater than two right angles; however he did not show they could not be less 
than two right angles,” p. 135, italics not in the text. “If a continuous variable 
quantity is defined in any manner this quantity has an upper and a lower limit; 
that is, there is a definitely determined quantity g of such a kind that no value 
of the variable can be greater than g, although there is a value of the variable 
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which can come as near to g as we wish . . p. 136, while the character of the 
region of definition is treated as wholly arbitrary. 

Albert A. Bennett. 

Jahrbuch uber die Fortschritte der MathematiJc . . . herausgegeben . Yon E. 
LAMPEf unci A. Korn. Band 45. Jahrgang 1914-1915. (In 3 Heften) 
Heft 1. Berlin und Leipzig, Vereinigung Wissenschalflicher Yerleger, 1919, 
12+368 pp. 

The Heft opens with a fine portrait and a seven page appreciation of Emil 
Lampe’s life and work. He was an editor of the “Fortschritte” since Jahrgang 
1883. The Heft covers History and philosophy, Algebra, Arithmetic, and about 
twenty five pages of the fourth section on Combinatory analysis and the calculus 
of probabilities. The number of pages for the first three sections is about eighty 
more than for the corresponding sections of Jahrgang 1913, and about sixty more 
than for a similar portion of Jahrgang 1912. 

The Theory of the Imaginary in Geometry together with the Trigonometry of the 
Imaginary . By J. L. S. Hatton, Cambridge, at the University Press, 1920. 
Royal 8vo. 8 + 216 pp. Price 18 shillings. 

Preface: “The position of any real point in space may be determined by means of three 
real coordinates, and any three real quantities may be regarded as determining the position of 
such a point. In geometry as in other branches of pure mathematics the question naturally 
arises, whether the quantities concerned need necessarily be real. What, it may be asked, is 
the nature of the geometry in which the coordinates of any point may be complex quantities of 
the form x + is', y + iy\z + iz f ? Such a geometry contains as a particular case the Geometry 
of real points. From it the geometry of real points may be deduced (a) by regarding x', y\ % ' 
as zero, (6 ; by regarding x, y, z as zero, or (c) by considering only those points, the coordinates 
of which are real multiples of the same complex quantity a + ib . The relationship of the more 
generalized conception of geometry and of space to the particular case of real geometry is of 
importance, as points, whose determining elements are complex quantities, arise both in coordinate 
and m projective geometry. 

In this book an attempt has been made to work out and determine this relationship. Either 
of two methods might have been adopted. It would have been possible to lay down certain 
axioms and premises and to have developed a general theory therefrom. This has been done by 
other authors. The alternative method, which, has been employed here, is to add to the axioms 
f )r f etr ^ ^ ertam additional assumptions. From these, by means of the methods and 
• a t 9?° metry J m extension of the existing ideas and conceptions of geometry can 
thls wa J the r ? ader is able t0 approach the simpler and more concrete theorems 
fin,! 1 ? ms J a ? ce f and Step . b ^ step tbe well-known theorems are extended and generalized. 

° f ! he lmagma F ? s thus g^dually built up and the relationship between the imagin- 
? eXe ? P f Med and developed - Thc theory as here set forth may be regarded 
1 VI6W aS “ expOSltion of the oft 9 uoted but seldom explained ‘Principle 

Ima F nary points is tliat £ iven by °r. Karl v. Staudt in his 
BeUmgezur Gmncine der Lage; Nuremberg, 1856 and 1860. The idea of (a, 8) figures inde- 

r° lv f d by the author, is due to J, V. Poncelet, who published it in his Traite des 
II is taken ft Imtk 'fbe m atter contained in four or five pages of Chapter 

thG late Pr0feSS0r Esson > Savilian professor of 

the remainder ' and may be partly traced to tlie writil3 g s of v. Staudt. For 
tuen^mZ ^ Ti h ° T mUSt . take the ^sponsibility. Inaccuracies and incon- 

due to hL own Sw a has taugilt him that will be found to be 

n deficiencies ana not to fundamental defects in the theory. Those who approach 
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the subject with an open mind will, it is believed, find in these pages a consistent and natural 
theory of the imaginary. Many problems however still require to be worked out and the subject 
offers a wide field for further investigations.” 

Contents — I: Imaginary points and lengths on real straight lines, Imaginary straight lines, 
Properties of semi-real figures, 1-40; II: The circle with a real branch, The conic with a real 
branch, 41-69; III: Angles ‘between imaginary straight lines, Measurement of imaginary angles 
and of lengths on imaginary straight lines, Theorems connected with projection, 70-124; IV: the 
general conic, 125-140; V: The imaginary conic, 141-163; VI: Tracing of conies and straight 
lines, 164-195; VII: The imaginary in space, 196-212; Index of Theorems, 213-215; Index of 
terms and definitions, 216. 

Aeronautics, A Class Text . By Edwin Bidwell Wilson. New York, Wiley, 
1920 . Svo. ' 8 + 265 pages. Price $4.00. 

Preface ; u F or several years I have been giving, at the Massachusetts Institute of Technology, 
courses of lectures on those portions of dynamics, both rigid and fluid, which are fundamental 
in aeronautical engineering. The more elementary parts of these courses, covering about ninety 
out of one hundred fifty lectures, are found in this book. Although it has been customary to teach 
the two subjects of rigid and of fluid dynamics in parallel or in rapid alternation, so that they 
are both developed as needed for each other and for the accompanying courses on airplane and 
airship design, it has seemed better in making a presentation in book form to separate them. The 
student should have completed Chaps. IX-XII of the fluid mechanics before undertaking the 
latter part of Chap. VI. 

“A number of topics which might well be included in a work on aeronautics have been omitted 
from the book, as they are from my lectures, because they can be taken up so much better in the 
parallel courses on design. In the preparation of the selected material I have had constantly in 
mind my own experience and needs relative to effective classroom instruction, particularly in the 
matter of fists of exercises. Although my students are supposed to have completed thorough 
courses in calculus, including the elements of differential equations, and in theoretical and applied 
mechanics, it has seemed better to assume too little, rather than too much, as retained in usable 
form. I hope, therefore, that with the present interest in aeronautics in particular, and in applied 
mathematics in general, this w 7 ork may prove stimulating to other than technical students of 
aeronautical engineering. * 

u Nobody can issue a book on aeronautics at this time without lamenting the fact that much, 
if not most, of the progress in theory which has been made during the war, particularly in England, 
has not yet been released for publication. To wait, however, until its release and subsequent 
digestion would mean a long delay. Indeed from one viewpoint no time is more appropriate 
for the printing of these elementary, introductory, and orienting lectures than just now when there 
impends a deluge of material for advanced study .. 

Contents: Introduction — I. Mathematical preliminaries; 3-10; II. The pressure on a 
plane, 11-21; III. The skeleton airplane, 22-36. Rigid Mechanics — IV. Motion in a resisting 
medium, 37-56; V. Harmonic motion, 57-80; VI. Motion in two dimensions, S 1-106; VIL 
Motion in three dimensions, 107-121; VIII* Stability of the airplane, 122-151. Fluid Mechanics 
—IX. Motion along a tube, 152-164; X. Planar motion, 165-181; XL Theory of dimensions, 
182-198; XII. Forces on an airplane, 199-217; XIII. Stream function, velocity potential, 
218-235; XIV. Motion of a body in a liquid, 236-250; XV. Motion in three dimensions, 251-262. 
Index — 263-265. 

How to make and use Graphic Charts. By A. C. Haskell, with an introduction 
by R, T. Dana. New York, Codex Book Co., 1919. Svo. 7 + 539 pp. 

Contents: Introduction, 1-7; Rectilinear charts, 8-11; Logarithmic charts, 12-16; Semi- 
logarithmic charts, 17-24; Polar charts, 25-26; Geometric charts, 27-29; Trilinear charts, 30 - 36 ; 
Nomographic or alignment charts, 37-53; General principles pertaining to the use oi charts, 
54-77; Organization and management charts, 78-167; Cast and cast analysis charts, 168-228; 
Scheduling and progress charts, 229-261; Operating characteristics, 262-308; Charts showing the 
results of tests and' experiments, 309-325; Trends, tendencies and statistical prediction shown 
by charts, 326-341; Computation, arithmetical and geometrical, by charts, 342-444; Charts^as 
an aid to designing and estimating, 445-508; Miscellaneous uses of charts, 509-534; Index, 535 - 539 . 



Hand McNally of Chicago published in 1918 Plane C 
by Mabel Sykes and C. E. Comstock. Mr. Comstocl- 
Mathematical Association of America and a 
Bradley Polytechnic Institute. 

Two other members of the Association, M, 
mathematics] ’ ' ; j| 

Walsh, principal of the Friends Central Scho< 
of Plane Geometry (Philadelphia 
the Lippincott’s School Text Seri 
of Education, State University of low; 
metic, the Three Essentials in this s* 
the University of Montana, and Pi 
of Cincinnati. 1919-1920. 12mo. 

Price 72 + 80 + 88 cents). 

Quotation from The Degradation 
New York, Macmillan, 1919; “Th 
pages 272-274; 

beyond BtaSeoSSvIav ^ beyond , the Ie S itimate d, 

them Is the or, 1^,1 f 3 an,! hs school. Beyond the ether, aga 
nosit, ,A,:K-.„ f “ d Ll Ub ? ta r wluch tile y knew or could know-4} 


* j .1 -nil • i ^ , " - - ATILr>A Auerbach, supervisor of 

in the Ethical Culture High School, New York City, and C. B. 

- - --1 School, Philadelphia, are the authors 

b Lippincott, 1920, 18 + 383 pp. price $1.32), in 
•les^edited by W. F. Russell, dean of the College 

T "" ra - , TIle three volume s of Applied Arith- 
le series are by Professor N. J. Lennes, of 
.essor Frances Jenkins, of the University 
11 + 283 pp.; 9 + 294 pp.: 9 + 340 on. 
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sequence of his own principles, as lie refused for many years to admit the consequences of 
Faraday’s experiments; but at least he can surely rely upon this admission being the last he will 
ever be called upon to make. N T o phase of hyper-substance more subtle than thought can ever be 
conceived, since it could exist only as his own thought returning into itself. Possibly, in the 
inconceivable domains of abstraction, the ultimate substance may show other sides or extensions, 
but to man it can be known only as hyperthought,-— the region of pure mathematics and meta- 
physics, — the last and universal solvent. 

“There even mathematics must stop. Motion itself, ended; even thought became merely 
potential in this final solution. The hierarchy of phases was complete.” 

ARTICLES IN CURRENT PERIODICALS. 

Annals of Mathematics, second series, volume 21, no. 2, .December, 1919 (published 
February, 1920): “A property of cyclotomic integers and its relation to Fermat’s last theorem ” 
by H. S. Vandiver, 73-80; “Surfaces of rotation in a space of four dimensions” by G L. E. 
Moore, 81-93; “The circle nearest to n given points, and the point nearest to n given circles” 
by J. L. Coolidge, 94-97; “Singular solutions of differential equations of the second order” by 
E. M. Coon, 98-103; “Note on a class of integral equations of the second kind” by C. E. Love, 
104-117; “Concerning sense on closed curves in non-metrieal plane analysis situs” by J. II. 
Kline, 1 IS- 119; “On the theory of summability” by G. James, 120-127; “On the consistency 
and equivalence of certain generalized definitions of the limit of a function of a continuous vari- 
able” by L. L. Silverman, 128-140. 

Bulletin of the American Mathematical Society, volume 26, no. 4, January, 
1920: “The October meeting of the American Mathematical Society” by F. N. Cole, 145-151; 
“The October meeting of the San Francisco Section” by B. A. Bernstein, *152-155; “On the proof 
of Cauchy’s integral formula by means of Green’s formula” by J. L. Walsh, 155-157; “A set of 
completely independent postulates for the linear order ij” by M. G. Gaba, 158-159; “Certain 
properties of binomial coefficients” by W. D. Cairns, 160-164; “The work of Poincare on auto- 
morphic functions” [review of Oeuvres de Henri Poincare , tome IX (Paris, 1916)] by G. D. Birkhoff, 
164-172; “A brief account of the life and work of the late Professor Ulisse Dini” by W. B. Ford, 
173-177; “Shorter Notices,” 177-183; “Notes,” 184-188; “New publications,” 189-192— No. 5, 
February: “Integro-differential equations with constant limits of integration” by L A. Barnett, 
193-203; “On a pencil of nodal cubies” by N. AltshiUer-Court, 203-211; “Definition and illustra- 
tions of new arithmetical group invariants” by E. T. Bell, 211-223; “Matrices and determinoids ” 
[review of C. E. Cullis’s Matrices and Determinoids (Cambridge, 1913-1918)] by J. R. Shaw, 224-233; 
“Notes,” 233-237; “New publications,” 237-240. 

L’Enseignement Mathematique, volume 20, no. 6, January, 1920: “Sur TeHimnation 
algebrique ” by C. Riquier, 405-421; “Nouveaux theoremes sur le virielde forces et leurs appli- 
cations geometriques et mecaniques” by F. Boulad, 421-432; “Sur les foyers rationnels d’une 
courbe algdbrique” by E. Turriere, 433-436; Chronique, Bibliographic, Bulletin Bibliographique, 
436-462; Table de Matieres, 463-468; Supplement, “Spaco” by R. de Saussure, 12 pages [Speci- 
men of the international language “Esperantide (conciliation de PEsperanto et de l’ldo).” The 
first sentences are: “En spaco existas sep, kay nur sep, figuron, kiun estas nur pozician, t.e., kiun 
entenas nenia grando. Lu estas (fig. 1): 1. La punkto (P). Irg ni punkto estas nura pozieio kay 
havas neni amplexo; punkto povas rotaci omnimanere sur si self, ne cestante esti la sama punkto. 

2. La reglo (It), or rekta senfina linio, konsiderata kom spacelemento, kom nedivizibla tuto 
(kay ne kom serio de punkton). Irg ni reglo estas nura pozicio kay enhavas nenia grando; reglo 
povas gliti or rotaci sur si self, ne cestante esti la sama reglo.”]. 

The Mathematics Teacher, volume 12, no. 2, December, 1919: “Certain undefined 
elements and tacit assumptions in the first book of Euclid’s Elements ” by H. E. Webb, 41-60; 
“Association of mathematics teachers of New Jersey. Report of the committee of first-year 
high-school mathematics,” 61-74; “New books,” 75-76; “Notes and News,” 77-88. 

Monist, volume 30, no. 1, January, 1920: “The analytical treatment of Newton’s problems” 
by P. E. B. Jourdain, 19-36 [First paragraph: “It is a great help to the proper understanding of the 
meaning of Newton’s propositions to consider the formulation of these propositions in analytical 
language. In this article, after a mention is made of Leibniz’s analytical work of 1689 (§ I), 
Varignon’s of 1690 (§11), Maclaurin’s of 1742 (§ III), and of some work of Johann Bernoulli, 
Keill, Hermann, and others near the beginning of the eighteenth century (§ IV), the contributions 
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of Lagrange (1788) and the integrals of the dynamical equations are considered in greater detail 
(§§ V, VI). In connection with these integrals, the problems of the first three and then two bodies 
are treated in the most general way -possible (§ VII), and, in § VIII, a single case of integration 
noticed by Jacobi is given and some further simplifications added. In § IX a short analytical 
summary of much of Newton’s work on the dynamics of a particle is given. In § X the work of 
Mobius, Hamilton, and Grassmann on vector methods, which is of'sueh great importance to 
analytical mechanics, is indicated, and the logical problem of the principles of mechanics and the 
light thrown on it by this work are discussed”]; “Space and the world in space” by J. Dieserud 
37-o6; The new number of the cosmic sand. On the extent of the universe and the limits of 
space and time” by H. Friedenthal, 57-69. 

Nouveu.es ANNALES be Mathem ATIQUES, volume 78, November, 1919: “Cyclides dn 
,ky R" Dontot, 401-417; “TheorSme sur les courbes planes” by R. Bricard 
8 r 4 * jl ,\ lr . 1!lI) S les et quadrilatdres de Poneelet” by G. Fontene, 421-424; “Distance du centre 
de la sphere circonscrite, au centre de gravite du tetraedre” by V. Thebault, 424-426; “Sur l’aire 

fom P0 « 6 , by V ‘ ' Iam6t ’ 426 - 435 : Concours special d’admission A 1’Ecole Polytechnique en 

1JIJ. Isujets de composition, 435-437; solutions de questions proposees, 437-440. 

io ^® oc ‘ !ED ™ lf '* ° ( f ™e National Academy of Science of the U. S. of A., volume 5, no. 
12, Bcoember, 1919: Conditions necessary and sufficient for the existence of a Stieltjes integral” 
(J. Carmichael, 551-555; “Transformations of cyclic systems of circles” by L. P. Eisenhart 

transform^ 

ioon < ^ff KTEEI 'T J P mifAIL 0F PuRE and Applied Mathematics, volume 48, no 4 Januarv 
289-oqo A <T solution of Waring’s problem” (continued) by G. H. Hardy and J. E. Littlewood 
> A i a n °t defimt ? “teg'-ais by S. Ramanujan, 294-310; “Motion of one solid on 

NichdLn%i A 'W- “^h 6t ’ 1 10_3 f 2 ?i of a Theorem due to Sonine” by J. W. 

mcnoison, 3* 1-329, The value of the definite integral 

r e at ‘ J + bt dt ” 

-oo e ct -f* d 


r. iviein, 3Ud~dl4 [Translation of 

K La (fourth article) by 

090 Wn nZf’ Restitueidn de una de las obras perdidas de Euelides” bv V R y Prdsopr 

(I9l1)k ^ r K° ng .' 0t ? er - 7 rk " *° R - Archibald’s Euclid’s Book on Division of Figmes 

154; “SuVlestri^ es ” by J de n f om ^” by J ‘ J «6noy, 146- 

oeuvre (1866-1913)” by A. Boulanger, 42-45"’ Ja " Uary 24 ’ i920: ‘' CarI ° Bourlet » s » vie et son 
School and Society, volume li February 91 loon* ^ m A . . . 
school mathematics as a socializing agency” by T. L. KeUey 228-230 ^ CS “ kgb 

tifio activity” by R^TSniirhad! S^^Sfig 4 ’ 192 ° = <<Tile mea3Ure of excellence in seien- 

2 . °’X' A,m3 ' ™ lu “ 23 ' »■ *■ «»«■> 

gravitation and electrical action and oflocil el,?' S N ® w evidence of a relation between 
by F. E. Niplier, 373-387. ’ ' “ changes m the electrical potential of the earth” 
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AMERICAN DOCTORIAL DISSERTATIONS. 

F.R. Morris, “Classification of involutory cubic space transformations,” UnwcrsUi / of Cali- 
fornia Publications in Mathematics, yol. 1, no. 11, February, 1920, pp. 223-240. (University of 
California, 191 S). 

A. R. Williams, “On a birational transformation connected with a pencil of cubics,” Uni- 
versity of California Publications in Mathematics , vol. 1, no. 30, February 1920 do 211-222 rTJni- 
versity of California, 1916). * ' 


PROBLEMS AND SOLUTIONS. 

Edited by B. F. Finkel and Otto Dunked. 

[Send all communications about problems and solutions to B. F. Finkel, Springfield, Mo.] 

PROBLEMS FOR SOLUTION. 

[N.B. The editorial work of this department would be greatly facilitated if, on sending in 
problems, the proposers would also enclose their solutions — when they have them. If a problem 
proposed is not original the proposer is requested invariably to state the fact and to give an exact 
reference to the source.] 

2834. Proposed by Otto Dunkel, Washington University. 

In any triangle A PC let M and N be, respectively, the points in which the median and the 
bisector of the angle at A meet the side BC } Q and P the points in which the perpendicular at 
N to NA meets MA and BA y respectively, and O the point in which the perpendicular at P to 
BA meets AN produced. Prove that the straight line QO is perpendicular to BC and the similar 
theorem for the external bisector of the angle at A. 

This proposition shows the relation between two constructions for the center of curvature O 
of a conic for which B and C are foci and A is a point of the conic. (The figure also gives an easy 
proof of the Law of Tangents for triangles compare 1920, 53-54. See also 1920 , 226.) 


2835. Proposed by J. L. Rimy, Stephenville, Texas. 

If x, y, z, u are finite, and not all zero, and satisfy the equations 

x ~ by + cz ~ f* duj y ~ ,ax + cz + du, z = ax by + du, u - ax 4* by -f cz 9 

and if none of the quantities a , 6, c, d t have the value —I, then will 


2836. Proposed by W. V. N. GARBETSON, Rutgers College. 

A ladder 40 feet long rests with one end on the ground against the foot of a building and the 
other end against the side of a second building directly across the street from the first. A second 
ladder 25 feet long inclines in a similar manner from the foot of the second building against the 
side of the first building, the two ladders crossing at a point 15 feet above the ground. How 
wide is the street? 


: 2837. Proposed by B. F. Finkel, Drury College. : : 

Assuming v to be the velocity of sound; db u s the velocity of 8, the source of sound, and n 
its frequency; ± u r the velocity of R, the receiver; and =fc w the velocity of M } the medium, 
discuss fully Doppler’s Principle for the apparent frequency n\ The double signs are used to 
indicate that the discussion is to include the cases when source and receiver are approaching and 
when separating and the same consideration with reference to the medium. Limiting cases are 
especially desirable; e.g., when w = 0 , u s *= 0, and — u r = 2v; w ~ 0 , + u * - *’» and u r *= 0; etc. 

2838. u A rope is supposed to be hung over a wheel fixed to the roof of a building; at one end 
of the rope a weight is fixed, which exactly counterbalances a monkey which is hanging cm to the 
other end. Suppose that the monkey begins to climb the rope, what will be the result?” 




PROBLEMS AND SOLUTIONS. pUIie 

This problem was invented by Levis Carroll in December, 1893 (S. D. Collinewood Th* 
and Letters qf Lewis Carroll (Rev. C. L. Dodgson), New York, 1899 pp 317-31S) ‘inrl i n S * jp ^ 
he remarked: “Got Professor Clifton's answer B. B. Clifton' professor of nhv 1% Jr, ? 
the ‘Monkey and Weight Problem.' It is very Lious/the different S&IJS 10 
maticians. Price [Bartholomew Price, professor of physics at Oxfordl savs that th*> 15 mathe- 
with incr^ng ^ocity; Clifton (and Lrcourt 

at Oxford]) that it goes up, at the same rate as the monkey; while Sampson [probably E P Sam7 

■ ct n “°: a * d T- SOr .° { ChTist C “' 0xford J s ^ s aat it goes down ” Yet anotW 
solution by Rev. A Brook is given on page 26S of The Lewis Carroll Picture Book edited hv 

S,D t£"^Sh 30(1 Lond 0n > 1899) > na mely that “the weight remains stationarv.” ' ' edlted by 
December^ “ Sch °° l Sdence and Mathematics , volume 17 
mi rn ift Th ?■ ?•?’ V ?T e J 9 ’ Deoembcr > 1919 > p. 815; and volume 20, February 1 9 20 
»» 7 Bv ft f f Mo f , HLT mvite mathematical solutions of the problem. ’ 

<■*» i-iSfcSJ p “ t * £ “ from pl “* «— ** 

■| (y/5 1) -j- — VlO -f- 2Vo. 

£Sn p s ssr* tor ”°““ " waw * i “ 4 »« 

2840. Proposed by Nokman Anning, University of Maine. 

It is observed in a table of values of 

logio (cologio *) 

2841. Proposed by WauAM Hooyee, Columbus, Ohio. 

The mixed number, 


3 of the fractional part be determined deductively f 

j C 2 jl. !,yx(^)} 2 

{«*»)}* 

and ^ 2 (/c) may be found. 

Ibtler, Yale University* 

wing sextic in s as the product of a quadratic and a biquadratic: 

■ 2(2h> - 4 hk? - + _ fe2)2 _ 9A . ifes]xS 

- (k? - 2k?) (kj;? - 9 k 3 *)x + (k? - 3k?) (fat _ 3 

SOLUTIONS OP PROBLEMS, 
by s. a. cobet, Des Moines, Iowa. 

ebraic identity without actually performing the indicated opera- 

riTs + C i r ^4 -f Cafsfr, + CiC 2 r 7 ?' 8 ) 

(ri«i - Cl r s t 3 - c 2 r 6 < 6 + Cic 2 r 7 t ; )(r 2 { 2 - 
+ (rjfa — Cir 3 l 4 — c 2 r 5 < 8 + CiC 2 r 7 i 8 ) (r 2 ti 
+ Oifrife + nh - c 2 r 5 t T - c-iJvfAiW, J 


€ir^ 4 — c 2 r 6 t e + cic 2 r 8 t 8 ) 
0^3 — c 2 r fl f 5 -f Cic^h) 
r r 4 / 2 — c 2 r 6 ^ 8 —c 2 r&ts) 
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+ Cifrih + r* - c 2 r* 6 i s - catf,)(r* + r,h - wdi - c&t*) 

;+ c»(n<s + Cir«fe + r*'+ Cirt*){r4t + cjrrfj + r<k + c,rtf«) 

+ Cz(r lie- + CiTafe + r 5 i 2 + Cirjt^frjts + Cjrdr + r 6 i i + c,r 3 * 3 ) 

+ cic 2 (ri« 7 -r 5 i s +r 5 f a - rjiOWs -r 4 i c + } - 6 f 4 - r*) 

+ ci«s(ri<« - + n*i - 1*7*2) (1*2*7 - r,h + rds - nh). 

®J. assu ™ ng s P e °4 relations between the constants involved show that the product of the 
sum ot four squares by the sum of four squares equals the sum of four squares. 

Solution by the Proposer. 

We have the well-known identity: 

where" ^ + ^ + ° lC - T ^ (iSl= + + C ‘ R ^ + cic 2 fl 4 2 ) = Pi 2 + ciPf + aP;? + c^.iy, (I) 

Pi = P1P1 - c,T,U, - CiTsRs + ci cTtR,, P, = TJi, + '1\R« - c,T,R t - c,Tdh, 

P 3 = T s Ri + T1R3 + C1T4R2 + C1T2P4, and I\ = TJii — P,P 4 — TJt 2 + T°R 3 . 

Assuming R n to be a vector (or even a quaternion), (1) will hold as to its scalar part, being a 
homogeneous quadratic. 

Let e = V- i, H = |[i -j - e(i + k)], I = Ml + 3 + e(i - /,-)], ,7 = mi + 3- e(i - k)\, 

and K - - 2 [1 - j + Q(% + Jc)], i, and A* being Hamilton's unit vectors. Also let 

•^1 ? iH 4“ £>1/ “j~ §2*/ 4* t 2 K } R 2 ^ rzH 4* S3I ~j~ sj ~f~ Tifc) 

Rs — rjl + sj + sqJ 4- r & K, and P 4 = r : H -f $ 7 I 4- s$J -f r&K. 

If ?’2n_i + s 2n -i + «2;i + r 2n = 0, P„, becomes a vector but its tensor is usually imaginary, 
its square being 2(r a »- 1 r 2 » + s 2n -iS2n) (v. Vol. XIV, pp. 19-22 of Monthly). If s 2n = 0, this 
reduces to 2 (r 2 #- 1 r 2 „), and if we further assume that $ 2 n-i = - (r 2n ~ir 2n ), R n becomes a vector 
the squared tensor (or norm) of which is 2(r 2 „_ 1 r 2K ). Substituting these vector values of R h Ffa t 
R h and P 4 in P h P 2 , P Sj and P 4 , the norm of P„ is found to be Zpzn-ipzn, where 

p 2 = T x r 2 - CiT 2 Ta - c 2 7V G + c^V a, 


Pi = SPaTa + 2V 4 - c 2 3 r Vt 5 - <j 2 2Vs, 
Pe — -f C1T4T4 4* P i?> ( 4* C\T: 2 r% } 

Vi :2V'« — Psfd 4" — Pifg. 


( 2 ) 


Pi — TiTi — Ci p 2 r 3 — c 2 TzT§ 4- Cic 2 P 4 ?’r, 

Ps = P 2 ri 4- Pi?' 3 - c 2 P 4 r 5 - c 2 T s r 7 , 

Pi> = Psd 4~ ciT if z 4* ^1^5 4- c\T 2 r 7i 

pi = P 4 ri — Pa?*;! + and 

Substituting in (1) and reducing, we get 

(Pi 2 4* CiT 2 2 4- C2T3 2 4- C1C2P4 2 ) Ov’2 H~ Cir 3 ?* 4 4 * coPoPr 4* CiC2?Yr&) 

“ PlP2 4* Cipm + C 2 p;pc + CiC2P?Ph> 

Similarly let T n — fan- iH 4~ ‘U 2n ~il 4" UznJ 4" fanK, where u 2n -i ~ 0 and u 2n == — (fan- 1 4* 

Pn will then be a vector. 

Substituting these values of T n in (2) and taking scalars the given identity is obtained. Tliis 
process of taking scalars is simplified if we observe that if Qi ~ XiH 4- yj 4- z\J 4 v } K } and 
Qi “ H~ p 2 / 4- z«J 4- v 2 K are vectors, and if y 1 - y 2 = 0 , /S-QiQ 2 « — ($1% 4* dr 2 ). 

If °i ~ °2 = 1, fan— i — <?2n, and r 2 R_i « r 2n in the given identity, the product of tire sum of 
four squares by the sum of four squares is seen to be the sum of four squares. 

Further if t 2n ~i be the conjugate of t 2ni and r 2n -i be the conjugate of r 2ni and if Ci ~ c 2 = 1, 
in the given identity, it becomes 2 (sum of eight squares) (sum of eight squares) = (sum of 16 
squares). This is a special case of 

S «» 2 ) ( 2 Vn 2 - S rf, 

\ W~1 / \ii=l 7 WBZ.1 

and establishes the theorem: 

The product of the sum of sixteen squares of numbers forming the legs of eight Pythagorean 
triangles by the sum of sixteen squares, eight of which have the same sum as the remaining eight, 
equals the sum of sixteen squares. 
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Proof of the given identity could have been obtained by the use of the ordinary complex 
quantities of algebra, but the above proof is given because of its greater generality and novelty. 

It will be observed that the given identity as well as ( 1 ), ( 2 ), and the above 16 -square theorem, 
all being homogeneous algebraic quadratic identities, may be given geometric interpretations by 
letting certain of the letters represent vectors and then taking the scalars of the resulting 
expressions. 

2748 [ 1919 , 72 ]. Proposed by J. B. BEHOLDS, Lehigh University, 

The vertices of a triangle are ( 0 , 0), (2a, 0), and (2x, 2 y). Where are the vertices of the 
triangle of least area having its vertices on the perpendicular bisectors of the sides of the given 
triangle and the same center of gravity as the given triangle? 

Solution by A. M. Harding, University of Arkansas. 

Let Qi(xi, yi), Qi(x2, ?y 2 ) 3 Qsfa, y 3 ) be the vertices of the required triangle. Since Q h Q 2 , Q h 
are on the perpendicular bisectors of the sides of the triangle PiP 2 Ps, we have 

ViV + xi(z ~ a) - £ 2 + a 2 - y 2 = 0 , (1) 

ViV + - .t 2 - if = 0, (2) 

= a. ( 3 ) 

If the triangles P 1P2P3 and Q1Q2Q3 have the same center of gravity 
g i + x 2 + £3 _2x + 2a y x -f y 2 -j- lh _ 2 y 


3 3 * 3 

£1 + £2 = 2 x + a, 
2/i + Vi + Vi = 2 y. 

From equations (1), (2), (4), (5), we find 

axi = — yy 3 + ax + a 2 , 
ax 2 « yyz + ax, 

A'Aytv ayi ~ ~ 

ay 2 ~ - xy* + ay. 

The area of triangle Q1Q2Q3 is given by 

ax 1 ayi 1 \ 
ax 2 ay 2 1 
a.r 3 ay 3 1 


P 3 {2x>2y) 


1 ! ~ yyz + ax + a\ (x - a)y z + ay, 1 
'2q*\ yyz + ax, — xy 3 + ay, 1 

a 2 ) ay s , 1 


P 2 (2a,o) 


whence 2a A » Zyy£ — 2(x 2 -f y 2 — ax + a 2 )y s 4* ary. 

The area will be a minimum when (#% s )(2aA) « 0; that is, when 

3y///a = a: 2 -f - y 2 — ax + a 2 . 

k- a 'I. 5 l +, ; 'f SUy , Sh T th 1 tte eeater of the circumcircle of A P X P 2 P 3 is C(a, ?/„), where 

other vortices mavrumh^t = + " W3 + rf/3». The coordinates of the 

ouicr \ atites may now be found from equations (6), 

gravity,^' “ *" shown that if the tri “g les P ' P *P S and ft&Qs have the same center of 

„ QzD 2 _ QXh 
PlP»~ KPl~ PiP,» 

S« £A.*3 ScSSS. 01 * 4 w. ™* ■»— >• «■ *»= <*-*■ 
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Also solved by E. PI. Clarke, C. E. Horne, and A. Pelletier. 

2749 [1919, 72]. Proposed by C. N. SCHMALL, New York City. 

In the parabola, y 2 = 4 ax, two normals to the curve are drawn at the ends of a fo( 
Show that the area between these normals and the curve is 20a 2 / (3 sin* 2<j>) where <-/> is 
between one of the normals and the ;r-axis. 


Solution by H. M. Roeser, Bureau of Standards, Washington, D. C. 

The tangents to a parabola at the extremities of a focal chord intersect, on the directrix at 
right angles. (Tanner and Allen, Analytic Geometry , page 227.) The [tangents and normals 
will, therefore, form a rectangle of which the focal chord is a diagonal and whose area is equal to 
the product of the lengths of the tangents from their intersection on the directrix to the points 
of tangency. The area sought is the area of one of the triangular halves of the rectangle plus two- 
thirds of the area of the other triangle or five-sixths of the area of the rectangle. 

Let m = slope of one of the normals. Then y = mx - 2 am - am s : is the equation of one 
normal and y = — x/m -f 2 ajm -f a/m 0 is the equation of the other normal, y ~ — x-m — am 
is the equation of one tangent, and y = mx + aim is the equation of the other tangent. The 
tangents intersect at the point (x, y) ss [- a, a(l - and touch the curve at (x, y") s [am?, 

— 2 am] and (x, y) s [ajm 2 , 2 a/m], respectively. 

The lengths of the tangents are h = a(l + m 2 ) Vl + m 2 /ni and h = a(l -f vf) Vi •+ 

The area sought is therefore dhh/Q = 5a 2 (1 + m*)*fim* = 5a 2 / (6 sin" <f> cos ; * 4>) = 20a 2 /(3sin s 2^). 


Solution by the Proposer, 


Let b, be the given base; a - f c, the sum of the other two sides, and a — C — A the difference 
of the base angles. 

On the line AK lay off AC = b and at C construct an angle ACT) == \(C — A) = \a. Draw 
CE perpendicular to DC. With A as a center and a radius equal to a -f c 
describe an arc intersecting CE in F. Draw AF. Construct the angle jE 

BCF equal to the angle BFC. Then the triangle ABC is the required Jf 

triangle. \ vw 

For, triangle BCF is an isosceles triangle having its base angles equal 
by construction. Plence, BC ~ BF , and, therefore, AB + BC = AF. _ d / \ / 

Also, angle CBF - angle A ■+■ angle C, or angle MBC (BM being the \ / 

bisector of angle CBF) = l angle CBF — § (angle A + angle C) ~ angle 

BCD = angle BDG = angle A + angle DC A ; whence angle DC A = A c K 

Mangle C —angle A) = la. 

Also solved by C. L. Arnold, George Aquis, Mary Bejsoric, P. J. da 
Cunha, Chang Chxh-chen, H. H. Downing, A. M. Harding, C. E. Horne, 
Marcia L. Latham, A. Pelletier, Marian M. Torrey, and .Louis Weisner. 

2751 [1919, 72]. Proposed by ENOS E. wither, Senior in Franklin and Marshall College. 

Investigate the problem of solving the equation 


Carmichael's Diophantine Analysis , Problem 18, p. 54. 
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Solution bt the Proposer. 

It appears that a-, y, v, u\ and a are to be rational numbers and a =p[Q. 

If v 2 = y\ w- == x 4 } and a solution is given by v - ± if to = ± .r 2 . 

If t! 2 ^ y 4 we may proceed as follows: From the given equation, we*have 


whence. 


Letting 


and solving (5) and (6) for a’ 2 and w, 


Substituting the value of v from (9) in (8), we have 

— <*s 2 H~ c 2 ^ 2 — b 2 y 2 


But from (4), (5), and (6), W — c 2 


a. Hence if we put b — c . m, b + c = a/m; then 


2ams 2 


2765 [1919, 171]. Proposed by a. M. HABDDfG, University of Arkansas. 

ABC is an equilateral triangle. A point D is taken in BC such that BD 
n m CA such that CE is f of CA. If the lines AD and BE intersect at 


p e circle and the angle COD , being 
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T H^°vr?v b / aV V w BAC °’ G * ? EEIT) tL H - Downing, William Herberg, 
II R Phuvv T R r illiam s, C. E. Mange, H. L. Olson, A. Pelletier, 
II. R. Phalen, J. B. Reynolds, W. P. Rigge, W. G. Simon, and the Proposer. 


NOTES AND NEWS. 

Edited by E. J. Moulton, Northwestern University, Evanston, III. 

The announcement in this Monthly { 1920 , SS) that Assistant Professor 
Florence 1 . Lewis had been promoted to an associate professorship in mathe- 
matics was somewhat belated, as this promotion took place in 1913. 

At Cornell University Mr. D. S. Morse of Union College, Professor W. L G 
Williams, of William and Alary College, Mr. Id. Poritsky and Mr. II. M. 
Lufkin { 1920 , 43) have been appointed instructors in mathematics for next year. 
Professor James McMahon has been granted leave of absence for the vear 1920- 
1921, Professor Arthur Ranum for the first term, and Professor F. R. Sharpe 
for the second term. 

At Adelbert College of Western Reserve University, Dr. W. G. Simon has 
been promoted to an assistant professorship, and Dr. C. A. Nelson of the Uni- 
versity of Kansas has been appointed to an instructorship in mathematics. 

Professor J. L. Jones, of Syracuse University, has been appointed head of 
the department of mathematics at Akron University. 

At the College of the City of New York, Mr. J. A. Brewster has been pro- 
moted to an assistant professorship of mathematics, and Mr. W. A. Whyte to 
an instructorship in mathematics. 

Dr. Maelynette Aldrich, professor of mathematics, at Martha Washing- 
ton College, a member of this Association, died from influenza on February 22. 

Dr. 0. A. Randolph, associate professor of physics in the University of 
Colorado, a member of this Association, lost his life in a snow storm on April 11, 
during a mountain-climbing trip made for the purpose of photographing winter 
storm scenes. 

Mr. J. W. Lasley, Jr., assistant professor of mathematics at the University 
of North Carolina, has been on leave of absence and studying at the University 
of Chicago as fellow. 

Dr. O. D. Kellogg has been appointed associate professor of mathematics 
at Harvard University (correction of a previous statement, 1920 , 238). 
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Professor J. E. Rowe, of Pennsylvania State College, lias resigned to accept 
an appointment as mathematics and dynamics expert in the ordnance bureau of 
the war department. He is serving as chief ballistician at the Aberdeen Proving 
Ground. 

Dr. Gaston Julia {1919, 223) is xnaitre de conferences de mathematiques at 
the Ecole des Hautes Etudes, Paris. 

Dr. J. A. Brashear, manufacturer of astronomical and physical instruments 
at Pittsburgh, Pa., and member of many scientific societies, died on April 8, 
1920 in his eightieth year. 

Dr. Woldemae Voigt, professor of theoretical physics at the University of 
Gottingen since 1883, died December 13, 1919 at the age of sixty-nine years. 

Vice-Admiral C. A, Campos Rodrigues, director of the obseravtory of Lisbon, 
died December 25, 1919 aged eighty-three years. 

Professor Moritz Benedikt Cantor, who died at Heidelberg, April 10, 1920, 
was bora at Mannheim, August 23, 1829. tie received his doctorate sixty-nine 
years ago at the University of Heidelberg where he was appointed extraordinary 
professor in 1853 and honorary professor in 1877. Apart from his monumental 
Vorlesungen ilber Geschickie der Mathematik , 1880-1907, he was the author of; 
Ueber ein wenig gebrduchliches Coordinatensystem (diss.) 1851; Grundzuge einer 
Elementar- Arithmetik, 1855; Mathematische Beitrage znm Kulturleben der V biker, 
1863; Euhlid und sein Jahrhundert, 1867 (Italian translation, 1873) ; Die ro- 
misehen Agrimemoren und Hire Stelhmg in der Geschichte der Feldmesskunst, eine 
hisioruch-matliematische Untemwhung, 1875; Politische Arithmetik oder die 
Arithmetik des tdglichen Lebens, 1898; second edition, 1903. 

Professor A, S. Eddington has been appointed President of the Section of 
Mathematics and Physics of the British Association for the Advancement of 
Science. 

Professor Paul Appell, honorary dean of the Faculty of Sciences of the 
University of Paris has been appointed Rector of the Academic de Paris, in 
succession to the late Lucien Poincare. 

Dr. Emile Borel, recently professor of the theory of functions in the Uni- 
versity of Paris, has, at his own request, been appointed professor of the calculus 
of probabilities and mathematical physics as successor to Professor Boussinesq, 
« who has retired (1919, 419). 

At the meeting of the American Mathematical Society in New York on 
April 24, the afternoon session was devoted to a symposium on relativity. Papers 


281 



Additional announcements of mathematics courses in Summer Sessions (of. 
1920, 192-194; 235-236) are as follows: 

University of California , June 21- July 31. By Professor 1). N. Leiimlr 
Theory of numbers; Special advanced study and research. By Professor li. G. D 
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were presented as follows: By Professor Leigh Page, “The physical and philo- 
sophical significance of the principle of the theory of relativity and Einstein’s 
theory of gravitation;” by Professor L. P. Eisenhart, “Geometric aspects of 
the Einstein theory.” 


At the meetings of the Division of Physical Sciences of the National Research 
Council on April 28-29, 1920, the following motions with reference to mathematics 
were adopted: 


1. That the Mathematical Association of America be asked to nominate one member for 
the Division of Phvscial Sciences of the National Research Council. 

2. That the Division of Physical Sciences recommend to the National Research Council that 
the American Section of Mathematics, organized under the statutes adopted by the Division, be 
made the authorized agent of the Council in the negotiations leading to the organization of the 
proposed International Mathematical Union and become its representative in that international 
body when it shall have been organized. Further, the Division recommends that upon the 
formal organization of the International Mathematical Union the Council signify its adhesion 
and that the annual contribution be paid as soon as funds are available. 

3. That the number of members at large be increased by one with the understanding that the 
first man elected to this membership should represent mathematics. 

4. That the Division approve of the project for the publication of a Journal of Mathemat- 
ical Abstracts and recommend the appointment of a committee to work out details and to take 
steps in consultation with the Executive Committee of the Division and the Finance Committee 
of the Council, looking toward the securing of the necessary funds. 

5. That a committee be appointed to consider further and in detail the project for securing a 
revolving fund to assist in the publication of important scientific books, monographs and transla- 
tions which are so unprofitable from a commercial standpoint as not to appeal to regular publishing 
houses. 

6. That the Division approve the project for the establishment of one or more Research Fellow- 
ships in Mathematics, such Fellowships to be administered by the Division, and that the Division 
request the assistance of the Finance Committee of the Council in securing funds for this purpose. 

The Division considered, also the recommendations of its Committee on 
Cooperation in Mathematical Projects (consisting of the representatives of the 
American Mathematical Society in the Division [see 1920, 239] and Professors 
E. R. Hedrick, and R. C. Archibald) regarding committees on two special 
branches of mathematics offering advantages in cooperative research, and the 
formation of these committees was left to the chairman. 

The American Section of the International Mathematical Union referred to 
above is, according to its statutes, composed of : the president and secretary of the 
American Mathematical Society and its three representatives on the National 
Research Council, four other members selected by the American Mathematical 
Society, three members selected by the Mathematical Association of America, and 
one member each by the National Academy of Sciences, the American Astronom- 
ical Society, the American Physical Society, and the American Association for 
the Advancement of Science. 
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Cornell University , July 3-August 13. Elementary courses in solid geometry, 
advanced algebra, trigonometry, analytic geometry, and calculus will be given. 
The following advanced courses are offered: By Professor W. B. Carver: 
Teachers’ course, selected topics in algebra and geometry. By Professor D. C. 
Gillespie: Projective geometry. By Professor C. F. Craig: Analysis. In 
addition, opportunity for directed reading and research is offered in various 
fields by Professors F. R. Sharpe, W. B. Carver, D. C. Gillespie, W. A. 
II i jr wrrz, F. W. Owens, and C. F. Craig. 

Johns Hopkins University , July 6-August 13: By Dr. Teresa Cohen, 
Analytic geometry, and a choice of work from (a) Geometrical transformations, 
(b) Elliptic functions, (c) Finite groups. 

University of Maine, June 2S-August 6. By Professors J. N. Hart, H. R. 
Willard, and M. 0. Tripp: Teachers’ course in algebra, Teachers’ course in 
geometry, Solid geometry, Plane Trigonometry, College algebra, Analytic 
geometry, Differential and integral calculus, Advanced analytic geometry, 
Advanced calculus, Theory of functions. 

Massachusetts Institute of Technology , June 21- July 26. By Professor F. S. 
Woods: Analytic geometry. By Professors H. B. Phillips and F. L. Hitch- 
cock, and Mr. R. D. Douglass: Elementary calculus, and Theoretical mechanics 
(introductory course) . By C. L, E. Moore : Theoretical mechanics (introductory 
course). By L. H. Rice: Elements of Differential equations, and Elementary 
calculus. By S. D. Zeldin, Elementary calculus. 

University of Terns , First Term, June 8- July 20: By Professor E. R. Hedrick 
(University of Missouri), x\dvanced calculus, analytic geometry (straight line 
and circle). By Professor W, II. Roever (Washington University), Descriptive 
geometry, trigonometry. By Prof^sor II. Y. Benedict, Differential calculus, 
analytic geometry (conic sections). By Professor H. J. Ettlinger, Funda- 
mentals in elementary mathematics, trigonometry. By Dr. P. M. Batchelder, 
Modern algebra, elementary algebra. By Dr. Goldie P. Horton, Solid analytic 
geometry, elementary algebra. By Professor E. L. Dodd, Least squares, life 
insurance. Second Term,, July 20-August 31 : By Professor P. R. Rider (Wash- 
ington University), Differential calculus (second part), analytic geometry (conic 
sections). By Professor C. D. Rice, Advanced mechanics, integral calculus. 
By Miss Mary Decherd, Modern algebra (second part), analytic geometry 
(straight line and circle). By Mr. J. E. jBurnam, Trigonometry, solid geometry. 


APRIL MEETING OF THE KANSAS SECTION, 
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; THE APRIL MEETING OF THE KANSAS SECTION. 

J ' The sixth regular meeting of the Kansas Section, postponed from 1918 on 

/ account of, war conditions, was held at the Kansas State Agricultural College, 

Manhattan, Kansas, Saturday, April 3, 1920. The chairman, Professor W. A. 

1 Harshbarger, presided at both the morning and afternoon sessions. In the 
absence of the secretary Professor E, B. Stouffer acted as temporary secretary. 
The attendance was nineteen, including the following fifteen members of the 
a Association: C, H. Ashton, Lucy T. Dougherty, Ottilia W. Dueker, W. H. 
Garrett, W. A. Harshbarger, Emma Hyde, S. Lefschetz, T. Lindquist, U. G. 

/ Mitchell, Mary W. Newson, B. L. Remick, E. B. Stouffer, W. T. Stratton, J. J. 

** Wheeler, A. E. W T hite. 

The following officers were elected: Chairman, Professor W. H. Garrett, 
Baker University; Vice-Chairman, Professor J. A. G. Shirk, State Manual 
Training Normal School; Secretary, Professor E. B. Stouffer, University of 
Kansas. It was decided to hold the next meeting at Topeka in the autumn in 
connection with the State Teachers Association. The visitors were entertained 
at a luncheon which was very kindly provided by the members of the department 
of Mathematics of the Kansas State Agricultural College. 

The following six papers were read, the first three at the morning session and 
the remaining three at the afternoon session : 

(1) “ Content of the freshman algebra .course,” by Professor U. G. Mitchell ; 

(2) “ The bridge between high school and college mathematics/ 1 by Professor 
Mary W. Newson; 

(3) “A comparative study of the algebraic preparation of the college fresh- 
man/" by Professor W. H. Garrett; 

(4) “ Geometrical representation of the nature of an essential singular point, 

by Professor C. 11. Ashton; V'iNVN / ; / 

(5) “The dual of duality/ 5 by Professor E. B. Stouffer; 

(6) “Report on tests on college freshmen/ 5 by Professor W. T. Stratton. 

* The discussion on the first paper was led by Professors Ottilia W. Dueker 
and A. E. White. There was also a general discussion on this paper and on the 
paper given by Professor Garrett. Abstracts of the papers follow below, the 
numbers corresponding to the numbers in the list of titles: 

1. In this paper Professor Mitchell presented a list of topics, with a distribu- 

• tion of the number of class-periods suggested for each, to make up a five hour 
course for one semester designed for students who present but one j ear of high 

; ; school algebra for entrance. With certain modifications and omissions the same 
l y could be used for a three hour course for one semester designed for students 

I y presenting one and one half years of high school algebra for entrance. The 

1 j selection of material as presented was based upon a logical development of the 

| V| subject-matter. It was pointed out, however, that the chief concern was not 


fjj 

1'.' r 
j j i j 1 ; j j i s 

, f , 1, § ' j ’ j f t ’ | I , J I ; f ; { 1 , , , . , 

■ ■ ;U2/|! ; 1 ; , 1 

. yyyyyky 


Min/!; ' 

■Un-i Mi* • I; 1 I’MiiiS;’;.' 

i > ? . l ? . I ^ \ f 



284 


APRIL MEETING OP THE KANSAS SECTION* 


[July-Sept..-, 


the logical development of subject-matter but what material of an algebraic 
character could be best used by the teacher in developing the student’s under- 
standing and thinking power in regard to variables, their relations and uses. 
For the most part, students come to college with some facility in manipulating 
the symbols of algebra but without any adequate conception of the content 
represented by the symbols. The first consideration of the college teacher 
ought to be to give them this understanding. In order to do this the selection* 
of material presented from the logical point of view might serve very well but it 
ought to be reorganized on an inductive basis and the arrangement improved. 
The results depend more upon the manner in which the material is used than 
upon its choice, provided, of course, that the choice be reasonably good. 

In closing, it was pointed out that the greatest improvement which can be 
brought about in our first term algebra work, aside from the reorganization of 
the subject-matter, is likely to be brought about within a comparatively few 
years in two ways: (a) by a clearer formulation and understanding of the purposes 
to be sought, and (6) by the development and use of standardized tests for 
measuring the progress of the student and the progress of the teacher in accom- 
plishing these purposes. 

2. Professor Newson paid special attention to the high school algebra course. 
If the present tendency to omit the more intricate and difficult part of each topic 
continues, the conventional course will be completely revolutionized. The 
successful teaching of graphs and the consistent development of the function 
idea require more knowledge and ingenuity than some teachers now possess. 
The content and method of the constructive part of the modified course, if 
outlined by a general committee, should be made so explicit and complete that 
the ordinary teacher will be able to teach it successfully. The following are 
among the topics that should be considered: the best method of introducing and 
teaching the function idea; the postponement of equations having literal co- 
efficients until the latter part of the course; the restriction of the subject of 
radicals to square roots, and that in connection with the quadratic equation. 

3. Professor Garrett presented the results of an investigation he has been 
engaged in since 1912. By means of the data secured from more than fifteen 
hundred papers containing the answers to a set of test questions in elementary 
algebra, comparisons were made as to the efficiency of the preparation of the 
college freshman in different parts of the country* The results were not favorable 
to the Kansas freshman. Professor Garrett hopes to present his results for 
publication as soon as further data from the 1920 freshmen are secured and 
analyzed* 

4. The nature of an essential singular point was illustrated by using w = e lj \ 

In the functions w = e/' and z f — 1/s, the horizontal and vertical lines in the 
z -plane were plotted in colors on the w and 3 -planes and the resulting curves 
compared with each other. Professor Ashton showed also that within a very 
small circle about the origin in the 3-plane the entire w-plane may be plotted an 
infinite number of times, ’ . ; ; ■ ■> > 
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O. Professor Stouffer showed that an easy method of introducing noint 
;a,.v ...to project, ve geometry h by consitoiug it „ the 5 p,«S ££ 
■ ; . blR Ji » method is m line with the desire to form the duals of even- 
X "“" n " ,S «» ‘he different kinds of duclity 

’ tcet^in’^ W , p t "‘ tt f n , P T briefly ,he •««*• o' ‘he freshmen engineering 
' ; “ lsebr “ " h‘eh had been conducted under the dir rti™ 5 

■ ( ' ,lle g«- ^hile the tests have not been carried far enough to justify 

“ n *I ' M T" °T USi ° nS ’ * m t,we ■» to be a close correhXn heUveei tk* 
^ grades and the ability of the students to do their college work successfully. 

H. E. Jordan, Secretary-Treasurer. 


THE APRIL MEETING OF THE KENTUCKY SECTION. 

r ,? e ^. Urth ) ; ,nn T l ' al me , etin g of the Kentucky Section was held at Centre 
Co ege, Danville, Kentucky, on April 17; Professor C. G. Crooks of Ce L 
College was chairman of the meeting. ' - Aiitrc 

tioJ p ” VToxTc G e ^ r in t ^f 1 ' \?^ o]h ™S seven members of the Assoeia- 

Rich'ard'son C W S ,S, S"’ ^ H ' H * Do '™ing, E ‘ E - Hees, C. II. 

an excellent dL« F t! ^ Wa T S the guest of the firing chairman at 

chaimtn Ind D P r W T ^ 1>rofessor IL IL Owning was elected 

cnaiiman, and Dr. G. W. Smith, secretary-treasurer. 

I he following six papers were read; 

Si! “^^us ideas before Xl “wton and Leibnitz,” by Professor P. P. Bon,* 

«t U ' C l ] l r ° b Tr C ? 1C ‘ Cmmg the ca t ena, T/’ by Professor H. H. Downing* 
•. A solution ol Euler s equation,” by Professor C. 11. Richardson; 

(-0 borne functions of a single mlpotent number,” by Dr. G. W. Smith* 
r J? A ” ( f' y t'p^ment of the quadratic transformation," hv J Osborv 
1 (By invitation.) ' ’ ' 

ak d ° f mnthemat,cal nonsense,” by Professor E. L Rkfsf 

numbers 1, in the lis^of titles^ ^ ^ ** numbeM “Ending to the 

P,sp 1 .',! I n ,feSS0 + r B °v d 0UtUn ^ d the ca,eulus ideas of Archimedes, Kepler, Cavalieri 
Pascal Descartes, Fermat, Barrow, and Roberval and presents demonstration ■ 

Lorn the works of these men by way of illustration. Finally Newton’s and 
Leibnitz s treatments of the problem of tangents and quadratures were "iven 
. r 1 1 ' o essca : downing made brief mention of the general theory in whic 'it 

/ ii: gs ? i-r ,io " ? .* — *£** a Sii 

. , , . ( t , ( lor 7 to be a minimum (or maximum) f(.r) must be i 

solution ot the Euler differential equations. Also that the WekLtaT ^condi- 

oii, , ie Legendre condition and the Jacobi condition relating to coniumte 
points, must be satisfied by /(*). g conjugate 
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For the integral, I = I y Vl + y'~ dx, which is the integral appearing in 

Ja 

the expression for the surface obtained by revolving the curve y = f(x) about 
the A r -axis, lie pointed out that the catenary is the solution of the Euler equations. 
The other conditions were applied and the results discussed. MacNeish’s dis- 
cussion of the Goldschmidt discontinuous solution was presented. 

3 . Professor Richardson proved the following theorem analytically, and found 
thereby a solution of Euler’s equation 


where R(t) = AR + 2 Bft + Ct 2 + 2 1 )t + E: If 2 is a conic represented para- 
metrically by the equations 

a it 2 -f* bit -f- Ci aff" + h<zt -f- Co 

(ht 2 + b%t + 03 9 ^ a%t 2 + b$t + 03 

and if S' is a second conic cutting 2 in four points of which the arguments are 
roots of an equation of the fourth degree R(t ) == 0, any tangent whatever of 2' 
intersects ^ in two points of which the arguments t f and t" and their differentials 
when the tangent varies are connected by the relation (1). Hence, in order 
to write a solution to this equation we find the condition that the line joining 
two points of 2 whose arguments are f and t n shall be tangent to 2', the general 
conic which cuts 2 in four points whose arguments are roots of R(f) = 0. The 
relation obtained between tf and t" contains an arbitrary constant and is a solution 
of the given equation. 

4 . After proving as does Peirce that in every linear associative algebra there 
is at least one idempotent or one nilpotent number Dr. Smith considered poly- 
nomials of a single nilpotent number j, A(j) = Jf, a n j n (n = 0 , 1 , 2 , 3 , • • • , /x - 1 ) 
where = 0 but 4= 0 . If A(j)*B(j) = 0 and a 0 =f= 0 , then R(j) vanishes 
entirely.. However if the first k of the coefficients of A(j) are zero then the last 
h coefficients of B(j) are arbitrary. A(j)jB(j) = C(j) will, exist (though part 
may be arbitrary) provided A(j) does not start with a lower power of j than does 
B(j). If Go = a 1 = a* « : * • • = a kn -i = 0 , but a kn + 0 (k = 0 , 1 , 2 , • •*) 
then b 4 (j)] n may be uniquely determined for any positive value of n. 

5 . Mr. Osborn briefly reviewed the first work done on quadratic transforma- 
tions then discussed Steiner’s transformation by means of the simple hyperboloid. 

6* Professor Rees in a semi-humorous way pointed out some of the incon- 
sistencies, the fallacies, and the improprieties of mathematics and their nomen- 
clature, presenting thereby many of the things which so trouble the beginner. 

Guy W. Smith, Secretary-Treasurer, 
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FIFTH ANNUAL MEETING 


OF THE OHIO SECTION. 

nf 5® ? fth annua J meeting of the Ohio Section of the Mathematical Associate 
Amuica was held at the Ohio State University, Columbus, on the afternoor 

Association^ °Th Pn 1 “ c ?™ ection with the meetings of the Ohio College 

cth of n } he + .V M * advertised program attracted a large attendance not 
Tl ‘ athematicians, but also of physicists, other scientists and educators. 
1 .ic attendance included the following thirty-five members of the Association: 

r J“ ?; t lien ’. h : person, G. N. Armstrong, C. L. Arnold, C. B. Austin, 
Giace M. Bareis, L. A. Bauer, W. S. Beckwith, II. I). Boharman, R. L. Burger 

t t ‘ 1 ' ' ■ B - Caris > E - H - Clarke, 0. L. Dustheimer, T. M. Foeke, Harris 

Hancock ^hamHoovei^ H W Kuhn, A. C. Lunn, C. N. Mills, C. Nk Aloore, 

Rickard 1 WrV 1 ' ?• 1 eStCm ’ S - E - Easor ’ C ' Lois Rea ’ Hortense 

liickard, V\ . G. Simon, K. D. Swartzel, T. Elmer Trott, J. H. Weaver R B 

Wildermuth, F. B. Wiley, I). T. Wilson, and E. I. Yowell. 

pJr:Tv B B L B ° RG Tr 0CCUpied the chair - bein S relieved for an interval bv 
P ofessor S. E. Rasor. Many of those m attendance at the afternoon meetings 

d r'bf tI, b 0hi ° U ” io " " ith the 0hi « College AssSon te 

d nner being followed by addresses of interest to college teachers. This gathering 
adjourned at 8.30 to attend Dr. Bauer’s lecture of the evening program^ 

At the business meeting the Secretary reported that the membership of the 
Section is seventy two more than last year, nine names having been removed 
irom the roll and eleven added. Besides there are eight institutional uZZl 
The following officers were elected: Chairman, Professor S. E. Rasor, Ohio 
State University; Secretary-Treasurer, Professor G. N. Armstrong, Ohio Wes- 

Pmmr T n n w rS I ty; m T T. ber ? f the executive committee, Professor A. I). 

•Jrii.CHER,; V\ c stern Reserve .iTiiversity, ’ 

The following program was carried through : 

b y P»faSL.BoE^T a ” : “ S ° megeometrio metMs,OT *•**” 

(2) “The theory of relativity” by Professor A. C. Lunn; 

(3) Symposium on Number (2) and related questions by (a) F. C. Blake 
Professor of Physics Ohio State University; (&) Dr. C. W. Chamberlain, Presi- 

tT f o niVerSlty , : (C) D - C - Miller ’ ^ofessor of Physics, Case 

School of Applied Science; (d) Members of the Section and visitors. 

min lbe deflection of light observed during the solar eclipse of Mav 29, 

by Di^L *A bI™!^ 011 ^ EinStein theory of gravitation” (illustrated lecture) 

(5) Informal social and round table meeting at the Ohio Union following the 
evening lecture. Topic: “Freshman mathematics to meet the changing high 

M n matlCS as P r f ented for trance to college.” Discussion led by 
Mr. II. M. Beatty, Ohio State University. 
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Abstracts of the papers and discussions follow below. The abstracts are 
numbered to correspond to the titles in the list above. 

1. In this paper, Professor Borger presents two constructions: ( a ) The 
Peano construction for curves in rectangular coordinates; ( b ) A geometric 
method for the construction of all curves of the form p = P(/i, fa, fa, fa, fa, fa), 
P being a polynomial and fa, * * * fa the six trigonometric functions. The con- 
struction may be applied to curves in parameter form and thus a class of curves 
not comprehended in (a) may be included. Thus most of the curves ordinarily 
arising in an analytic geometry course may be plotted without the cumbrous 
processes of the method by means of a table. For curves in polar coordinates 
additional power in determining their properties is gained. 

2. Professor Limn spoke of the blending of geometry, mechanics, and geo- 
metric optics which forms the experimental basis of elementary physical theory, 
emphasizing the meaning of equality of lengths in different places, of time inter- 
vals, and of the Pythagorean proposition as an experimental result, illustrating 
by contrast with the non-Euclidean character of geodesy on a large scale. He 
then showed how similar considerations led Einstein to consider space and time 
measurements as aspects of a single geometry, whose approximately Euclidean 
nature adapts it to the description of a wide range of physical relations and 
where the departures from the Pythagorean relation make it possible to define 
mass and motion and deduce the laws of hydrodynamics as geometric theorems. 

за. A brief historical survey of the problem of the relation between matter 
and ether was presented by Professor Blake including the Michelson-Morley 
experiment and the recent experiments of Majorana. The Fitzgerald-Lorentz 
contraction was then discussed and the way in which the restricted principle of 
relativity of Einstein (1905) accounted for all the negative results of experi- 
menters was given. Brief comment was then made upon the generalized prin- 
ciple of relativity and it was shown that, if a generalized principle of least action 
fora four dimension continuum is to include all the laws of physics, one and the 
same Hamiltonian function must explain them, including the laws of radiation 
rather than breaking up that function into a series of additive independent terms. 

зб. President Chamberlain discussed a new type of instrument for use in 

experiments on the ether drift. A combination of interferometer and diffraction 
grating produces a new type of interference possessing a high sensitiveness and 
freedom from disturbances. An interference system shown in the diffracted 
image produced by a grating, the lines of which are parallel with the interference 
fringes, consists of a narrow band of light crossed by sharp interference bands. 
Ihe sensitiveness of the instrument depends upon the distance between the 
interference system and the diffraction grating. As the interfering paths are 
closely parallel over the greater part of their length the instrument is quite free 
from disturbance.’; • : : ; ■ . . u , .■ . . / [■ 

. Professor Miller reviewed the history of the experiments relating to ether 
drift which have been conducted at Cleveland, beginning with the famous 
Michelson-Morley experiment, down, to the later Miller-Morley experiment. 
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Lantern slides were used to illustrate the apparatus and methods. Incidents of 
historical interest were related and particular attention was called to a persistent 
occurrence at the last experiments of a small displacement of the fringes, far less 
than the theory calls for, which has never been satisfactorily explained. 

4. This lecture was fully reported in Science, March 26, 1920, pp. 301-311. 

5. In the round table discussion, Mr. Beatty summarized the replies to 
questionnaires mailed out to about fifty of the leading high schools of Ohio, 
lhese reveal a tendency to minimize the amount of mathematics required for 
graduation. One unit each of algebra and geometry is required. In most cases 
one halt unit each of advanced algebra and soild gometry is offered as an elective, 
but m many cases is not elected by the pupil. There is a tendency for more 
pupils to enter college deficient in a half-unit or more of mathematics. There 
was a feeling expressed that the same care in selecting teachers of mathematics 
was not exercised nor the same respect accorded mathematics as was done in 
ormer years. The opinion seemed to prevail that there was no more reason for 
discouragement over results in mathematics than in other subjects. 

G. N. Armstrong, Secretary- Treasurer. 


THE APRIL MEETING OF THE ROCKY MOUNTAIN SECTION. 

The fourth regular meeting of the Rocky Mountain Section was held at 
Colorado College, Colorado Springs, Colorado, April 2, 3. There were two ses- 
sions, presided over by Professor C. H. Sisam. 

The attendance was twenty-five, including the following fourteen members 
of the Association: I. M. DeLong, J. C. Fitterer, W. II. Hill, H. A. Howe, Claribel 
Kendall, G. H. Light, J. Q. MeNatt, S. L. Macdonald, O. A. Randolph, II. E. 
Iiusseii, G. II. Sisam, C. S. Sperry, G. E. Stromquist, J. W. Woodrow. 

The officers appointed for the meeting to be held at Denver in' 1921 are: 
Chairman, H. A. Howe, Denver University; Vice-chairman, W. IL Hill 
Greeley High School; Secretary-Treasurer, G. II. Light, Univ. of Colorado. 

The following eight papers were read: 

(1) “Some physical correlations in a group of one hundred S. A. T. C men” 
by Professor J. C. Fitterer; 

(2) “Families of curves whose evolutes are similar curves” bv Professor 
lx. H. Light; 

(3) “ Grades for different placings of ears of corn” by Professor W. V. Lovitt ; 

(4) “Ionization in the mercury arc” by Professor J. W. Woodrow; 

(5) “Discussion of the cycloidal curve” by Mr. J. Q. McNatt; 

(6) “Projective differential geometry in a four space” bv Professor W V 
Lovitt; 

(7) “The teaching of logarithms and slide rule in the first year of high school ” 
by Professor C. E. Stromquist; 

(S) “On ruled surfaces whose asymptotic curves are cubics” bv Professor 
C. H. Sisam. ‘ 
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L Professor Fitterer presented correlation tables which were computed be- 
tween stature and stride, stride and weight, weight and stature. The correlation 
coefficient in the first was 0.29, in the second very nearly zero, and in the third 
0.55. The average age was 19.3 years, average weight was 136 pounds, average 
stature was 5' 8", average stride was 5.7 ft. A hypsobarie coefficient (weight in 
pounds per foot of stature) was also found, which averaged 24 pounds per foot. 

2. Professor Light’s paper appears elsewhere in this issue. 

3. Numerical grades were given by Professor Lovitt for different placings of 
any number of ears. The results are determinate, though arbitrary. The results 
are in use and are giving satisfaction with competent corn judges. 

4. It was assumed, by Professor Woodrow that (a) An electron, on the average, 
loses all of its translatory energy at each impact; (b) The molecules are capable 
of storing up energy, i.c., after the energy is received, it is radiated by electro- 
magnetic waves at a rate which is proportional to the instantaneous energy, and 
additional increments of energy can be added by successive impacts of different 
electrons with the same molecule; (c) The molecule can also receive energy 
which has been radiated from the surrounding molecules and which is proportional 
to the fourth power of the temperature of the gas or vapor. From these assump- 
tions, the following equation was obtained 


Where X is the electric force, I is the current, p is the pressure of the gas, and H 
and K are constants. 

5. Mr. McNatt gave methods of constructing the cycloid and its evolute. 

6. Given the linear differential equation of order five 

V$ ; + &Piy (4) + 10 lhy m + 10 ihy {2) + 5p4y a) + p*>y = 0 , 

Professor Lovitt found invariants and covariants for the transformation y = \(z)y, 
£ - £(#)• Some geometric interpretations were given. 

7. Professor Stromquist suggested the following course for the first year of 
high school: (a) (tabulation and graphing of functions; (6) Meaning of positive 
and negative exponents, applying the four rules; (c) Square root of arithmetical 
numbers; (d) Logarithms, based on exponents; (e) Slide rule. The course has 
been successful in the Laramie High School. 

8. Professor Sisara classified completely, and discussed the properties of, the 
ruled surfaces whose asymptotic curves are gauche cubics. 
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MATHEMATICS AND LIFE INSURANCE . 1 


By PERCY C. H. PAPP.y Newark. N. J. 


I' or an actuary to prepare an address for an association of mathematical 
teachers is in many respects more difficult than to prepare a paper for a society 
ol actuaries. I he thought has occurred to me that it might he interesting if I 
endeavor to show to what extent mathematics is used in actuarial work. I 
know that there is a very general idea that an actuary must he a skilled mathe- 
matician. In tact, it may not be too much to say that in many instances it is 
taken tor granted that a skilled mathematician must of necessity make an expert 
actuary. Except for unusual computations, an elementary knowledge of mathe- 
matics is all that is required to understand the actuarial formulae used in daily 
of the simpler formal* and the manner in which they are derived 
Mill first be described and I will then outline some of the applications of the higher 
mathematics to life insurance work. h 

One of the most common fallacies which we meet is that the expectation of 
life is used in actuarial calculations. So far as I am aware, the only use which is 
ever made of the expectation of life is in comparing the effects of mortality under 
different mortality tables. It is rather generally supposed that in order to arrive 
at the single premium for an insurance of $1,000, payable upon the death of a 
man age oo, we take the expectation of life at age 35 and ascertain what sum of 
money now invested will at the end of the term of years equal $1,000 at the 
assumed rate of interest. A single premium thus computed is smaller than the 
true single premium. This can be proved mathematically, but it can be readily 
proved by general reasoning. In the first place the expectation of life of a man 
age 3o is the mathematical mean of the number of years lived by a large number of 
men now of age 35. According to the “American Experience Table of Mortality,” 
the expectation of life at age 35 is about thirty-two years, and it may be supposed 
that in the computations there is one life that lived twenty-two years, and one 
which lived forty-two years, the mean of these two lives being thirtv-two years 
At 3% interest $521.89 .is the present value of $1,000 due at the end of twentv- 
two years, and JJ288.96 is the present value of $1,000 due at the end of forty-two 
years. $810.85 is therefore the amount that would be required to be placed at 
interest at 3% in order to pay the two claims of $1,000 each at the end of twenty- 
two and forty-two years respectively. If in place of using the actual assumed 
duration for these two lives we used the expectation of life, which is thirty-two 
years, we would find that $388.34 is the present value of $1,000 at the end of 
thirty-two years, or $776.68 is the present value of $2,000 payable at the end of 
thirty-two years. The present val ue of these two cases when the expectation of 

1 Read before the Association of Mathematics Teachers of ~New Jersey, Novmber2cTl915 

Iwo sections enclosed between asterisks * were added in proof sheets. * 1 

2 Mathematician for the Mutual Benefit Life Insurance Company. 
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life is used is therefore $34.17 less than the correct amount. As a matter of 
fact, the expectation of life coulcl only be correctly used if we assumed interest 
at the rate of 0%. When we assume any interest we are dealing with a geom- 
etrical rather than an arithmetical progression, and as stated before, the expecta- 
tion of life is an arithmetical mean. 

To find the single premium for $1,000 of insurance on a life now age 35, we 
require to know the rate of interest which it is safe to assume will be earned by 
the company for many years to come, and it is also necessary that we should 
have a table showing the rates of mortality likely to be experienced in the future, 
or, to put it perhaps more correctly, a table of mortality showing rates which 
will be not less than those likely to be experienced in the future. Before proceed- 
ing further it may be of interest briefly to outline the method employed in com- 
piling mortality tables. 

In the first place, by ascertaining for each age of life how many lives, how many 
policies, or how much insurance, as the case may be, was exposed to the risk of 
death, and how many lives, policies, or how much insurance was actually can- 
celled by death, we can ascertain for each age the rate of mortality. Even with a 
large amount of data, these mortality rates will exhibit accidental fluctuations, 
so that the data as first ascertained must be suitably graduated. It is not suffi- 
cient to ascertain the rate of mortality at each age, for it is necessary that we 
should have a table to show us out of a certain number living at one age how many 
will be living at some future age. This is done by taking an arbitrary number, 
such as 100,000 lives, at age ten, let us say, and by the rate of mortality at age 
ten we find out the number dying between ages ten and eleven. Subtracting this 
from 100,000, we have the number living at age eleven. Proceeding in this 
manner, we have a table showing the number living and the number dying at each 
age. We are then in a position to proceed to the calculation of single premiums 
and annuities. It may be mentioned in passing that the rate of mortality is 
not the only function or the usual function used in the graduation of a mortality 
table. It would be possible, for example, to start with a fixed radix and use the 
ungraduated rates to find the number living at each age, and then graduate the 
figures thus ascertained. 

To find the single premium for an insurance of unity on a life now of age 35, 
we have theoretically to ascertain the cost of providing insurance between ages 35 
and 36, between ages 36 and 37, and so on, until we come to the last age shown in 
the mortality table. In other words, we have a large number of computations 
to make, the sum of which will give us the single premium required. From our 
life table we know the number dying between ages 35 and 36. It is assumed that 
the claims will be paid at the end of the year. If we discount the amount 
required to the beginning of the year and divide this by the number of lives shown 
by the mortality table to be living at age 35, we would have the cost of insurance 
on a single life between ages 35 and 36. We can ascertain the number dying 
between ages 36 and 37, discount for two years the amount required to pay these 
claims, divide by the number living at age 35, and we have the cost of providing 
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the insurance between ages 36 and 37. This is the way in which the computations 
are made in theory. As a matter of fact, by means of what are known as com- 
mutation tables the calculations are made very expeditiously. 

The commutation tables consist of several columns. If we take the number 
dying between ages 35 and 36 and multiply this by the present value of a unit 
payable thirty-six years hence, we will find the value of the C column for age 35. 
If we multiply the .number living at age 35 by the present value of a unit due at 
the end of thirty-five years, we will have the value of the D column for age 35. 
If we then divide the value of the C column by the value of the I> column for 
age 35, we will have the probability of a life age 35 dying between ages 35 and 36, 
discounted for one year. We may start from the bottom of the C column and 
form what is known as the M column by continuous addition of the values in the 
C column. Opposite age 35 in this column we will then have the sum of the 
values for the C column from age 35 to the end of the table. If this value in the 
M column is divided by the value for age 35 in the D column, we will immediately 
have the single premium for an insurance of unity at age 35. A similar summation 
of the D column gives what is known as the N column, and dividing any value 
in the N column bv the corresponding value in the D column gives the value of a 
life annuity for the age selected. If, for example, we wished to obtain the value 
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contract the premiums are paid at the beginning of each year.^ Care must be 
taken, therefore, that in calculating the value of annual premiums we use an 
annuity providing for the payments at the beginning of each year. On account 
of this difference, there are two forms of the N column of the commutation tables, 
which are likely to confuse the student until the difference is recognized. 

The calculation of single and annual premiums for endowment insurances 
offers no difficulties. It must be remembered that a Twenty-Year Endowment 
insurance is made up of two parts. We have Twenty-Tear Term insurance and 
what is known as a Twenty-Year Pure Endowment. Under the term insurance 
the claim is paid if the life dies during the twenty years, otherwise the contract 
becomes valueless at the end of twenty years. Under the Pure Endowment the 
contract is valueless in the event of the death of the insured, but is paid in full if , 
the insured survives the twenty years. The single premium for the term insurance 
is ascertained for age 35 by taking the sum of twenty values in the C column from 
age 35 to 54 inclusive, and dividing by the value in the D column for age 35. 
The sum of the values in the C column is of course ascertained by subtracting 
the value in the M column at age 55 from the value in the same column for age 35. 
The single premium for the pure endowment at age 35 is ascertained by dividing 
the value in the D column for age 55 by the value in the same column for age 35. 

We now come to the question of reserve. We have in the business of life 
insurance a very good illustration of the old saying, that a little knowledge is a 
dangerous thing. If the functions of the reserve on a life insurance policy had 
been well understood, this country would have been saved the enormous dis- 
satisfaction and hardships caused by the failure of assessment insurance and 
fraternal orders. These concerns operated on what is known as the “ reserve 
in the pocket” plan. That is, the members w T ere supposed to keep the reserve 
in their own pockets. This will be referred to later. The reserve on a life 
insurance policy may be explained in several different w r ays. It has already been 
shown that at the inception of a contract of life insurance on the Ordinary Life 
plan, the single premium is exactly equal to the present value of the annual 
premiums. Consider the conditions of affairs when the policy has been in force 
one year. The value of the insurance granted by the company is greater than it 
was at the inception of the contract, for the insured is one year older, and conse- 
quently one year nearer his death. On the other hand, the value of the future 
premiums which the insured has agreed to pay to the company has decreased for 
the reason that the insured is one year older and certainly has one less premium 
to pay. The company’s liability represented by the present value of the insurance 
granted is therefore in excess of the company’s asset, wrhich is represented by the 
present value of the annual premiums yet to be received. Therefore, in order that 
the company may not be insolvent, it must have on hand a sum equal to the 
difference between the value of the insurance granted and the value of the 
premiums yet to be received. This is technically knowm as the reserve. 

The question may arise as to where the reserve comes from. It is readily 
seen that as a man grow T s older the yearly cost of providing insurance, provided a 
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new contract is taken each year, must steadily increase. Under an Ordinary Life 
policy it does not Increase for the reason that the cost is equalized. The first 
premiums are more than sufficient to pay for carrying the insurance, and it is 
the balance that goes into the reserve. Furthermore, in the event of death the 
company is called upon to provide also the difference between the face of the 
contract and the reserve. As the life grows older, the reserve steadily increases, 
so that the amount at risk steadily decreases. It thus comes about that in spite 
of the increasing age of the insured, the annual premium plus the interest on the 
reserve is always sufficient to pay for the yearly cost of insurance and provide 
for the necessary increase in the reserve. At age 96, which is the limit of life 
according to the American Table of Mortality, the entire reserve exactly equals 
the face of the policy. 

The assessment plan of Insurance is correct in theory, for there is no theoretical 
reason why a policyholder should not pay each year just the mere cost of pro- 
viding his insurance. The objections are practical ones. The net premium at 
3 per cent, interest for one year’s insurance of $1,000 at age 35 is $8.68. At age 
75 it is $91.62. If a man were so fortunate, or unfortunate, as to live ten years 
more, he would have to pay for one year’s insurance $228.69. Many assessment 
societies have attempted to provide Insurance at level rates at an amount more 
than sufficient to cover the cost at the young ages, but without holding any 
reserve which would enable them to continue that cost at the older ages. They 
have claimed that they left the reserve in their members’ pockets. If that was 
the case it was permissible for them to allow the members to withdraw and retain 
the reserve in their pockets. The great mistake which they made was that when 
members died they forgot all about the reserve being in the members’ pockets, 
and paid the full amount of the certificates to the beneficiaries. It is quite 
possible, if not probable, that many fraternal societies which have been wound 
up on account of insolvency, would be today in existence if they had paid the 
beneficiaries merely the difference between the face of the certificates and the 
amount which the deceased members had retained as reserve in their pockets. 

From what has been said you will readily see that a knowledge of elementary 
algebra up to and including the progressions is sufficient to enable anyone to 
grasp the ordinary formulae necessary for calculating premiums and reserves. 
We will now pass on to consider a few cases where some knowledge of the higher 
mathematics is necessary. From what has been said it will readily be seen that 
the calculation of a single premium, for example, where we have merely the 
mortality table without any commutation columns would be an exceedingly 
laborious undertaking. Let us suppose that we wish to calculate the cost of 
an annuity on the life of a woman after the death of her husband. Now in the 
first place, we know that the mortality on the life of an annuitant is very different 
from the mortality on the life of one who is insured. It is necessary, therefore, 
to suppose that our prospective annuitant will experience a mortality according 
to an annuity table, while her husband will be one whose mortality we will 
have to measure by a table on which our premium rates for life insurance are 
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based. We are therefore forced to consider a computation which will involve 
two mortality tables as well as a rate of interest. In such a case the integral 
calculus is of inestimable benefit. By means of the calculus we can use a formula 
of approximate summation which will give results surprisingly close to an exact 
calculation. The use of one of these formulae can be best described by taking a 
simple example of a single premium for life insurance on a single life. It has 
already been shown how by exact calculation we can ascertain the present value 
of a life age 35 dying in the first, second, third years, etc., from the present time, 
and add all these values together. By means of the approximate summation 
formulae we can ascertain the present value of the probability of a life dying in 
the eighth year, the twenty-fourth, fortieth, foity-eighth and fifty-sixth years; 
multiplying each of these values by proper coefficients and taking eight times 
the sum of the results will give us a practically correct result. It is true that the 
approximate summation formulae are based on the integral calculus, and to 
understand the derivation of the formulae a knowledge of the differential and 
integral calculus is required; yet, as a matter of fact, these approximate summa- 
tion formulae are in daily use by those who have no knowledge of either the 
differential or integral calculus, but who have been trained to apply the formulae. 

* Starting with the well known Maclaurin’s Theorem 

. duo . x 2 dhi 0 . a 4 dhi 0 . 

U X - «a + * dx + |2 dx 2 + |3 • dx 3 + etc. 

and integrating we get 

x % diio x z dhiQ a A dhi G 

Taking the integral between the limits — n and + n 


f u*b - (Wo + | 1 ~ gr + etc. 


£ 


u x dx — 2 iiuq + 


2n z dhiQ 

1*3 ~dx* 


+ etc. 


(A) 


All but the first two terms on the right hand side of the above equation may 
be ignored and it may be assumed that 


£ 


u x dx — auo + + u n ). 

Expanding by Maclaurin’s Theorem this becomes 

/ 2n 2 d 2 ito \ 

\ 2uo + £2 d£ +etc -)- 


r , , . 2n a m , ■ . 

I u x dx = au 0 + b [ 2 « 0 + — TJ + et c. 

<J~~n 


(B) 


(0 


Equating the coefficients of expressions (A) and ( C ) it will be seen that a+2b=2n 
and bn 2 — rdjZ. From this it follows that a — 4?i/3 and b = n/3. Substituting 
these values in (B) we get 
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u x dx — (« 0 -j- 4i<„ -j- u<in): 

From this it follows that 

f*® 6 p2n pi n /* 6 « 

f u x dx = I v x dx + I u x dx + I ujlx + etc. 

c/ ° «A»w */4» 

?? , , 

= g {(-Wo + iu n + V 2 B ) + (%» + 4u 3 „ + W 4 »)-+ CtC.] s 
?? 

3 tW ° + 2 («S» + «4n + ««» + etc.) + 4(tt» + Wj# + m 5b + etc.) 1 . 

In the example illustrating this formula given in the Institute of Actuaries' 
Text Book, n has been given the value 15 in ascertaining the value of a con- 
tinuous life annuity at age 30. Instead of computing the probabilities of living 
every duration from one to sixty-five years only four values are used, namely” 
* W?30> v^lso/lso, v u Iniho and r 6 %o/4o where 1 % 0} . for example, represents the 
number living at age 50 according to the mortality table used in the computations 
and « 15 the present value of a unit payable fifteen years hence. The value of the 
annuity obtained by using the formula is 20.3899 while the true value is 20.3919; 
an error of only .002. 

By taking more terms in formulae (.4) and (B), other summation formulae 
may be derived. The one referred to above is thus derived. The formula is 


v x dx = »(.28«o + 1.62 m# + 2.2 u Sn + 1.62ms# + .56m 6 » + 1.62m 7 „), 


In applying this formula n is so taken that 7 n falls just within or just beyond the 
limit of life shown by the mortality table.* 

In the graduation of mortality tables many methods are employed. We 
may take the sum of several values, assume that the average of these* values is 
applicable to the central age of the group, plot the points, and by drawing a 
smooth cun e through the points a series of graduated values may be obtained. 
The graduation of a set of values may also be accomplished by means of a summa- 
tion method. For example, if we take three times the sum of three consecutive 
\ allies from ten times the central value, the result will be a very rough graduation. 
By taking these values and summing each five adjacent values, repeating this 
operation three times and taking eight one thousandths of the final result a 
smoothly graduated series of values will result, unless the ungraduated values are 
very uneven. An extension of this principle enables us to derive formula* where 
the graduated value at any age will be made up of suitable portions of the values 
extending as far as fourteen terms on each side of the central value. A graduation 
of a mortality table may also be effected by assuming that a certain mathematical 
law will hold. One well-known law involves four arhitrnrv wVilnl* mnct 
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be determined from the ungraduated data. The age, of course, is the variable, 
and bv choosing suitable constants it has been found possible to graduate many 
mortality tables, so that the number living at any age is determined by the mathe- 
matical law. One great advantage which follows the use of one of these mathe- 
matical laws is that where several lives are involved in the computations it is 
possible to substitute for the lives of different ages the same number of lives of 
equal ages, the corresponding age being ascertained from the graduation constants. 
In the selection of the graduation constants so that the graduated values may 
fit as closely as may be to the ungraduated data, application has been made of 
the theory of moments, the method of least squares and frequency curves. 

*If no be a central value and u - 1 and u+i be adjoining values then 
lQ Uo — 3(24-1 + Uq + u+x) is the simple formula mentioned above, which reduces 
to Uq = — 3?l_i + 7 uq — 3^+1, where Uq is a roughly graduated value of Uq. 
A further development of this principle gives Woolhouse s formula, which is as 
follows: 

Uq = (1/5) { Uq + . 96 ( 24-1 + U + 1 ) + . 84 ( 22-2 + U+f) + . 28 ( 24-3 + 2 * 4 - 3 ) 

+ •12(t4— 4 + tl + 4) .08(l4-6 + 24f 6 ) — . 1 2 (22—7 + 2*4.7)}. 

The lengthy formula referred to above w T as described by the author in a 
paper published in the December 1918 number of the Publications of the American 
Statistical Association. This formula is as follows: 

uq = (1/5) {uq + .9344(24-1 + w+i) + .7264(24-2 + u + 2 ) + .4384(24-3 + 22 + 3 ) 

h . 1744 ( 22—4 ~j- 2*4-4) — .0976 (2/— e ~h u + q ) — . 1136 ( 22—7 -f" 2*4-7) 

.0736(24-8 h* u+f) — .0256(22-9 Hr 224 . 9 ) h* #0128(24- n 224 - n) 

+ . 0144 ( 22-12 + 22+12) ~b .0080(?2-i3 + 224-13) + .0016(22-14 + 22+14)}. 

It will be found that the sum of the coefficients within the bracket is equal to 5. 

The simplest form of the mathematical law of mortality is that of Gompertz 
which, expressed logarithm at ically , is log l x = log k + c x log g where l x represents 
the number living at age x and k , c and g are constants. 

A first modification of this law derived by Makeham is 

log l x = log k + x log s + c x log g. 

A second modification is 

log l x = log k + x log 5 + x 2 log co + c x log g* 

It w r ill be recognized that I have touched but briefly on many subjects which 
can only properly be covered in an extensive actuarial library. It should not 
be forgotten, however, that very few actuaries are ever called upon to graduate a 
mortality table; consequently it is of more importance to an insurance company 
that the actuary should be a man of good business judgment, with some original* 
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ity, able to meet the public, and compose a decent letter. He must have the 
mathematical ability to enable him to pass his actuarial examinations and qualify 
as an actuary, but so far as his practical work is concerned, in the training of his 
actuarial department for the regular routine work of the office he can forget if 
he will practically all of his higher mathematics. When an actuary is called 
upon, as is frequently the case, to take his part in the executive work of the 
company, it is necessary that he should have some knowledge of life insurance 
law, the principles of accounting,, and a general knowledge of investments and 
finance. From what I have said I believe that you will agree with me when I 
say that an actuary Is not necessarily an expert mathematician, and that an 
expert mathematician will not necessarily make a good actuary. 


NOTE ON THE ROOTS OF THE DERIVATIVE OF A POLYNOMIAL. 

By W. II. ECHOLS, University of Virginia. 

(Read before the Maryland-District of Columbia-Virginia Section of the Mathematical 
Association of America, May 15, 1920.) 

The problem of determining regions to which are confined the roots of the 
derivatives of functions has received a great deal of attention. Lucas established 
the fact 1 , by a mechanical proof, that the roots of the derivative of any poly- 
nomial are confined to the smallest convex region enclosing the roots of the 
polynomial. Maxime Bocher gave a geometrical, demonstration of this. 2 He 
noted that the roots of the derivative of any cubic equation are the foci of the 
ellipse tangent at their mid-points to the sides of the triangle of the roots of the 
cubic; and remarked that it might be possible to associate the roots of the deriv- 
ative of any polynomial with the foci of a higher plane curve. R. Z. Linfiekl gave 
a beautiful demonstration, in a paper read at the meeting, in St. Louis last De- 
cember, of the American Mathematical Society ( Bulletin , p. 264), that the roots 
of the derivative of any polynomial of degree n were the foci of a curve of class 
n — 1 touching at their mid-points the segments joining, two and two, the roots 
of the polynomial. Recently J. L. W. V. Jensen stated, 3 without demonstration, 

1 F. Lucas, “ Gdom&rie des polynomes,” Journal de VE cole Poly technique y 1879, eahier 46, 
tome 28, pp. 1-33. — Editor. 

2 M. Bocher, “Some propositions concerning the geometric representation of imaginaries,” 
Annals of Mathematics, March, 1893, vol. 7, pp. 70-72, — Editor, 

8 In a letter to the writer Dr. J. L. Walsh, of Harvard, says: “Jensen originally stated bis 
theorem without proof, in Acta Mathermtiea, vol. 36 (1912), p. 190, Apparently the theorem 
remained unnoticed until Professor D. R. Curtiss called attention to it in a paper presented at a 
meeting of the American Mathematical Society; his abstract was published in the current volume 
of the Bulletin , pp. 61-62. Professor Curtiss presented further results in April (see the June 
Bulletin , p. 392), I also have some further results, which I presented to the Society in December; 
the abstract of which is in the March Bulletin , p. 259, My paper has been accepted for publication 
in the Annals of Mathematics; it contains a proof of Jensen’s theorem based on mechanical con- 
siderations. Your own proof is surely different from mine (in form' but not in substance), I do 
not know whether it is different from Curtiss’s. I was not aware an algebraic proof could be 
given so simply. No proof of Jensen’s theorem has yet been published.” 
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that the complex roots of the derivative of a polynomial with real coefficients lie 
inside circles having the segments joining the pairs of conjugate roots of the 
polynomial as diameters. It is the purpose of this note to present a complete 
demonstration establishing the truth of this statement. 

Theorem. If f(z) is a polynomial whose coefficients are real numbers, then 
the imaginary roots of the derivative /'(z) lie on or within circles whose diameters 
are the segments joining the pairs of conjugate imaginary roots of f(z). 

Proof. Let 

/(*) ■» Li pl Lr- ■ ■ ■ L^-QP'Q^ 
wherein p r and q r are positive numbers, and 


Q r = (z iff 4* 


Cr, 


a T , b r , c r real numbers. Taking the logarithm and differentiating, the derivative 


is 


/'(a) =/<*)■ s(- 


K z — a r 

Realizing the denominators (z = x + iy) 


Pi _ Pr _ ( x — o T ) — iy 

-Or x - a r + iy ~ Pr (x- Or ) 2 + f’ 


z h =(x _ b ) (jLr brY + f+c/ _ Or - b r y + f- cl 

Hr Br y Br ’ 

where, for brevity, 

Br m { Or - b r y- -yt + cr 2 j 2 + 4(a: - h r )hf. 

Hence, equating to zero the real and imaginary components of the sigma factor 

r’ We have the necessar y and sufficient conditions for those roots of f'(z) 
which are not common to /(g), J v 7 


x ~~ a r 


{x — a r ) 2 4~ 


3+ 2fr(a - b r ) 


1 , o, b-brV + y* 


(x — a r ) 2 + y 


The real roots are furnished by y = 0 and the first condition. For y * 0 it is 
the circles COn<liti °” ™ lish ""‘ eSS ae poi,lt *■ » is Sne of 

— &r) 2 + r/ 2 == 

The multiple roots of the polynomial are of course also roots of the derivative 
and these are on the circles. This justifies the statement. derivative 

May 1, 1920. 
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QUESTIONS AND DISCUSSIONS. 

Edited by W. A. Hurwitz, Cornell University, Ithaca, N. Y. 

REPLIES. 

mixed integral and functional equation 
[I.M/,I34, 341; 1920, 114] 


X=o ~ g [/(0) + 4 / +/(*) J , 


tn tln^+h tv the f, “ ction /fe)- This equation is of rather fundamental practical value as it has 
th the most general solid whose volume is given by the prismatoid formula. 

I- Reply by Elijah Swift, University of Vermont. 

Assume that f(x) is developable m a power series in the neighborhood of the origin 
f(x) = * 4 o 4 - Aix 4 - * • • 4 - A n x n + • ♦ • . 

Substituting this value for f(x) and integrating we have 

AqJi •+• Ai + 
or transposing, 


jla hn+l M 

+An im + 


— A oh 4* A i 4 - 


+W 


a h n , ■, 1 
4 * ~ — h » 4- 


2» 


S A n h n+1 r - T 
»= 2 1 ft 4 ~ 1 


4 


1 _£ 

6 ’ 2 n 


}-»■ 


If this is to hold for all values of h near 0, the coefficients of the terms of the series must all vanish 
Obviously this is the case for n - 2 and n = 3. This leads to the equation 


A 


Since 


,(JL 

\n 4 


4-1 


__1_ 
~ 6*2 n ~ 


■i) 


> 0. 


ft 4 - 1 6 ‘ 2«“ 2 


6 ft 4- 1 


1 

* 6 ’ 


it is clear that for n g 5, the coefficient of cannot vanish unless = 0. For n = 4 direct 
calculation gives the same result. Consequently if the function /(*) * ouityie, it mmt he a 
poly normal of degree not larger than 3. 

II* Reply by A. A. Bennett, Washington, 13 . C. 

The problem as stated is ambiguous. The question depends upon whether h is to be some 
fixed value, as might be implied by the notation, or is a variable for all values of which the func- 
tional relation is to hold, ' 

. If ^ !? nSt i a ?h the . soiutio 1 n ob 3 7iousi y admits of an infinite number of independent parameters 
since only the definite integral and the value of the function at three points are involved If Vs 
not difficult to select even an infinite number of values for which the above relation holds while 
the function still retains an infinite number of independent parameters. In view of the application 
suggested, the following formulation of the problem may be of interest: To determine the eW 
acter of /(^ subject to the condition that the above relation holds for all values of h between 0 
and H,(> 0), inclusive, and that f(x) shall be defined in this interval as made up of a finite number 
of continuously joining analytic pieces— these pieces to be analytic even at the end points of the 
intervals m which they are used. 1 Uit 

If k lies in the first interval (starting toward H from 0), It is at once verified that 
polynomial of degree not greater than 3, but not otherwise restricted, so far as this interval^ con 
corned Expansion m series and comparison of undetermined coefficients suffices for this proof 
Let a be the end P° int of this first interval. Let h he in the second interval, near a so that h/2 
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is in the first interval. Suppose is the analytic continuation of f(x) (defined m the first inter- 
val), which of course exists for the polynomial, and let / be the assumed function m. the second 
interval. Now fi(x) will satisfy the condition of the problem as truly as f(x). bubtraetmg, and 
denoting f(x) - /i(x) by g(x), we have 

£<,<*) ~\mi 

Expanding g(h) in powers of h - a and comparing coefficients to satisfy this condition, it is noted 
that g(h) vanishes identically. Thus f(x) coincides with fi(x) at the beginning of the second 
interval. In other words there is no break in the analytical representation. Thus a polynomial 
of at most the third degree but not otherwise specified is a solution and the only solution of the 
problem as restated. 

III. Remarks by the Editor. 

It is clear, as Professor Bennett states, that in case h is supposed to be a given constant, 
so little restriction is placed on the function f(x) as to make the problem relatively uninteresting. 
When h is allowed to vary, however, it is still possible to interpret the problem in different ways, 
depending on the hypotheses to be made concerning f{x). We may demand that /(a ;) be analytic 
throughout a neighborhood of x = 0. This case has been considered thoroughly in both the 
preceding replies ; all the algebraic steps are given in Professor Swift's reply. It follows, of course, 
that f(x) must be a polynomial of degree g 3. 

W r e may demand that f(x) consist at worst of a number of continuously joining analytic 
pieces. Professor Bennett shows that this extension produces no new solutions. 

By his method it is possible to demonstrate also the following similar theorem: If two func- 
tions which are continuous, 0 and satisfy the equation , 0 rg h ^ II , are identical in the 

interval 0 x rS *, they are identical throughout the interval 0 Sg x ^ H. 

To prove this, denote the difference of the two functions by g(x), and let a be the greatest 
lower bound of the points for which g(x) =j= 0, Then for h Rightly greater than a , we have, as in 
Professor Bennett's reply, 

oh h 

J a ff(^ dx = ^gih). 

From this equation it follows that g(x) possesses a derivative, and that 

hg f (h) ~ Mh) - 0; 

hence 

g(k) = Ah 5 ; 

but as g(a) = 0, it follows that g(h) - 0. This, contradicts the choice of the point a; no such 
point c an exist and the theorem is proved. 

In particular therefore, if f(x) is continuous, H, and analytic at x — 0, it must he 

a polynomial of degree not greater than 5. 

It seems not unlikely that a similar result holds without the assumption of analytieity at any 
point. Two analogies make this suggestion worthy of consideration. In the first place, the 
equation which bears to the trapezoidal rule the same relation as the given equation to Simpson’s 
rule: 

ffmdx = | l/(o) +m i 

is readily shown to have no solutions but linear functions, on the assumption of mere continuity. 
In the second place, if in the given equation both limits of integration, instead of the upper limit 
alone, be allowed to vary, the question may be answered without the use of analytieity. Let the 
equation -y,,: : v y. '- ^ 

/; Mdx = Ap [ /(«) + 4 if ( 2L+i ) + m ] 

be satisfied for all values of a and 0 in an interval throughout which /(r) possesses a fifth derivative. 
By repeated differentiation we readily obtain 

/ IV 08) =-^[§/ v (-J- ) + / v 03) ] + § [ f /^ ( — ) + 5/ IV 03) ] • 

Letting 0 » a, we have f lY (a) *= 0. Since this must hold for an arbitrary a in the interval under 
consideration, f(x) can be at wrerst a cubic polynomial. 
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In ’view of the previous remarks, it seems reasonable to adopt as a goal with reference to this 
question the proof that if the equation holds for some range of the variable h, the function fix) 
can be only a polynomial of degree <3, under restrictions as light as possible—*^., that fix) 
should be continuous and possess a stated number' (as small as it can be made) of derivatives. 

DISCUSSIONS. 

In the study of a geometric locus, it is frequently useful to have an analytic 
form of representation which shall exhibit the properties of the locus as regards 
its size and shape, without reference to its position. Such a form of representa- 
tion, in the case of a plane curve, is. furnished by the intrinsic equation of the curve- 
—the functional relation which subsists between the length of arc measured from 
a fixed point of the curve to a variable point, and the radius of curvature at the 
variable point. Professor Light makes use of the intrinsic equation to study 
curves whose evolutes are similar to themselves. He obtains only the cases 
already known the logarithmic spiral, and the cycloidal curves, and shows 
that no other examples exist whose intrinsic equations are of the special type 
AR n + BS m ■— C = 0. It would be of interest to know whether any other 
curves whatever can have this property. 

In this department for May appeared a derivation of the formulae for the 
tangents of the half angles of a triangle from the law of sines, by Professor Baudin, 
In the present number Professor Bohannan gives a method of obtaining tangent, 
sine and cosine of the half-angles by a geometric proof based on the use of in- 
scribed and escribed circles. 

Professor Poor recommends the more extensive use of directed lines and the 
method of projection in connection with elementary analytic geometry. In 
fact the use of such notions in the class-room is perhaps more prevalent than their 
appearance in text-books might indicate. Even in text-books however they are 
to be found here and there. The theorems stated by Professor Poor are now 
generally used in trigonometry to prove the formulae for sines and cosines of sums 
and differences of angles. In some texts on analytic geometry they form the 
only mode of approach to transformation of coordinates by rotation; and they 
are frequently used in just the fashion suggested by Professor Poor to obtain the 
normal form of the equation of a straight line. 

I. Note on Curves Whose Evolutes are Similar Curves. 

By G, H, Light, University of Colorado. 

It is known 1 that the evolutes of certain curves are similar curves. It is the 
purpose of this paper to give the general conditions that must be satisfied by 

1 Euler; “ Investigate curvarum quae evolutae sui similes produeuat,” Oomnu Petrop , 
vol. 12, 1750, pp. 19-23. 

Loria: Spezielle algebraische und iramcendente ehenc Kurven , Leipzig, 1902, p. 625. 

Cesaro, Vorlesungen fiber naturliche Geometric , Leipzig, 1901, pp. 30-37. 
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the base curve when this property holds true. Let the intrinsic equation of the 

base curve be F(R, S ) = 0. Then, if sub- 
\ script 1 applies to the evolute (see figure) 

\ Si = R - Ro, h = t + 90°. 

Ri = dSijdti = clRjdt = R dR/dS. 

/ ° Therefore, the equation of the evolute of F(I?, 

$) = 0 is to be found by eliminating S and R 
/ from the three equations 


If now the first of the three equations is solved for S, one obtains S 
Then, since 

dRfdS - - Fs(R, S)/F e (R , S ) 

the second equation of (1) states that 


Finally, use of the third of the equations of' (1) gives 

Ri ~ ~ (Si + Rq)F s (Si + Rq } S(Si + Rq))/F b (Si + Ro, S(Si + Ro))* 

which may be rewritten in the more symmetric form 

RiFb+(S 1 + Ro)F s = 0, (2) 

where it is, of course, understood that the arguments R and S in F s and F B have 
been replaced by Si + Ro and S(Si + Ro) respectively. Equation (2) is the 
form of the evolute most suitable for further use. Consider now the class of 
curves whose intrinsic equations are of the form 


where A , B and C are constants. 

The relations between m and n and their exact values will be determined 
when their evolutes are similar curves. 

Solving equation (3) for S, and remembering that R = Si + R 0y gives 

a _ ( C — AR n \ 1/m _ f C-iiQSi + Ro) n T /m . 
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when the values thus found are substituted in the equation of the evolute, i.e. 
(2), the following equation results 

nAR^S, + h’o)"- 1 + mB{S, + R 0 ) J ( "- l),m = 0> 

If the factor Si + R 0 is discarded, one of the terms transferred to the right 
hand side of the equation and then both terms raised to the power m!(m — 1) 
the resulting equation of the evolute can be rewritten in the form : 

( “ fim) + fl 0 )«c^/<»-i> + | (Sl + R 0 )* = (4) 

Hence, if the evolute and the base curves are to be similar, 1 it must be possible 
to choose R q as zero . This requires that the base curve have a cusp and that the 
oiigin be chosen at that point. TV hen this is possible, a comparison of exponents 
ol R and S in (o) with those of R\ and $i in (4) gives the three following conditions 
on m and n: 

n = mj{m — 1), 
m{n - 2)J(m — 1) = 0, 
n = m. 

The only solutions of these equations are m = n = 0 and m = n = 2. The 
first may obviously be discarded, since no intrinsic equation would exist. When 
M = n = 2, the resulting equation of the evolute is 

ARi 2 + BSj == CB/A. 

In resume 2 : Given the family of curves 

AR n + BS m - C, 

tchere (7 + 0, m + 1; when the equations of their evohdes are formed and the con- 
dition imposed that curve and evolute be similar, a first necessary condition is 
found to be Rq = 0. The second is in = n = 2. This gives the cycloidal family . 

As a second class of curves consider the family 3 

F(R, S ) s' R» - CS m - 0. (5) 

1 The intrinsic equations of two similar curves differ only in the substitution of kB , hslor 
B , S, where k is a constant (Cesdro, l.c., p. 28). 

2 At 'various stages of the preceding proof it has been assumed that B =f= 0, C 4 0, m 4= 1, 
The case B = 0 gives a circle, which is easily seen not to satisfy the conditions. The ease 0 = 0 
will be considered more at length. The case m = 1 may be carried through by the methods indi- 
cated, it will be found that necessarily also n = 1; the resulting equation AM +■ BS -0 = 0 
is a form of the equation of the logarithmic spiral— Editor. 

, * ™ s cor responds to the case C « 0 in (3), since the assumption that A also vanishes would 
lead to no real curve. — E ditor. 
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Use of the defining equations of the e volute gives 

F m = nR n ~ l == n(S x + Ro) n ^\ 

F s = - mC ST*- = - mC^{Si + fl 0 ) *<*-»/". 

From these values of Fs and Fn the equation of the e volute is found, from (2) 

t0 be nRxiSi + RoY- 1 - + Ho) (Si + Ro) n ^ l)jm = 0. 

An easy simplification of this equation reduces it to 


is again necessary— nrst, that ito = U, %.e., tnat a cusp exisx. on me oase curve; 
and second, that the exponents correspond. This gives m = n. Hence 1 the 
result is obtained; 

All curves whose intrinsic equations can he written R n = CS m have ewlutes 
similar to themselves only when Rq — 0 and when m = n. This gives the logarithmic 
spiral R m = CS m . 

II. Functions of Half-Angles of a Triangle, 


By K. D. Bohannan, Ohio State University, 

In the accompanying figure I is the center of the circle inscribed in the triangle 
ARC , and E is the center of the escribed circle touching the side BC and the pro- 
longations of AB and AC. IE, IK, EF, EG are radii of these circles drawn to 
some of the points of tangency. If BC = a, AC = h, AB = c, a + 6 + c = 2s, 
then 


A circle on IE as diameter passes through C, B. If IK is prolonged to meet this 
circle in N, KN is equal to FE , vU'U - v ■ 


Hence 


= CK'KB ^ (s- b)(s-c) 

S' (s *— a) s(s — a) 

^ 1 The cases excluded by the assumptions m 4= 0, n 4= 0, C =j= 0 in the course of the proof can 

be shown as before to yield nothing new. — E ditor. 
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Let V be the intersection of AE and BC. Then 


siit- 


, A III EG 


cos- 


,4 AH AG 


2 A I AE ’ 2 ” A I 'A E' 

Since BI and CE (not drawn in the figure) are angle-bisectors, 

AE AC 


But 

Hence 

Therefore 


41 = AB 

ir~~ BV 1 VE~~VC' 
I V *VE = B V* VC. 

A. LAE = AH AC = he. 


,A (s — b)(s — c) 


sir ~ = 


5c 


COS" == 


6*(.s‘ — a) 
he ' ' 


HI. The Use of the Vector in Analytical Geometry. 

By Vincent. C. Poor, University of Michigan, 

In a first course in analytical geometry it is necessary to adhere rather closely 
to the text, whatever the text. This is true not because of the nature of the 
subject matter but because of the mathematical Immaturity of the students 
electing the subject. Important innovations thus furnish one excuse for another 
textbook. 

In many of the textbooks on analytical geometry the directed line is not men- 
tioned at all. This is deplorable from the point of view of the physicist, for the 
geometric interpretation of many physical quantities leads to simplicity in expres- 
sion and clearness in comprehension. Aside from this need the subject of analyt- 
ical geometry may, in my opinion, be much more easily and directly presented if 
a more extended use of the vector be made. 

The ground work for this is to be found in some of our textbooks, e.g., Woods 
and Bailey, A Course in Mathematics , VoL I; Ziwet and Hopkins, Analytic 
Geometry . In their study of directed lines we find the equivalents of the following 
theorems; 

Theorem I. The projection of a line segment on another line is equal to the 
length of the line segment into the cosine of their included angle . 

Theorem II. The projection of a broken line on another line is equal to the 
projection of the join of its end points . 

In a number of the books the fundamental theorem of the geometry of 
segments is deduced, namely 

Theorem III. Given three points , 0, P, Q, on a directed line , then 

PQ = OQ ~ OP, 

in 'magnitude and sense. 

If 0 is taken as the origin and the coordinates X\ and be assigned to the 
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points P and Q respectively we can write 

PQ = x 2 - Xi 

in magnitude and sense. 

Although these three theorems are given in some of our textbooks, very little 
use is made of them in the further development of the subject. Students may 
well wonder why they have a place in the book at all. And yet if they were 
used the usual theorems of analytical geometry expressed in rectangular co- 
ordinates could be easily and rigorously proved, the proofs being general and not 
“piecemeal” as is the case in possibly all of our texts. A few illustrations will 
serve to show this. 

After defining the rectangular coordinate system, we may consider a directed 
line, a vector, anywhere in the plane. Call its initial point P(x i, yi) and its 
terminal point P 2 (;r 2 , t/ 2 ). Let cl and 8 be its length and vectorial angle respec- 
tively. Then the projections Pi and P 2 ' of Pi and P 2 on the axis OX will be 
given by the coordinates Xi and x 2 respectively, and by Theorem III 


Pi'P 2 ' = x 2 


Xi 


furnishes the projection of the vector d on the axis OX in magnitude and sense. 
According to Theorem I this projection is given by d cos 8, so that withe onsider- 
able ease one arrives at the fundamental equations of projection: 


( 1 ) 


x 2 — Xi = d cos 8 , 
y% — yi = d sin 8. 


Squaring and adding we obtain the distance formula. Dividing the second 
of (1) by the first, we obtain the slope of the vector. If P 3 (# 3 , y%) divides d into 
segments such that 

P 1 P 3 /P 1 P 2 = k 

then calling the segment P 1 P 3 , di, we may write: 


Dividing, one has 
or 


.r 3 — xi = di cos 8 , x 2 — Xi = d cos 8. 

(^3 xOi (^2 aq) ^ k } 
x% — X\ + k(x 2 — x{). 


The equation of a line having a given direction and passing through a given 
point may be written at once from the formula furnishing the slope of the line 
by considering (x 2 , y 2 ) the coordinates of any point on the line. The “ normal 
form ' 5 for the straight line follows in a very brief wav from Theorems I and IL 
Ihe coordinates of any point (x, y) on the line may be interpreted as segments of a 
broken line, and its projection x cos /3 + y sin /?, on p, the perpendicular from 
the origin, with vectorial angle /3, is the projection of p, the join of its end points, 
or p itself. From this, of course, the distance from a point to a line follows. If 
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the equation of the line through the two points (.t 2 , y 2 ) and (arj, y 3 ) be written in 
determmantal form, the distance h from the point (x u 1 q) to the line is 

*'b yi, 1 

•* 2 , yi, 1 

l - x lilh 

■V(i 3 — xf) 1 + (y 3 — ?/ 2 j 2 

Since the denominator is the base of the triangle determined by the tlm ?e points, 
the determmantal form for the area will be evident. The transformation equa- 
tions are as easily deduced by the direct application of Theorems I and 11. The 
application of these three theorems to three dimensions is equally successful. 

I do not at all mean to imply that these general proofs should be used to the 
exclusion of the time honored method of taking a figure in the first quadrant 
and deducing the result geometrically. These geometrical exercises may well 
be relegated to the problem lists. But the general method is the simpler, and the 
knowledge of the vector requisite for its use is not beyond the college freshman. 
For many students the vector idea can be introduced none too early. Anyone 
contemplating a new text on analytical geometry should certainly weigh these 
possibilities. 
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Mathematical Logic. 

A Survey of Symbolic Logic. By C. I. Lewis. Berkeley, University of California 

Press. 1918. Royal Svo. 6 + 409 pp. Price $4.00. 

_ Moliere’s M. Jourdain was very much surprised when told that he had been 
using prose all his life. Equally astonished are many present-day mathematicians 
when informed that they have been using ‘logical prose ’ — propositional functions, 
the Zermelo axiom, and the like — for a correspondingly long period. 

What is this logical prose of which the mathematical and the logical world at 
large have been, till quite recently, so blissfully ignorant? It is the principles of 
modern deductive logic, known also as symbolic or mathematical logic. Though 
Professor Lewis prefers the term symbolic, Russell and his school seem to have 
established almost irrevocably the name mathematical logic. And Professor 
Lewis’s book is a survey of the history of the various stages in the discovery of the 
principles of deductive logic. 

What are these principles? Everyone has heard of the famous ‘Laws of 
Thought’ — the Laws of Identity, Contradiction, and Excluded Middle. Assum- 
ing that these laws, considered as principles of logic (not of thought), are necessary, 
are they also sufficient? Obviously not; for the principle of the Syllogism is 
just as necessary to logical procedure as are these laws. Are the four principles 
sufficient? How shall we decide? We can study the problem empirically. 
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We can make a careful and detailed investigation of some of the important proofs 
of mathematical theorems— for instance, in function theory— and after a step-by- 
step analysis we may find that these proofs employ various principles in addition 
to the four above mentioned. Such is, for example, the principle that whenever 
we have three propositions p, q, and r, and we know that 

(1) If p is true, then q implies r, we have a right to replace (1) by 

(2) If p and q are both true, then r is true. (This principle is called by Peano 
the principle of Importation, since it enables us to 'import 5 q into the hypothesis 
of the main implication.) In mathematical proofs we can no more dispense with 
the principles of Importation than we can with the Syllogism or with the principle 
of Contradiction. No more can we dispense with the 'obvious 5 principle that 
whenever any two propositions p and q are both true, then propositions q and p 
are both true, i.e, 9 the commutativity of the logical operation called 'propositional 
conjunction. 5 And similarly with a host of other principles used implicitly by 
every logician and mathematician. 

May not some of these principles be derivable from some of the others? 
Certainly. The long train of researches, culminating in the mathematical 
logician’s 'Bible 5 — Whitehead and Russell’s volumes of Principia Mathematic® — 
has demonstrated the fact that just as the entire system of euclidean geometry 
can be compressed deductively into a small number of unproved geometric 
propositions based on a small number of undefined geometric terms, so the set 
of propositions that constitute the system of deductive logic can be compressed 
into a surprisingly small number of fundamental logical propositions based on a 
small number of fundamental logical terms. 

But the Rome of mathematical logic was not built in a day. And the history 
of the long mathematical logical journey from Leibniz to Russell is a history of 
the triumph of the human intellect in every way as marvellous as the triumphs of 
the intellect in the realms of natural, as opposed to mental, experimentation. 

The volume under review attempts to trace this history through its various 
stages. In Chapter I Professor Lewis summarizes the development of mathe- 
matical logic from Leibniz through De Morgan, Boole, Jevons, and Peirce. 
In Chapter II he presents the formal principles of the algebra of logic, that is, 
the algebra as founded by Boole and improved by Schroeder. This algebra, 
many of the laws of which are identical with those of number-algebras, has a 
'function theory 5 that may well interest the student of mathematics from the 
standpoint of 'comparative algebra 5 . In Chapter III we are introduced to the 
well-known interpretations of this Boole-Schroeder algebra, in terms of logical 
classes, propositions, and relations, and also, geometrically, in terms of planar 
regi o ns. 1 Ch, I V is de voted in part to an elementary and extremely successful 

1 Although Whitehead (A Treatise on Universal Algebra , vol. I, p. 35) characterizes this 
algebra as “the only known member of the non-numerical genus of Universal Algebra/’ mathe- 
matical readers may be interested in the following purely numerical interpretation. Let us call 
any positive integer, > 1, whose prime factors occur but once, a Boolean integer. Examples: 
8, 30, 70. Choose any Boolean integer, B. Let the elements, a, b, c, * * *, of this algebra be the 
factors of B (including 1 and B). Let a X b m H. C. F. (a, b). Then a + b « L. C. M. (a, b), 
* 1? *= B } “ — a” * B 4- a, and a c h = a is a factor of h. } 
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exposition of some of the main logical doctrines of the first volume of Whitehead 
and Russell sPmmpia Mathematica. In Chapter V Professor Lewis outlines a 
system of logic differing essentially from that of Russell in the meaning assigned 
to the fundamentally important relation of implication. Finally, in Chapter VI 
the leading views on mathematical and logical method are compared and con- 
trasted. In the Appendix, Professor Lewis gives a translation, from Latin, of 
t^'Q fragments from ijcibniz on the logic of classes. 

The reviewer regrets that the author has omitted all mention of the vari- 
ous problems of postulational technique, as well as of Mennenlehre— problems 
intimately associated with the advance of mathematical logic. But in spite of 
these, perhaps inevitable, omissions, Professor Lewis, in presenting for the first 
time the connected history of the subject, has succeeded admirably. 

Harvard University. . HeNBT M ‘ SlIErrER ‘ 

College Algebra By II. L. Rietz and A. R. Crathorne. Revised Edition. 

.New A ork, Henry Holt and Co., 1919. (First Edition, 1909.) 8vo. 14-f- 268 

pp. Price 81.60. 

This new edition of the Rietz and Crathorne College Algebra differs from the 
first (a) m the addition of new exercises and the alteration of figures in old ones, 
(b) m the omission of some topics not in the main line of development, and (c) in 
a rewriting of certain sections which proved hard to teach in the original form. 

The changes in the exercises are sufficient to undermine the utility of the sets 
of solutions which come into being on any campus when the same book has been 
used for several years. In some cases, in the interest of more careful grading, 
the order of examples has been changed and easy examples have been added. 
Other new examples introduce applications in fields not previously touched — in 
at least one case, involving ‘war bread,’ in a field which did not exist in 1909 . 

In the problems on the Theory of Equations, the authors have lost, an excellent 
opportunity to fall in with the modern trend towards unification. Several 
problems (pp. 146-7) call for the depth to which a sphere of specified material 
will sink in water, but the necessary cubic equation is always given all ‘set up.’ 
If the student were asked to show that the depth to which a sphere of radius r 
and specific gravity p will sink is the root between 0 and 2 r of the equation 
ad - 3 ra? + 4pr» = 0, he would have to combine with the theory of equations 
a little solid geometry (the formula for a spherical segment), a fundamental phys- 
ical definition, and a physical principle. This seems to be a striking instance of 
a useful bit of mathematics and physics which is not adequately treated in any 
course because it draws on physics and two separate mathematical subjects. 
Perhaps, moreover, the inclusion of this general equation would have helped the 
authors as well as the student, by making more likely the detection of the errors 
in the constant terms in Ex. IS and 19 on page 146 in the revised edition. These 
errors really imply that the specific gravity of yellow pine is .9657 and of ice .693, 
although the first edition gives correct values, .657 and .93. It may be that this 
error arose from the desire not to ask (as the first edition did) for the determina- 
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tie n of an answer to three decimal places when the given specific gravity was 
accurate only to two places. 

Among the topics omitted is the discussion of the maximum or minimum 
value of the quadratic function. This omission is to be regretted if it be accepted, 
as the Committee on Mathematics Requirements recommends, that the choice of 
topics should consider primarily those who go no further in mathematics. An 
introduction to the mathematical discussion of maxima and minima, with some 
applications to problems/ seems highly desirable for such students. Of course, 
if the book is primarily for those who will go on to the more thorough treatment 
possible in a calculus course, the omission is justified. 

The book is improved by the omission of the detailed discussion in the first 
edition of the use of undetermined coefficients in expansions in series. But it 
would seem desirable at least to mention the fact that such coefficients are used 
for other purposes than partial fractions and to include a few simple examples, — 
such as, for instance, determining a, b, and c so that the curve y = a + bx + cot? 
should pass through three specified points. 

Sections rewritten include the discussion of 'equivalent equations/ which 
in the first edition were handled too abstractly for college freshmen. The new 
treatment calls attention to the possibility that redundant or defective solutions 
may arise in the course of formal work and illustrates the point with some good 
simple examples. Other sections rewritten are those on mathematical induction, 
which have been much improved. The example worked out in the text 
[1 + 3 + • • • + (2ft — 1) = ft 2 ] is perhaps the simplest that can be selected in 
the necessary formal work, and is much more typical of the bulk of the exercises 
given than was the example used in the first edition. Another example is ex- 
plained very carefully to show that the second part of the proof is necessary — 
i.e., the proof that if the formula is true for n = r, it is true for n = r + 1. This 
example, however, is perhaps not the best possible "pathological case/' as it is 
unlike any that the student has to prove. Perhaps a better instance would be a 
formula like 2n = {ft 3 + 17ft — 6}/12, which is true for n = 1,2 or 3, but not 
for n = r + 1 if true for n = r. Students are usually interested in the idea that 
in this and similar cases, untrue formulas can always be constructed which will 
be true for any finite number of values of n; and this fact might well be mentioned, 
either here or in connection with undetermined coefficients. 

The treatment of probability unfortunately does not here receive the radical 
revision which the real importance of the subject demands. It is to be hoped 
that some day the course for college freshmen will include a discussion of the 
great extent to which probability considerations are used implicitly in ordinary 
thought, as well as more explicitly in statistical sciences. Perhaps the next 
broadening of the usual material will be a discussion of frequency curves, with 
the connecting argument that probability is relative frequency. The book under 
review, however, goes very little further than the first edition, in which proba- 
bility is limited to games of chance, expectation of life, and expectation of money. 
The authors of this book might seem to be peculiarly the ones to make the exten- 
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sion proposed on account of their statistical interests, but apparently thev did 
not consider this revision of this book the time or place to do so 

In general the book is substantially improved and although it does not blaze 
out any new paths, seems well adapted to the needs of those who hold to the 
established system of a rather careful and extensive course in college algebra 

before analytic geometry and calculus are begun. 

Brown University, V" ®* jKGESS ’ 

February, 1920. 

Lectures on the Theory of Plane Curves delivered to Post-Graduate Students in the 
University of Calcutta, By Surendramohan Ganguli. 2 parts. Calcutta 
University of Calcutta, 1919. Svo. Part 1, 10 + l-138b pp.- Part 2’ 
13 + 139-350 pp. + 17 plates. 

Preface. The present volume ... is intended as an introductory course suitable for 
advanced students of geometry and assumes scarcely any further knowledge of analysis on the 
part of the reader than is to be found in most of the ordinary text-books on differential calculus 
and on analytical geometry. ^ Throughout the whole work X have endeavored to give prominence 
to geometi ical methods, as it appears that geometry, in judicious combination with analysis is 
likely to simplify otherwise tedious and lengthy investigations. With this end in view, Professor 
bylvester s Theory of residuation has been introduced at the outset and occasional application 
o the principle has been found very useful. X have carefully avoided complicated forms of 
equations but at times they have been found indispensable. 

In teaching the subject constant recourse has been had to the classic treatises of Salmon and 
Glebsch, and the works of Basset, Scott, and others, have been frequently consulted. My 
obligations to these authors, which are probably much greater than I am aware of, are gratefully 
acknowledged. I am indebted on almost every page to the great work of Salmon on Higher 
Plane C urves* and it is impossible to record in detail my obligations to this inspiring writer. The 
English edition of the great work of Salmon has been long out of print and it has been found 
necessary to publish a new text-book based on modern methods, with a view to remove the in- 
convenience experienced by the English-knowing students of the University.” 

. Contents— Chapter I: Introduction, 1-10; II: Theory of plane curves, ! 1-32; III : Singular 
points on curves, 33-50; IV: Polar curves, 51-65; V: Covariant curves— the hessian, 66-81 : 
VI: Polar reciprocal curves, 82-95; VII: Foci of curves, 96-103; VIII: The analytical triangle— 
asymptotes, 104-125; IX: System of curves, 126-138; X: Curves of the third order— cubic 
curves, 139-157; XI: Harmonic properties of cubic curves, 158-168; XII: Canonical forms, 
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as degenerate bicircular quartics, 306-315; XX: Special quartic curves, 316-328; Appendices, 
329-345.' 

NOTES. 

In Historical Portraits 1700-1850. The Lives by C. R. L. Fletcher. The 
Portraits chosen by Emery Walker (Part I, 1780-1800, Oxford, Clarendon Press, 
1919) there are portraits of Newton and Halley. “Sir Isaac Newton,” 29-33; 
opposite page 30 is a reproduction of the painting by John Vanderbank, at Trinity 
College, Cambridge. Edmund Halley, 33-36; opposite page 34 is a reproduction 
of the painting by Thomas Murray at Queen’s College, Oxford. 

The opening article (16 pages) of the second volume (1920) of Norsk Matc- 
matisk Tidsskrift, the organ of the Norwegian Mathematical Society, is a lecture 
on Evariste Galois delivered by the late Ludvig Sylow. 



For 1920 the first A-number of Matematish Tidsskrift, the organ of the Mathe- 
matical Society of Copenhagen, contains a six-page sketch by C. Juel of Hierony- 
mus Georg Zeuthen (1839-1920) and an interesting portrait of him taken in 
1SS0; in the first B-number is an article by T. Bonnesen on ancient and modern 
theories of irrationality. 

Bulletin de la Societe Mathematique de Grece I, 1 — AeXriov rfis "EXXyvucqs 
Madr)narucri<; 'Eraipelas, Td/xo? A', TeO^o? A', was published at Athens (H. A. 
llerpaKov) in May, 1919. The second number published in December com- 
pleted the volume of 186 pages, rather more than a third of which is in 
French, the rest being in Greek. The four parts of each number are devoted to 
(a) the proceedings of the Society; (6) mathematical papers of a purely scientific 
nature ; (c) papers in their essence philosophic, didactic, etc. ; (d) miscellaneous 
mathematical news. The editors are G. Remoundos, P. Zervos, N. Sakellarios 
and K. Lambiris. The scientific papers in the first number are entitled: “For- 
mules fondamentales relatives aux courbes d’un couple de surfaces,” “ Les series 
flivergentes par le calcul des probability,” “Sur l’equivalence des systemes 
d’equations differentielles,” “Sur quelques remarques relatives aux theories de 
l’int6gration des systemes en involution du second ordre,” “Sur les formes 
bilinfiaires,” and “ II epl w^aviicQiv avaXXouorcov.” 

A sumptuous volume by Mr. Jay Hambidge entitled Dynamic Symmetry, 
the Greek Vase, was published last May by the Yale University Press (178 line- 
cuts; 161 pages, small folio; price $6.00). “Dynamic symmetry deals with 
commensurable areas which represent the projection of solids. The symmetry 
of man and plant is dynamic; the symmetry of the entire fabric of classic art, 
including buildings, statuary and the products of all of the crafts, is dynamic. 
The symmetry of art since classic times is static. 

“ So revolutionary are the discoveries made by Mr. Hambidge, so tremendous 
will be their effect on the fundamental rules of artistic expression, that the world 
of art is roused to a high pitch of interest. The principles of ‘ dynamic symmetry’, 1 
have now been adopted by many craftsmen, designers and a number of important 
advertising illustrators.” These principles are based upon golden section and 
the logarithmic spiral form. Professor R. C. Archibald contributes “Notes on 
the logarithmic spiral, golden section and the Fibonacci series,” pages 146-157,— 
an extensive elaboration of his notes which appeared in this Monthly 1918, 
189-193, 232-238. 

ARTICLES IN CURRENT PERIODICALS. 

American Journal of Mathematics, volume 42, no. 1, January, 1920 [published 
March, 1920]: “Groups of order 2“' which contain a relatively large number of operators of order 
2” by G. A. Miller, 1-10; “The Green’s function for a plane contour” by H. D. Frary, 11-25; 
“On^the solution of certain types of linear differential equations in infinitely many variables” 
G. Simon, 27-46; “Periodic orbits on a surface of revolution” by D. Buchanan, 47-75. 

. 1 These principles arc also developed in a monthly periodical called ~The DiaqonaT{ Yale 
University Press) of which Mr. Hambidge is editor. 
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Brown Alumni Monthly, Brown University, volume 20, May, 1920: “Henry Parker 
Manning and the development of mathematics at Brown” by R. C. Archibald, 183-1S5. 

Bulletin des Sciences Mathematiques, volume 44, January, 1920: Review by E. 
Picard of “Memoire sur certains nombres invariants qui se presentent dans la theorie des multi- 
plicity algebriques” by S. Lefschetz, 5-7 [From Comptes Rendus , volume 169, see 1920, 143].; 
Review by P. Drouin of P. Boutroux’s Les Principes de V analyse mathmnatique , tome 2 (Paris, 
1919), 16-20. 

BULLETIN OF THE AMERICAN MATHEMATICAL SOCIETY, volume 26, no. 6, March, 1920: 
“The twenty-sixth annual meeting of the American Mathematical Society” by F. N. Cole, 241- 
259; “The St. Louis meeting of the American Mathematical Society” by O. I). Kellogg and A. 
Dresden, 260-273; “Poncelet polygons in higher space” by A. A. Bennett, 274-275; “ On the 
rectifiability of a twisted cubic” by Mary F. Curtis, 275-277; “Note on linear differential equa- 
tions of the fourth order whose solutions satisfy a homogeneous quadratic identify” by C. X, 
Reynolds, Jr., 277-280; “An acknowledgment of priority ” by A. A. Bennett, 280-281; “Dickson’s 
History of the Theory of Numbers” by D. N. Lehmer, 281; “Notes,” 281-285; “New publica- 
tions” 285-288. 

Bulletin of the Calcutta Mathematical Society, volume 10, no. 3, December, 
1919: “On a special square matrix of order six” by C. E. Cullis, 127-140; “On the formation of 
optical images by a diffracting boundary” by B. C. Das, 141-150; “On JoachimsthaPs attraction 
problem” by S. C. Dhar, 151-156; “On the potentials -of heterogeneous incomplete ellipsoids 
and elliptic discs” by N. Sen, 157-178; “On the wave-equation in ellipsoidal coordinates” by 
S. Banerji, 179-186; “On the numerical calculation of the roots of the equations PI? 0) = 0 

dP m (u) 

and = 0 regarded as equations in n” Part 2, by B. Pal, 187-194. 

Hibbert Journal, London, volume 18, no. 3, April, 1920: “Euclid, Newton, and Einstein” 
by C. D. Broad, 425-458 [Last paragraph: “I have now fulfilled my promise to the best of my 
ability. W e have seen what exactly Einstein’s theory is and how it is related to Euclidean geometry 
and to Newtonian mechanics. The connection with the former is not really very intimate, and 
Einstein himself makes very little play with it. The connection with the latter is all-important. 
Einstein’s discovery synthesizes Newton’s two great principles — the laws of motion and the law 
of gravitation. It removes the obscurity that has always hung over the former, by working out 
the relativity of motion to the bitter end, whilst it generalizes and slightly corrects the latter and 
accounts for its peculiar position among all the other laws of nature. Such work can only be 
done by a man of the highest scientific genius, and we have no right and no need to enhance his 
greatness by decrying the immortal achievements of his predecessors. It is enough that we can, 
without the slightest flattery or hyperbole, class Einstein .with Newton, and say of the former 
what is written on the tomb of the latter: — ‘ Sibi gratulentur homines tale tantumque exstitisse 
human! generis decus.’ ”] 

Journal OF Education, Boston, volume 90, December 25, 1919: “Concrete geometry 
for seventh grade ” by W. H. Fletcher, 654-657. 

Mathematical Gazette, volume 10, March, 1920: The annual meeting of the Mathe- 
matical Association, 17-19; “Gleanings far and near,” 19, 29, 34; “Geometry teaching: the 
next step” by C. Godfrey, 20-24; “Convention and duplexity in elementary mathematics ’ ■ . 
by E. H. Neville, 25-26; “The position of common logarithms in mathematical, training,” by 
H. M. Cook, 27-28 [followed by discussion, 28-29]; “The teaching of mechanics to beginners” 
by R. C. Fawdry, 30-34; “The graphical treatment of differential equations” (continued) by 
8. Brodetsky, 35-38; “ Coordinate geometry in schools” by W. J. Dobbs, 39-41; “Obituary, 
G. W. Palmer,” 42 [Mr. Palmer’s death was recorded in the Monthly, 1920 , 43. Quotations: 
“We have heard it said that he well deserved to be called the ‘Father of Arithmetic’ in English 
education. . . . By the stress we have laid on. his contributions to the literature of one branch 
of elementary mathematics, we do not wish to imply that his work was thereby limited. It may 
be said, indeed, that he inaugurated a new era in the teaching of mathematics at Christ’s Hospital] ; 
“Mathematical Notes” by G. H. Bryan (‘A formal geometrical construction for the solution of 
the sound ranging problem’), A. 0, P. (‘A curiosity ’), T. C&rleman (Chances in winning a game 
at lawn tennis), and W. E, H. Berwick (‘The four fours’), 43 [The curiosity is: WA* X -W/r 
Here the set of digits occurs in each fraction, each digit once and only once]; Reviews 
and notices, books received, contents of journals, etc., index to volume 9, 44-48 4* 14 pp. 
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Messenger of Mathematics, volume 49, no. 3, July, 1919: “Factorisation of N & 
T V*) + (* ^ V)> &c. [when * - y = 1]” (continued) by A. Cunningham, 33-36- 
a he ehminant of two binary quanties with determinantal coefficients” by T. Muir, 37-41 • 
“On certain plane configurations of points and lines” by W. Burnside, 41-43; “A property of 
groups of even order” by W. Burnside, 43; “On the solution of a cubic, equation” by A Lodo-e 
44-48. No. 4, August: “On the solution of a cubic equation” (continued) by A. Lodge 48-51 ; 
“On uniform Diophantine approximation” by H. T. J. Norton, 51-57; “Standard relation of 
Legendre’s functions” by R. Hargreaves, 58-62; “Note on the mth compound of a determinant 
of the (2m)th order” by T. Muir, 62-64. 

Nature, volume 105, March 18, 1920: “Mathematics: pure and applied” by S. Brodetsky 
64-6/ [reviews of F. Slate’s The Fundamental Equations of Dynamics and its Main Co-ordinate 
bysteim l ectonally Treated and Illustrated from Rigid Dynamics (Berkeley, 1918), of L. Silber- 
stem s Projective Vector Algebra: An Algebra of Vectors Independent of the Axioms of Congruence 
arallels (London, 1919), of E. S. Andrews’s Elements of Graphic Dynamics (London 1919) 
7™°? S Differential Calculus for Colleges and Secondary Schools (London, 1919) and of J 
AlUne s The Analytical Geometry of the Straight Line and the Circle (London, 1919)1; “Some methods 
r fl’l'roximatc integration and of computing areas” by A. C. Percival, 70-71; “Time-reckoning 
, North American Indians,” 75; “The gyrostatic compass” by S. G. Brown, 77-80. — March 

morn J 5-9 / [Revi ': W of L - Bairat °w’s Applied Aerodynamics (London, 

lAJU,).] April 1, Some methods of approximate integration and of computing areas” by R A P 

i^tStir 3 , 8 1 Thl - formula; which Mr. Percival gives in Nature for March 18 for approximate 
integration are well known, but there are one or two points in connection with them which are 
frequently overlooked, especially by writers of books on mathematics for engineers . ”]■ 

bv T tlTp defleCt !t 0n ^‘Sh-speed particles ” by H. G. Forder, 138 [“The result mentioned 
by Mr. Leigh Page and verified by Prof. Eddington {Nature, March 11, p. 37), that the gravita- 

e f e -!' a Particle travelling radially is a repulsion if the speed exceeds 11x3 times the 
j'f.f f. loeltj » 18 8 lven Hilbert m the Gottinger Nachrichten for 1917. The same paper contains 

centm-’f-ApT? °“£nf mfth k Spirally round gravitation 

cenrre. j April 3. Recent mathematical books” by J. M., 162-163 [review nf KmimK 

?Cn e £n’ 1918) ’ H - P ‘ May °’ S Eletnenlar y Calculus 

W r Rnr^l aiu’ q - t, Mensuration for marine and mechanical engineers (London, 1919) 
/V ,, Horchanlt s School Mechanics, Pan 1. School Statics (London, 1919) 1-Aoril 15- “M, 

1918))- “A dViunhal^ific u™, ?l E ;. CulI f’ s Malric< * and Deter Jrwids (Cambridge, 
z " ■ dynamical specification of the motion of Mercury” by G W Walker 198 iqq^i 

math<”matira”Ty^ l °^M^^56°2f7 f gh ^ pee f parRcles " b >'‘ L - ^ 233,-April 29: “Critical 
Courses on the history of science,” 279,-May 6: “Euclid’s Elements” bv G B M 

vivul: The F„ w ,k Dimension a,S ^ApplZ'tilns (Sdonf p{^ T&i- 

Bak!-r "is?- 61 f< P appro ^ nla te evaluation of definite integrals between finite limits” by T V 
niuS in Hardy ’ 494 - 495 [Quotations: “I first heaS of 

I havem-or received £! he T* certainly tbe most remarkable that 

5££s i ; " r * 

known only to a small minority mmAmn ’ ‘ * ’ ^' an ?f nujai l s acuities lay primarily in fields 
fund ions to the theory of numbers the theorv^Tc mat ^ ien .^ tlclans ~~' t?le applications of elliptic 
theory of partitions* His insurht into fnrtrmf outiuued fractions, and perhaps above all the 
thing I have met with “ d aEogette beyond “y- 

his history had he been introduced in nmri Pm : a ‘ ' j 11 ’ P' f P er ^ a P s useless to speculate as to 

It. is not extravagant tJ swX thaS and “ ethods * ^en instead of at twenty-six, 

time. What he did actually is wondeH'id ? Ve % GC0 ™ e the SreMest mathematician of his 
which his work has suggested have been enmnwf*’ * f ^^? nty , yc ! ars * lence > when the researches 
derful than it does to-day.”] " 1 ,ec > xt ' Wiii P r °kably seem a good deal more won- 
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NOUVELLES Annales de Mathematiqces, volume 78, December, 1919: “Avis” by 
les redacteurs, 44.1— 443 [Quotations: . . Nous avons ainsiete conduits a concevoir line veritable 
reorganisation de ce journal, dans le sens que nous allons indiquer. Chaque numero des Nouvt IU s 
Annales contiendra, en principe, des Memoires originaux, des Exercices de Licence el d’A qrfqalion, 
une Chronique du mouvement mathematique, des Enonces el des solutions de questions . . Dans la 
chronique . . . nous publierons des nouvelles interessant le monde des mathematiciens, Idles que 
nominations, distinctions, ouvertures de cows important®, des rdsumfe plus ou rnoins detailing 
de decouvertes recentes (sans qu’il s’agisse d’un depouillement, systematique des periodiques, 
travail pour lequel il exist des publications auquelles les Nouvelles Annales lie p reten dent pas se 
substituer) ; des analyses bibliographiques, etc.”]; “Sur les equations de Didon” bv P. Humbert, 
443-4.51; “Sur le eercle de Miquel” by F. Girault,, 432-458; “Sur les surfaces tefraedralea 
symetriques” by C. Semis, 466-MS; Questions and solutions, 468-472; Index, 473-480.— 
Volume 79, January, 1920: “Expose elementaire d’une theorie rigoureuse des liaisons finies uni- 
laterales” by E. Delassus, 1-12; “Simple remarque sur la cydide de Dupin” by M. d’Ocagne, 
13-14; “Lieux des lovers ordinaires des courbes algebriques d’uii faiseeau tangent iel ou ponct uel ” 
by T. Lemoyne, 14-17; Licence questions 17-30; Chronique, 31-35; Questions and solutions, 
Jo-40. 

Pedagogical Seminary, volume 26, no. 4, December, 1919: “Relation of initial ability 
to the extent of improvement in certain mathematical traits” by F. M. Phillips, 330-355. 

Philosophical Transactions of the Royal Society of London, series A, vol. 220, no, 
A 579, April 27, 1920: “A determination of the deflection of light by the sun’s gravitational held, 
from observations made at the total eclipse of May 29, 1919” by F. W. Dyson, A. S. Eddington, 
and C. Davidson, 291-333 + plate 1. 

Proceedings of the American Academy of Arts and Sciences, volume 55, no. 3, 
March, 1920: “ Contribution to the general kinetics of material transformations ” by A. J. Loika, 
135-154. — No. 4, March : Rotations in space of even dimensions” by H. B. Phillips and C. L. E. 
Moore, 155-188. 

Proceedings of the National Academy of Sciences, volume 6, no. 2, February, 
1920: “Groups generated by two operators, S h S 2 , which satisfy the conditions Sf l = S 8 *, 
(S1S2) = 1, S 1 S 2 = S2S1” by G. A. Miller, 70-73; “The larger opportunities for research on the 
relations of solar and terrestrial radiation” by. C. G. Abbott .—March : “Note on geometrical 
products” by C. L. E. Moore and II. B. Phillips, 155-158. 

Proceedings of the Royal Society, volume 97, no. A6S3, April IS, 1920: “A new 
apparatus for drawing conic curves” by A. F. Dufton, 199-201 [Quotations: “1. The attention of 
mathematicians has been attracted to the mechanical description of conic sections since the 
discovery of the curves by Menaechmus, but in the numerous mechanisms which have been 
invented only partial success has been attained. 

“In an early conograph, the invention of which is ascribed to the Arabs, the curve is the 
actual intersection of the surface upon which it is drawn with a straight line generating a cone. 
Instruments of this kind were designed at the end of the sixteenth century for use in the con- 
struction of sun dials. 

“Newton in his ‘ Principia 7 (Lib. I, Prob. XIV) discusses the drawing of conic sections and 
describes a mechanical method of plotting them. Two angles are rotated about their vertices 
and the intersection of one pair of arms is kept upon a fixed straight line. The locus of inter- 
section of the other pair is a conic section. 

“Sylvester {Proc. Boy . Inst., vol. 7, p. 179 (1873-75)) showed that a conic can be drawn by 
means of an apparatus of thirteen links. His method fails to draw the curve at the vertex but is 
simpler than that of Peaucellier (ibid.), which involves the use of fifteen links besides a cross- 
piece rigidly attached to one of them. Both, these methods depend upon the principle of inversion. 

“A conograph based upon the constancy of the anharmonie ratio subtended at the tracing 
point by four fixed points on the curve was invented by Willy Jurgos (Zeitschrift fur Math, nnd 
Physik, vol. 38, p. 350 (1893)). In this instrument the use of eight sliding constraints makes 
smooth work difficult. 

“2. With the apparatus described in this paper, the conic is drawn as the polar reciprocal 
of a circle. . . . In the remarkable precision of even a roughly made instrument, in the tracing 
of the curve at one sweep and in the application to all conics from circle to straight line, the 
apparatus offer a satisfactory solution to a very ancient problem 
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QUEEN’S QUAKTEELT, Queen’s University, volume 27, no. 3, January, 1920: “Relativity 
and gravitation,” part 1, by E. Flammer, 286-308— April: “Relativity and gravitation,” part 
2, by E. Flammer, 424-442. 

School Science AND Mathematics, volume 20, no. 3, March, 1920: “Some problems 
for the class room from the orientation work of the A. E. F.” by C. A. Epperson, 210-213 ; “ Prob- 
lem department,” 270-272.— No. 4, April, 1920: “Some factors affecting the selection of the high- 
school course of study and methods of teaching mathematics” by H. R. Douglas, 287-299; 

“ Second list of marginal notes on Cajori’s history of mathematics” by G. A. Miller, 300-304; 
“Up-to-date problems in junior high school mathematics” by T. Lindquist, 305-311; Problems 
and solutions, 365-368, 374; “Meeting of Association of Teachers of Secondary Mathematics in 
North Carolina,” 378; “The National Council of Mathematics Teachers,” 380-382. 

Science, n.s., volume 51, April 2, 1920: “Notice of a recent contribution to statistical 
methods” by G. F. McEwen and E. L. Michael, 349-350 [Compare this Monthly, 1920, 133]. — 
April 9: “Concerning ballistics” by A. G. Webster, 368-369.— April 30: “Unification of symbols 
and diagrams” by W. P. White, 436-437 [First paragraph: “The recent attempts to unify the 
mathematical symbols used in physics and chemistry are probably approved, in principle, by 
practically everyone. They have stimulated and guided a large amount of voluntary effort and 
cooperation. Their complete recognition and adoption has been hindered by the difficulty 
of getting any one system to satisfy the varied requirements and personal preferences involved.”] 
— May 7: “Modern interpretations of differentials” by A. S. Hathaway, 464-465 [“To the Editor 
of Science: Professor E. V. Huntington, in an article entitled ‘Modern interpretation of differ- 
entials’ (Science, March 26), states with reference to the lim Ay = 0, lim NAy = dy , that, ‘The 
inevitable consequence of such a definition is that dy — 0, which is futile.’ Every school boy in 
the theory of limits knows that this is not -true when N varies . . .”]; Review by R. von Huhn of 
A. C. Haskell’s How to make and use graphic charts (New York, 1919), 466-467 [Cf. 1920 , 269-270]. 
— May 21: “Formulae giving the day of the week of any date” by W. J. Spillman, 513-514; 
“A new statistical journal” by R. Pearl, 515-517 [Metron, Tipografia Industrie grafiche Italiane, 
via ViscGvado, Padova, Italy; quarterly, 40 lire a year]; “The American Mathematical Society”, 
by F, N. Cole, 523-524. — May 28: “The Mathematical Institute at the University of Strasbourg,” 
534. — June 11; “Modern interpretation of differentials again” by E. Y. Huntington, 593. — June 
18: “ Aristotle and Galileo on falling bodies” by F.Cajori, 615-618. — Volume 52, July 9; “Modern 
interpretation of differentials” by A, S, Hathaway, 35. 

Texas Mathematics Teachers* Bulletin, volume 5, no. 1, November, 1919: “Fresh- 
men mathematics prizes” by H. J. Ettlinger, 5-6; “Mathematics Section, State Teachers Asso- 
ciation” by Goldie P. Horton, 7-8; “The Pythagorean Theorem” by P. M. Batchelder, 9-13; 
“The quadratic equation and its solution” by J. W. Calhoun, 14-18; “On the disciplinary and 
applied values of mathematical study” by C, N. Moore, 19-26 [Reprinted from Education, 
December, 1918; cf. 1919, 162]; “Practical figures in solid geometry” by Elizabeth Dice, 27-29; 
“Some problems in applied plane geometry” by H. J. Ettlinger, 30-32; “Topics and references 
for the high school mathematics club” by Goldie P. Horton, 33-34; “The straight edge” by A. N. 
Onymous, 35 — No. 2, February, 1920: “Mathematics in the summer school” by H. J. Ettlinger, 
5; “A report on the teaching of high school mathematics” by H. J. Ettlinger, 6-7; “Asking 
questions” by T. McN, Simpson, 8-11; “Limit proofs in geometry” by A, A. Bennett, 12-21; 
“What is mathematics?” by P. M, Batchelder, 22-24; “Sundials” by Mary E. Decherd, 25-30; 
“Mathematics at the Houston meeting of the State Teachers Association” by Goldie P. Horton, 
31-32; “The straight edge.” 

Transactions of the American Mathematical Society, volume 21, no. 2, April 
1920: ‘‘Differential equations containing arbitrary functions” by G. A. Bliss, 79-92; “Functions 
of lines in ballistics” by G. A. Bliss, 93-106; “On the summabiliiy of the developments in Bessel’s 
functions” by C. N. Moore, 107-156; “One parameter families and nets of ruled surfaces and a 
new theory of congruences” by E. J. Wilczynski, 167-206; “Note on space curves” by G. M. 
Green, 207— 236 [“The .manuscript of this paper was found among the papers in the late Dr. 
Green s handwriting which were turned over to me for investigation. It was complete except 
for a few references, which I have supplied; the only changes which I have permitted myself to 
make are concerned with two or three places where the language seemed to be ambiguous. This 
paper constitutes a notable addition to Green’s writings, and shows once more the fertility of his 
imagination and his unfailing ability to see something new even in the most familiar fields.— E. J. 
vvilczynski”]; “A set of postulates for fields” by N. Wiener, 237-246; “A theorem on modular 
co variants” by Olive C, Hazlett, 247-254. 
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University of California Publications in Mathematics, volume 1, no. 12, April 
12, 1920: ‘‘A set of five postulates for Boolean algebras in terms of the operation < exception , ■ , ■ 
by J. S. Taylor, 241-248. 1 ' 

Zeitschrift fur mathem atischen unb naturwissenschaftlichsn Unterricht, 
volume 50, nos. 11-12, published January 10, 1920: “Zur elementaren Behandlung von Exponen- 
tialfunktion und Logaritlimus” by A. Loewy, 330-339; “Bueherbesprechungen,” 340 - 347 — 
Volume 51, no. 1, published February 5: “Die Simsonsche Gerade” by R. Henke, 1-12; Lektorate 
fur Mathematik, ein Vorschlag zur Erweiterung des mathematischen HochschuJunterrichts” 
by A. Rohrberg, 13-17; “Kleine Mitteilungen,” 18-24. 

AMERICAN DOCTORAL DISSERTATIONS. 

S. P. Shugert, The resolvents of Konig and other types of symmetric functions. Lancaster, 
Pa., 1919 . 19 pp. (University of Pennsylvania, 1914.) 


UNDERGRADUATE MATHEMATICS CLUBS. 

Edited by U. G. Mitchell, University of Kansas, Lawrence. 

NOTES AND SUGGESTIONS. 

If our readers know of the formation or existence of undergraduate mathe- 
matics clubs which have not been mentioned in this department we would be 
glad to have them send us full information concerning their organization and 
activities. We hope, too, that clubs which plan their programs for the year soon 
after the opening of college will send us copies without waiting for a request 
from the editor. The issuing of a printed folder in October or November giving 
information about the club as w T ell as times, places and programs for meetings 
during the year seems to contribute decidedly to the success of the work and the 
number of clubs which are adopting the plan is increasing. A sample of such a 
folder will be sent by the editor of the department to any one requesting it. 


Appendix A, pages 227-230 of Marie Gugle’s Modern Junior Mathematics, 
Rook 2 (New York, The Gregg Publishing Co., 1920), is devoted to “ Mathematics 
Clubs.” Sample programs are given to show how the same topic may he used in 
various grades by making the treatment different in each case. A list of thirty- 
four topics and twelve titles of books and magazines are |pven. While these 
programs, topics and references are intended for high schools they may prove 
suggestive to club program makers in colleges. 


In response to our request published sometime ago for suggestions which 
might be used in social meetings, Mr. John W. Arnold, Treasurer of the Under- 
graduate Mathematics Club at the University of Illinois, sends the following 
account of the annual social meeting of their club held Friday evening, March 12, 
1920. 

The company of about eighty persons was numbered and tagged upon arrival 
and later divided by means of the last digit of the number into five groups— 
followers of Newton, Descartes, Euclid, Leibniz, and Pythagoras— who arranged 
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themselves around separate tables and vied with each other for the honors of the 
evening. As a beginning, the several parties, by turns, presented charades repre- 
senting mathematical terms which were guessed with more or less difficulty by 
the other groups. Music followed and then some time was spent at work on a 
motley assortment of odd, unusual, and unique problems of a generally baffling 
nature. All the old and a number of new tricks, puzzles and paradoxes were 
brought out and debated within the groups, solutions being presented to “head- 
quarters” for verification. For the remainder of the evening the gathering 
puzzled over mathematical anagrams. “ Geometrical refreshments ” were served 
in the form of gelid spheres inscribed in right circular cones in quantities ap- 
proaching oo. 

CLUB ACTIVITIES. 

Mathematics Club of the University of Nebraska, Lincoln. [1918, 313, 

459; 1919, 263-264.] 

t '•f'he officers of the club for the year 1919-20 were: President, Josiah A. Brooks 
’20; vice-president, Stella Abraham ’21; secretary, Benjamin F. Margolin ’21. 
October 27, 1919: The classification of real numbers” by Professor William C. 
Brenke. 

November 13:. “Curious configurations in geometry” by Professor Tracy A. 

Pierce; “Binomial coefficients” by Randolph T. Major ’22. 

January 16, 1920: “The Rhind mathematical papyrus” by Professor Albert L. 
Candy; “Formula; used in artillery” by George S. Madsen ’22; “How long a 
strip of paper would be required to write out the value of 2 238 , counting 10 

digits per inch?”, solution by Thomas G. Bowman ’22. 

February 12: “Horner’s method of approximating roots ” by Thomas G. Bowman 
22; “The quadratrix” by Stella Abraham ’21. 

March 11: Social meeting. Professor Mayer G. Gaba gave a humorous reading 
Ihe new education in mathematics” and Miss Esther Daily furnished 
music. Mathematical games were played and refreshments served. 

Pi Mu Epsilon, Mathematical Fraternity, Ohio State Chapter, 

Columbus, O. 

. chapter formed a tentative organization in June and received its charter 

m October of 1919. . ' 

Readers of the Monthly will recall the account already given (1918, 271) of 

rVn,! 1 To EpSli ° n “ athematicaI Maternity organized (1913) and incorporated 
0914) at Syracuse, N. Y. The Ohio State chapter holds its charter from Syracuse 
1, ’ M parent chapter, it “aims to promote mathematics and scholarship.” 

le high standards for eligibility to membership inaugurated at Svracuse have 
been maintained at the Ohio State University. 

The active membership now numbers 39, of whom 18 are faculty members and 
graduate students and 21 are senior undergraduates. The list of charter members 
included every member of the mathematics department faculty. 


1920.] 
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The founding of the honorary mathematical fraternity was welcomed with 
mucli enthusiasm by the advanced students of mathematics. Departmental, 
fraternities, both active and purely honorary, are numerous at Ohio State and 
they appear to meet a real need. Any college favored with an active chapter of 
Sigma Xi will readily understand the advantages of cooperative effort. Pi Mu 
Epsilon hopes to accomplish for the more limited field of mathematics what Sigma 
XI is doing in the laager field of science. Ohio State has every intention of being 
an active chapter. 

The officers for the year 1919-20 were: Director, Professor C. L. Arnold; 
vice-director, Professor Grace M. Bareis; secretary, Clarice S. Hobensack Gr.; 
treasurer, J. R. Anderson ’20. 

The following papers have been presented: “Differential symbolism in 
connection with series” by Professor R. D. Bohannan; “Three remarkable 
fractions appearing in a parameter study of certain curves of order sc 3 ” by Pro- 
fessor C. L. Arnold; “A graphical presentation of the locus of the perihelion and 
aphelion points of certain satellites” by Harry F. Kohl Gr.; “Functions having 
preassigned zeros and infinities” by Mabel M. Madden ’20; “A generalization 
of the law of signs” by Clarice S. Hobensack Gr. 

Ohio State has, also, a strong undergraduate mathematics club which meets 
twice a month with an average attendance of over fifty. The officers of this club 
are all undergraduates and its papers and discussions lie in the field of interest 
of its younger members. Speaking of the two organizations our correspondent, 
Professor C. L. Arnold, says: 

“ There is a need for both the club and the fraternity. They cooperate rather 
than conflict. Mathematics is an elective in all the general courses. The role 
of the club is to foster interest early in the student’s elective course. Pi Mu 
Epsilon hopes to recognize and honor exceptional work at the end of the course. 
Other departments do this. Surely the mathematician deserves and values an 
equal recognition.” 

The Pentagram, University of Texas, Austin. [ 191S , 273-274; 1919 , 364 .] 

The following programs have been given during 1919-20. 

October 22, 1919: “Bees” by Professor M. B. Porter. 

November 5: “Some ruler constructions ” by Edison H. Thomas ’20. 

November 25: Social meeting at the home of Professor J. W. Calhoun. 

December 3: “Mathematics and mental development” by Mary F. Decherd, 
Instructor in mathematics. 

January 14, 1920: “Bonds” by Henry H. Hammer Gr. 

January 28: “Some definite integrals by actual summation” by Joseph E. 
Burman Gr. 

February 11: “Line coordinates” by Martha Randall ’20. 

March 3: “Codes and ciphers” by Renke G. Lubben ’21; “Egyptian hiero- 
glyphics” by Professor M. B. Porter. 

March 10: Party at the home of Miss Goldie P. Horton, Instructor in pure 
mathematics, Misses Horton and Decherd hostesses. 
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Edited by B. F. Finkel and Otto Dunkel. 

Send all communications about Problems and Solutions to B. F. Finkel, Springfield, Mo. 

A Construction of the Regular Polygon of Seventeen Sides . 1 

By L. Linn Smith, Student at Grinnell College. 

Many methods have been devised for constructing the regular 17-gon with 
ruler and compasses. These are based on the fact, as demonstrated by Gauss, 
that the solution of the equation, a - 17 —1 = 0 , can be reduced to the solution of 
quadratics. This reduction is clearly discussed in the little book, Klein’s Famous 
Problems in Elementary Geometry . 2 After removing the factor (x — 1 ) the equa- 
tion is reduced to the four following quadratics: Zi = 2 cos 2 tt/ 17 is a root of 

( 1 ) z 2 — yiz + = 0 where Zi > z 2 . 

Here t/x is the larger root of the equation 

(2) y 2 — xiy — 1 = 0 
and 2/4 is the larger root of the equation 

(3) y 2 — Xiy—l = Q; 

while Xi and x s are the roots of the equation 

(4) x 2 + x — 4 = 0 where x x > x 2 . 

We now obtain the required root z x by constructing the roots of these various 
equations. As a basis we use the method of constructing a quadratic’s roots 
where, considering the equation of the form 

a* 2 — ax +6 = 0, 

a circle is erected on the line joining the points ( 0 , 1 ) and (a, b ) as a diameter and 
the roots are the abscissas of the two intersections of the circle and the X axis. 

. n th£ ;+. re ’ ^ the P°. int (0, 1) and N is the point (- 1 , - 4 ) and thus the 
circle on the line EN as a diameter solves the equation ( 4 ) and gives us 

F0FF OC = xi and OD — x 2 . 

A and B are the mid-points of OD and OC respectively. F is the intersection of 
the circle, whose center is A and radius AE, with the X axis, and thus gives us 
the larger root of equation ( 3 ) 

_ OF = 2 / 4 . 


at ? d H should be considered with problem 2745 below. 

Translated into English by Beman and Smith, Boston, 1897, pp. 24-32. 



The reason for this is that the circle ordinarily used to construct these roots is 
symmetrical with the X axis and thus we find the center by the simple bisection 
and do not have to draw this circle to find the one root that we need from this 
equation. In exactly the same manner M is the intersection of the X-axis 
and the circle with center B and radius BE. Hence we have the larger root of the 
equation (2), 

OM = y i. 

Now erect a perpendicular to the X axis at M and lay off 

mi = of. 

Thus the coordinates of the point II are (y h ;/ 4 ). It is evident that the circle on 
EH as a diameter intersects the X axis so that OS and OR are the roots of equation 
(1) and since OR is the larger, 


OR = 2 cos 


17 


Having twice the cosine of the angle it is an easy matter to find the required 
angle. Bisect OR in T and draw the unit circle VUE. Construct the angle, 
tp — 2ir/l7 from the known cosine. Of course UV subtending the angle <p is 
the required side of the regular 17-gon. 

Gauss and the Regular Polygon op Seventeen Sides. 

By R. C. Archibald, Brown University. 

Recent publications call attention to new material 1 in connection with the 
history of the construction of the regular polygon of seventeen sides. The 
discovery that this construction could be effected with ruler and compasses only, 
was one of which Gauss was vastly proud 2 throughout his life and also, according 
to Sartorious von Waltershausen, 3 the one which decided him to dedicate his 
life to the study of mathematics. As it is recorded of Archimedes that he desired 
a sphere inscribed in a cylinder to be engraved on his tombstone, and similarly 
with Ludolph van Ceulen as to the value of v to 35 places of decimals, and with 

1 < 7 . F. Gauss als Geometer von P. Stackel (MateriaMen fur eine mssemchaftliche Biographic 
von Gauss, Heft V), Leipzig, 1918 (see pp. 78, 96); Carl Friedrich Gauss WerJce , Band 10, Abteiiung 
1 , Leipzig, 1917 (see pp. 3-1 120 - 126 , 487 and the facsimile of Gauss’s notebook 1796-1814). 

2 The very first entry in his notebook 44 1796 Mart. 30-1814 Jui. 9 ” is : 44 1796. Principia quibus 
innitur sectio circuli ac divisibiiitas eiusdem geometrica in septemdecim partes etc. Mart. 30. 
Brunsv[igae],” Again, in his own copy of his Disquisitiones Arithmeticae he wrote the following 
note in the margin beside article 365: “Cireulum in 17 partes divisibilem esse gooinefriee, detexi- 
mus 1796 Mart. 30.” And finally, on page 77 of “Seheda Af,” begun in 1801, Gauss brought 
together a number of dates which were of importance to him. The first four of these were: 1 . 
Jan., 1801, Ceres discovered’ 28. March, 1802 Pallas discovered; 19. Feb., 1803 Pallas rediscovered; 
30. March, 1796, “Construction des 17 Beks.” 

3 Gauss zum Gedcichtnis, Leipzig, 1856, p. 16z 44 Diese Entdeckung, welch e Gauss bis zum Ernie 
seines Lebens sehr hoch schatzte, ist os vornehmlieh gewesen, welche seinem Leben eine bestiinmte 
Riehtune e-evebm W.- dwr, von ienem Tage an war er test .entschlossen, nur der Mathematik 
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Jacques Bernoulli as to a logarithmic spiral, so also, according to Weber, 1 Gauss 
requested that the regular polygon of seventeen sides should be engraved on his 
tombstone. 2 

In a letter to Gerling dated January 6, 1819, Gauss elaborates the thought 
underlying the theory of polygons in his Disquisitiones Arithmetical ( D.A . ), 
Lipsise, 1801, through special reference to the polygon of seventeen sides; then 
after a paragraph generalizing the result to suitable prime numbers p = 3, 5, 17, 
257, 65537, ... he continues: 

“The history of this discovery has up to the present nowhere been publicly 
alluded to by me; I can give it very exactly, however. The day was the March 
29, 1796, 3 and chance had absolutely nothing to do with it. Before this, indeed 
during the winter of 1796 (my first semester in Gottingen), I had already dis- 
covered everything related to the separation of the roots of the equation 


x p 


1 


= 0 


into two groups, on which the beautiful theorem on the lower part of page 637 4 
depends, without making note of the day. After intensive consideration of the 
relation of all the roots to one another on arithmetical grounds, I succeeded 
during a holiday in Braunschweig, on the morning of the day alluded to (before 
I had got out of bed), in viewing this relation in the clearest way, so that I could 
immediately make special application to the 17-side and to the numerical verifi- 
cation. Of course still other investigations of the seventh section of the D.A. 
were added later. I announced this discovery in the Literaturzeitung of Jena 
where my advertisement was published in May or June 1796. 5 The printing of 
my Disq. Arith. began in April 1798, continued slowly and was several times 
entirely stopped (because the_ printer moved away from Braunschweig, whence 
from sheet R on another type is used) and was completed in the summer of 1801. 

In the year 1798 or 1799 v. Zimmerman told something of my research to a 
certain Eugene or Huguenot (a Prussian officer) passing through Braunschweig. 

n 1IS r( 'h l j es t I gave him a little paper, which he kept, containing the complete 
theory of the 17-side (about as above, but much more in detail). This person 
had the impudence afterwards to publish a work, 6 which I have not myself seen, 

Al3ebra Wd AmhjSiS bearbeitet von H - Weber. Zweite Auf- 
3 1'^ not granted, as it was in eaieh of the other cases mentioned. 

• Gaust^CdTp^ ^ ° f ^ ^ ^ nineteen ° n tIie followin S April 30. 

. , of the Allgemeine Liter atur-Zeitung, Nr. 66. 1 Junius 1796 col *5*54 Two 

£^£““1 W * th I 1 ™ refe I ence are niade b y Klein, “Gauss’ Wissenschaftliches Tage- 
hh renrodncUon hera fPSf hcn (Maihematische Annalen, Band 57, 1903); 

f F e P[ od . ucti011 of Gauss s advertisement is also inexact. Gauss's “Tagebuch" is renrinted in 

von ZtStm dEITo. 1 ? “1 nock nielit gan. vofendottn Theori. 

vorgelejt werden ” ’ ’ “ ° baW dleSe lhre V °Uendung erhalten hat, dem Publicum 

Z n WeUe Z n Austnldung angehender Geometer, von dem K. Preuss. 
1 1 m 1 eld *Artiliene Corps v. Huguenin, Konigsberg, bey Goebbels & Unger, 1803. 
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where lie sets f oi tli this matter in such a way- that the reader might well believe 
that it was Huguenot s own work! Unluckily however this hook was first 
printed several years after the appearance of my D.A., so that his shamelessness 
is all the more ridiculous.” 1 

In a letter to Gauss dated Heimstedt, March 22, 1802, and first published in 
1917 (he.), Professor J, F. Pfaff quoted the following construction for the 17-side 
from a letter he had received from Pro- " 

fessor Pfleiderer: “Diametro CH circuli 
dati ad extremum eius C normalis du- 

catur PN recta : a qua abscindantur pri- ^ . 

mum OF = ^CB; turn FM , FN utraque 

= FH. Bifariam in punctis L, 0 secen- £ \ 

tur rectae CM, CN : et ad centrum D cir- f 

culi propositi ductis LD, OB rectis, ab 4 ^ 

perpendiculo PN abscindantur LP = LD , ' c \ 

OQ = OD. Ad rectain CQ applicetur y / ® 1 

rectangulum ( CSQ ) aequale rectangulo 0 y 

sub DC et SP, et excedens quadrato 
(quod fit, si recta PN ad Q punctum nor- 
malis ducitur QR = CP, et super diam- N ' 

etro DR circulus describitur secans rectum CP in S). Denique centre C, inter- 
vallo CS, describatur circulus, secans propositum circulum in B . Erit MB latus 
polygon! regularis XVII laterum, circulo dato inscribendi,” 

Gauss refers further to the regular polygon of seventeen sides in a report of a 
paper delivered by Erchinger in 1825 before the Royal Society of Sciences at 
Gottingen. 2 Gauss gives Erehinger’s geometrical construction 3 of the 17-side 
and remarks that it flows naturally from equations which he had given in the 
Disquisitiones. He then points out that the merit of Erehinger’s paper was not 
so much in this construction as in the synthetic proof 4 of its correctness since 
“this is carried through with such admirable painstaking care to avoid anything 
not elementary, that it reflects honor on the author and inspires the hope, that 
his truly uncommon mathematical talent may find every encouragement,” 
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While Gauss refers to two earlier synthetic constructions of Paucker, 1 as the 
only previous ones which he knew had been publicly discussed, he remarks that 
that of Erchinger is “different and carried through more in the spirit of pure 
geometry.” 

Stackel reviews the discussions of the division of a circle into n equal parts, 
by means of imaginary quantities and the solution of the equation x n — 1 = 0, 
by Cotes, 2 De Moivre, 3 Euler, 4 and Vandermonde, 5 and the development of their 
ideas by Gauss in connection with the problem of constructing a regular in- 
scribed polygon. 

PROBLEMS FOR SOLUTION. 

[N.B. The editorial work of this department would be greatly facilitated if, on sending in 
problems, the proposers would also enclose their solutions — when they have them. If a problem 
proposed is not original the proposer is requested invariably to state the fact and to give an exact 
reference to the source.] 

2843. Proposed by E. H. MOORE, University of Chicago. 

Show that the maximum of the absolute value of 

2(o + ib)(x + iy) + i(a + ib){z + iw ) + i(c + id){x + iy), 
where i = V— 1 and a, b, c, d, x, y, z, w are real numbers for which 

a 2 + b 1 + c 2 + d 1 = x 2 + p 2 + z 2 -}- vfi = 1, 

in Li W i tUdy r the f!?wv f p ° in , t ' pair3 , p = 6 > c > Q = (*, V, «, ») Of the unit-sphere 

in real lour-spaee for which this absolute value assumes its maximum value. 

2844. Proposed by 3. L. RILEY, Stephenviile, Texas. 

pp. 38^387)° Ee int ° SimplC fraCti0DS the number ( Qauss > Dis 1- Arith., Werke, vol. 1, 

2S45- Proposed by E. h, post, -P rinceton University. 

Prove that if y z is a solution of the functional equation 


lund the entire volume within the surface x 1 ' 2 + 
Elements of Differential and Integral Calculus ,* revised ed., 1 

This equation, rationalized, is the equation of Steiner’ 
to which cuts it in two conics. (Cf, 

5th ed., vol. 2, 1915, pp . 171, 201, 207, 213f. . 

1 ( 1 ) “GeometrischeVerzeiehnungdesregelmassigen 

verhandl. d, kurlandischen Geselkchaft fur Littemtur 
eberie Geometric der geraden Linie und des Kreisea. 
the author of; (3) De divisione 
1817. 

2 R. Cotes, Harmonia 

suras promota . Cambridge, 1722. 

4 *5“ Moivre, Miscellanea analytica , London, 1730, 

L. Ruler , Inlroduclio in analysin , Lausanne, 1748. < 
transeendentibus ex circulo ortis. 

J and ?"“, 0n ?. e ' '‘ Bem ar<iues sur les problfei 
aM<Se Irrl, laris 17i4; Mimoires, p. 566. “Sur la r&olu 


• 2/‘/2 + z i ft = aVK (W. A. Granville, 
1911, p. 420.) 

mr & -r» ■ ’■ — O uaf tic surface, every tangent plane 

rh' o-.o5 Am0 *T Ro ^ erS; Anal y tic Geometry of Three Dimensions t 
■ . Also C . M. Jessop, Quartic Surfaces 1916, Chapter 7.) 

1 17-Ecks und 257-Ecks in d. Kreis,” Jahres~ 
utul Kunst } Mitau, Band 2, 1822. (2) Die 

. . , Konigsberg, 1823, p. 187. Paucker is also 

geometnca periphenae circuit in XVII partes cequales, Konigsberg, 

m£murarum, sive analysis et synthesis per rationum et angulorum men - - 
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2847. Proposed by B. F. FINKEL, Drury College. 

Convert + SR 2 — x 2 into a "Fourier series. 

2848. Proposed by the late L. g. weld. 

, , P^ lcle * a U r /^ ed b > r a finite, uniform, material right line. Define its path, considering ; 
{a) that the path is the envelope of the instantaneous lines of resultant attraction, as when the 
particle moves m a highly viscous medium (Le., without inertia); (6) that the particle moves freelv 
(with inertia). 

2849. Proposed by S. A. COBEY, Des Moines, Iowa. 

In. the Annals of Mathematics, for April, 1911, Professor Byerly has given a method of 
approximately representing f(x) in terms of Fi(x), F 2 (x), • • F r (x), in an interval x 0 5 x < x*. 
If F n (x) = a- 71 and if the with derivative of f(x) is zero when x = 0 for m > r, it is evident tint 
Byerly’s development becomes exact, and, therefore, identical with Maelaurin’s development in 
the interval 0 ^ x xi, provided /( 0) = 0. If /( 0) 4= 0, it is necessary to replace fix) by 
f( x ) - /(O) m Byerly s development. The coefficient of x» in this development is DJD, where the 
D n and D are certain determinants with elements of the type 


An- — 


X? 


2 n + 1 J 


B s , t ~ 


Xi s+t+l 
f t + 1 f 


Cn = f 'f(x)x n <h. 


Prove that as r becomes infinite, D„fD approaches /W(0)/re!, the corresponding coefficient in the 
Maclaurin development, whenever f(x) is analytic, and that any value of x within the range of 
convergence of the Maclaurin development may be substituted for x\ without altering the value 
of D„/D. 

SOLUTIONS OF PROBLEMS. 

416 (Algebra) [1914, 156; 1919, 312] Proposed by c. E. FLANAGAN, Wheeling, W. Va. 

The sides of a given rectangle are a and h in which a rectangle is to be inscribed one of whose 
sides is c. Find the other side, using Euler’s rule for quartics. 

I. Solution and Discussion by Otto Dunkel, Washington University. 

Let the given rectangle be RSS'R' such that RS «= R'S' ** a and RR f « SS> = h , and let 
PP'Q'Q be a rectangle inscribed in it such that QP « Q'P' - c and PP ! « QQ* ~ x. Suppose 
further that the vertex P lies on RS, the vertex P' on SS* and so on in order. Let SP = m ami 
SP f = n; then from the four similar triangles in the figure, pairs of which are equal, we have at 
once 

h — n 


a) 


n 

x 


m 

x 


n 2 -f m 2 * x 2 , 


and from the first two equations follow 

, {a + b)x 
n + m sss - — — — , 

(2) c + x 

n(c 2 — x 2 ) — (ac — hx)x, 


m(c 2 — x 2 ) 


(a — b)x 
c — x 1 

(he — ax")x* 


Squaring and adding the equations in the first line of (2) and using the third equation in (1) we 
obtain 

( 3 ) 




It will be seen that the form of the equation above is convenient for separating the roots, 
clearing of fractions it becomes 


On 


(30 


x 4 — (a 2 + b 2 -f- 2c 2 )x 2 + 4ate — c 2 (a 2 -f* & 2 rr c 2 } = 0. 


The other side x of the inscribed rectangle must satisfy this equation, but in order to say that a 
given root of this equation determines the remaining side of an inscribed rectangle it must be shown 
that this root gives suitable values of m and n for such a rectangle. 
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From either (1) or (2) it follows that, if x — c, a *= b. The case a = b is easily disposed of 
and thefollowing results may be verified by the_above equations. If x =j= c,.m = n and roots are 
xi « — c,x 2 - — ('s/2-a + c)._If c < yl2 -a, Xi gives the other side of an inscribed rectangle, 

which becomes a square if c = a/V 2 and hence m ;« w- = a/2. If c > V2*a, then m, n and 
are negative and there is, of course, no inscribed rectangle, but there is a rectangle satisfying 
the analytical conditions, P and P' lying, respectively, on the prolongations of RS and of S'S 
Also x 2 gives the side of a rectangle with P and P' on the prolongations of SR and SS\ For the 
double root of (30, x = c, it follows that n -f m = a. For each value of c such that a > c ^ aj V2 
neither m nor n is negative and there is an inscribed square. If c > a, m and n have opposite 
signs and the square is not inscribed but the vertices P and P r are on the prolongations of SR 
and of S'S, respectively. The last two figures are the familiar figures in the proofs of the Pytha- 
gorean Theorem. 

It will now be assumed that a >b> 0. If c 2 > a 2 + b 2 it will be obvious that there are no 
inscribed rectangles. The roots of the equation, which are all real, are easily separated by the 
method given below for the case c > a. It is also easy to determine the positions of the four 
rectangles. In what follows it will be assumed that c 2 < a 2 4* b 2 . 

. . The equation (3') may be solved by any of the usual methods and there is no difficulty in 
writing out the expression for the roots other than that of the length and complication of the 
final result, and besides the result would be neither interesting nor useful. Important functions 
of the coefficients will be given and by the aid of these the roots may be obtained Using the 
notation in Burnside and Panton’s Theory of Equations , Vol. 1, (1904), page 121, we find for the 
reducing cubic of (3') 

(4) 40 3 - lo + J = 0 

the following values for the quantities involved 


H 


_1 
6 1 

J = 


1 + & 2 + 2c 2 ), I = ~ (a 2 + b 2 - 4c 2 ) 2 , 


— [(a* + b 2 - 4c 2 ) 3 -f 54c 2 (a 2 - b 2 ) 2 ]. 


The substations - t !+ -ff gives Euler’s cubic. The derivative of the left side of (4) vanishes 
Z r J -,t f + f. 7*T\W “<! to t h es * values of 6 the left si de takes on the extreme values 
*w h) T A d - t( ^ + / T ^ ] + 27« 2 (« 2 - W108 and the product of these values gives 
ha,ve’ ™ ere A W t le “ scrmunallt may 01130 be computed from 4 = /» - 27 J*). Thus we 

( 0 ) A = ~ Jq <?(.<* “ & 2 ) 2 [(o 2 + 6 2 - 4c 2 ) 3 + 27c 2 (a 2 - 6 2 ) 2 ]. 

• m noces , saiy , t0 ermine the last factor in 4. Considering c 2 as the independent 

S?’ tMS fa - Ct ; 0r has , the maximum and minimum values 27a 2 (a 2 - W)*/2 and 

“ les “ft °f e to real values, passing from positive to negative 

tes. bailing this root c 0 2 it is found to have the value 


Co 1 


2 _ 


a 2 -f b 2 


+ m - & 2 } 2/3 [(a + ft) 2 / 3 + (a - 6) 2 / 3 ] = §[(a + 6) 2 / 2 + (a - 6) 2 / 3 ] 3 . 


XS ~r.r “““ ,n * d *» « *■* “■< »■**«« ™,. ■ fo, z 

In order to determine the number of inscribed rectangles for a given c several cases will be 
considered, the simplest of which seems to be the one for which c > a TO ^ case mav be treated 
without the use of the discriminant A. Setting /(*) for the left side of (3) w“ ' 



The inequalities above follow from c > a >b and a? +.6* > <?. Hence the positive roots He 
m the intervals (0, b), bc/a , c), (c ac/b). Since /(- c) = - « there is a negative root smaller 
than e. Since ae is the area of the rectangle determined, it can be inscribed only in the case 
of the root in the interval (0, 6). Taking m and n as two quantities determined from (2) by this 
root, we see from (3) that the equation » 2 + m 2 = x 2 is satisfied, and, since x is less than both 
bcja and oc/6, both m and n are positive as shown by (2). The equations (1) result from (2) and 
show that m is less than a and that n is less than b. The equations (1) show also that r h the 
hypotenuse of a right triangle with the sides a - m and b - n and that c is perpendicular to x. 
Tins root furnishes then an inscribed rectangle. In the same way it will be seen that the second 
positive root makes n positive and m negative, also n > b and - m < n~b - m > n - a 
The third root makes in positive and greater than a, and n negative, also ~n <m - b 

7 n ?■ m 7 77,' oJ, fi § Ure [° r s , econd Positive root Q lies on R'll produced, P on BS pro- 
dueed, and P on Sb produced. Similarly a figure can be drawn for the third positive root. In 
the case of the negative root m and n are positive and greater than a and 6, respectively Here P 
and P he respectively, on the prolongations of SR and of SS', Q' and Q on the prolongations of 
K b and ot K 1 i. 

If c === a one root is b } and it will be found that of the two remaining positive roots one is 
less than b and gives an inscribed rectangle while the other is greater than ci and hence cannot 
give an inscribed rectangle. These results show that a is greater than c 0 , a fact which is easily 
verified directly. ; 

The remaining cases may first be separated into two groups; Lb <c < a: and II 0 < r •< b 
Again representing the left side of (3) by f(x), we have ’ “ 


‘ ( a + by __ ( a - b)^ 
. (c + #) 3 (c — xy . 


( a . ( a — fe) a 1 

. ifi + X ) 4 + ( C - xf 4 J 


f{^)= jg ! 5 

J \ a ) <?{a? -V)’ 2 I. c ) ~ " 


c 4 + a 2 i > 2 
(c 1 - a?b°) 7 c 


It is seen from (8) that /(6c /u) is negative in both cases, and the value of the first derivative given 
in (9) shows that f(x) is decreasing at this point, while the form of the second derivative shows 
that it continues to decrease as long as x is less than c. Hence, if there are positive roots less than 
c they must be less than bc/a , and the same reasoning used above will show that each such root 
gives an inscribed rectangle. When x is greater than c, (9) shows that f(x) is always positive, and 
hence /(a*) increases from — at x ~ c and crosses the r-axis only once. From (9) it is seen that 
in case I the crossing point is beyond ab/c , and hence in this case there is no inscribed rectangle for 
the root. In case II, (9) shows that the root is less than or equal to ab/c. From (8) it will be seen 
that this root is greater than or equal to oc/6, since /(oc/6) is negative or zero. It follows that it 
is also greater than 6c/o, and the equations (2) will show that it gives an inscribed rectangle. 
This disposes of the root greater than c. The examination of the other two roots requires a 
consideration of the ratio of the sides a and 6. _An examination of (6) shows that; 1, if 
o 2 /6 2 ^6^3 - 9, Co will lie in II; 2, if a 2 /6 2 > 6^3 - 9, c 0 will lie in I. Hence for case 11, 
we have c > c 0 and therefore two more positive roots. These give inscribed rectangles and they 
are. the only two in this case. For 12, we have two inscribed rectangles if c > c 0 ; one, if c « e.>; 
none if c < c 0 . Passing now to III it follows that if c > c 0 there are in all three inscribed rec- 
tangles; if c = Co, two; if c < c 0 , only one. Finally for 112 there is no other inscribed rectangle 
than the one mentioned above. The roots not giving inscribed rectangles may be interpreted in 
the same way as in the first part of this discussion. 

The character of the roots was obtained at the beginning of this discussion by an examination 
of the discriminant of the quartic (3') since the wording of the proposed problem seemed to indicate 
that a discussion of this equation was desirable with reference to Euler’s solution of the quart if*. 
But it will be found that that procedure is very tedious as compared with the study of (8), and 
besides the study of this latter equation does not require any knowledge of the theory of equations. 
Thus from (9) it will be seen that f(x) vanishes only once for real values of x and hence there will 
be two more real roots (in addition to the two always present) or not according as the value of 
f(x) at this vanishing point is positive or negative. The value of this maximum is easily found, 
but it is well to find first the value of c 0 for the double root. This is easily found by eliminating 
x from f(x) = 0 and f (x) = 0 and it follows that 
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which is easily verified to agree with the previous result. The corresponding double root is then 
found to be 

/a 2 + & 2 — Co 2 6abco 

Y 


Xo - ~ l(a + b)W ■ 


(, a - 6 ) 2 / 3 ] 


3 a 2 + 6* + Sco 2 ' 

The remaining two roots are obtained by adding to the negative of the double root 


The maximum value of f(x) at x 


t a 2 + b 2 + 8co 2 
± \ 3 • 

(xo/c Q )c will be found to be 

*[*-?]■ 


This shows 
1. Here 


and it gives the same results as the discriminant and in a much more evident form, 
that the first two positive roots are separated by (xq/cq)c. 

In Osgood’s Calculus , page 404, is given a solution of the case a = 15, b — 10, c 
Co - 13.741, Xq - 6.738, and since a 2 /6 2 = 2.25 > 6 V3 — 9 this example falls in 112 and there is 
only one inscribed rectangle. If c = 13 there is no inscribed rectangle. If c = 14 there are 
two inscribed rectangles, one having the side 5.+ and the other the side 8.+. 

II. Note on the Preceding by H. P. Manning, Brown University, 

There is no particular distinction between the sides c and x of the inscribed rectangle. We 
can call them x and y, and equation (3) or (3') will then be represented by a curve of the fourth 
degree in which many of the results of the above discussion appear graphically. 

Moreover, m and n satisfy the equation m 2 - n 2 = am - bn, and so are represented by the 
points of an equilateral hyperbola, which passes through the vertices of the given rectangle if we 
lay off m and n from its lower left-hand corner. 

273 (Number Theory) [1917, 427], Proposed by v. M. SPUNAR, Chicago, 111. 

The ratio of the chances that all numbers ending in 1 or 9 and those ending in 3 or 7 are 
composite is 3 : 2 l . 

Note by Norman Anning, University of Maine. 

Since 

1X1e3X7s9X9s 1 (mod 10), 1 X 3 ^ 7 X 9' s3 (mod 10), 

1 X 7 * 3 X 9 s 7 (mod 10), 1X9=3X3 = 7X7=9 (mod 10), 

the conclusion might be drawn that in the long run as many primes end in 1 as in 9 and as many 
end m 3 as in 7 and that there would be more of the latter than of the former. A census of primes 
ffo . o ° V6 r- a C0I } slderable ^ge supports these statements but does not point towards the ratio 
6.2. Counting cases up to 3,200, a number chosen at random, shows the following results : 

110 primes end in 1, 113 in 3, 116 in 7 and 111 in 9. 

Since these numbers are so nearly in equilibrium and since primes are so perfectly lawless no 
statement could be hazarded about the distribution in a larger interval. 

2728 [1918, 397]. Proposed by NORMAN ANNING, University of Maine. 

A material triangle of uniform density and thickness is of such a shape that when suspended 
from the vertices m succession, the lower sides have slopes of 1 : 1, 1* : 1, and 3 : 1. Construct 
the triangle given that the shortest side is 10 inches. 

By definitio n, a n a : 1 slope makes an angle with the vertical whose tangent is a. 

1 The enunciation of the problem is not clear. The chance that all numbers ending in 1 or 
9 are composite numbers is zero. — Editors. b 
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bOLUTION BY THE PROPOSER. 

Let AD, BE, CF be the medians of the required triangle, ABC, then ' "" 

(!) 2 cot ADB = cot C - cot B, 

(2) 2 cot BEC = cotA - cot C, 

(3) 2 cot CFA = cot B - cot A, 

and hence cot ADB + cot BEC + cot CFA = n Tf , nn „ 

assigned values: (a) cot BEC - - 1, cot CFA = §; (ft) co t BEC = i cot, CFA = TVon- 

Sta^ASSST* m ’ ®' ® *" *” “-** 

(4) cot B cot C -f* cot C cot A -f- cot A cot B = I 

Putting, from (2) and (3), cot B = cot .4 + f, cot C = cot ,1 + 2, equation (4) becomes 
whence, ^ 9 «*> A + 16 cot .4 + 1 - 0; 

cot A = — . cot 5 = r_?_±AS5 . an(J oQt c _ 10±Vj>5 _ 

Since a triangle can have only one obtuse angle only one cotangent can be negative. Con- 
sequent!}, the ( ) before the radical does not lead to a solution. Using the (+) sign, 

A = 93° 42' 42", B — 58° 57' 37", C = 27° 19' 41". 

When c » 10.00, a = 21.74 and b = 1S.G8. 

Case (6) can be treated in the same way and we get 

cot.4=5i^, cot B = — ° + cot C= 3 -±^. 

y 9 

2745 [1919, 37]. Proposed by G. I. HOPKINS, Manchester, N. H. 

_A r ec ent English publication contains the following method of constructing a regular polygon 

On BUW £Tn the la , d r CB t ° the diameter A Q of the circle whose center is S. 

On B6 lay off equal to one-fourth of BC. On 54, lay off BE and draw DE making angle 
BDE one fourth of angle BDA. On BQ lay off BF and draw DF, making angle FDE 45° On 
4F as diameter, construct semi-circle FHA intersecting CB in H. With E as center and EH as 
radms construct semi-circle LHK intersecting CB in H. At the points L and K draw the ordi- 

vpf MK a I ? 1S f t the , arc NM ftnd Iet P be the Poi^ of bisection. Then the chord 

AP(= MP) is a side of the regular polygon of 17 sides. Is the method of construction correct? 

I. Solution by C. H. Chepmell, Hove, England. 

* , J 1 )® absci ® sas £ 5- BL > and tbeir ordinates to M and N, make the angles MBA, NBA equal 
kdm • anc J res P ecti 7 e b T * Consequently the difference of these two angles, the angle 
MBN, is equal to 47r/17. This justifies the claim of the construction. 

But tables of all the trigonometrical functions of kx/ 17 are not readily available; and it 
may be more satisfactory if we outline the connection between the numerical value of NM and the 

numerical value of some function given in a standard work. 

Taking the radius of the circle ACQ as unity, we find 


y 2( ^17 — 3) (2^17 V34 + 2 Vl7) _ 0 

16^ ” 16 

+ 17 + Vl7 - N34 + 2 \ jf + § 
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KQ 


+ IS - \17 + V34 + 2 V17 - 0 


+ 15 


16 ’ 

■ \l7 + V34 + 2Vl7 + 0 
16 ’ 


LQ = 

LN = -VIFlQ = |- \ + 34 + 2 Vl7 + 2 V34 + 2 >117 - 2/3', 

A".V = 'lAK-KQ = |V + 34 + 2-V17 + 2 V34 + 2VI7 + 20', 

0 X (- 1 - Vl7 + V34 + 2 +17) 


[0' = 2(^17 - 3)(2\i7 - V34 + 2V17); 

L2V X A’ A/ = 

ALU 2 = LK 2 + (KM 


and 


A^2(yll7 + 3)(2>/17 + V34 - 2^17) = 4 “ 


■ 4-n 


64 : 


LN ) 2 

A- EH 2 + AM 2 + LA 2 - g| 
8V17 +8V3I 


+ 136 


2V17 - So 


[a' = \/2(\17 + 3)(2 Vl7 - ^34 - 2 a/17) ; 


64 ’ 

and 4a = a' X (— 1 + U7 + V34 - 2V17)], 

+ 136-8^117+8 V34 - 2+17 - 2(- 1 + Vl7 + ^34 - 2\ l jL?)a' 

64 

And, in the circle with radius equal to unity, NM represents the value 2 sin (2 tt/ 17) X 1; and 
therefore 

■ ATM 2 


AL¥ 2 - 


A *2 7T 

4 cos 2 — 


+ 120 + 8V17 - 8 V34 - 2V17 + 2(- 1 + Vjt7 + V34 - 2 Vl7)«' 

64 


- 1 + <17 + V34 - 2 Vl7 + 


fv ATT 

2cps w = 


1 + Vl7 + V34 - 2Vl7 + A/2 (aJ 17 + 3)(2 Vl7 - V34 - 2^/17) 


And this value of 2 cos (2 tt/ 17) will be found to agree with that given in Klein’s Famous Problems 
in Elementary Geometry (Beman & Smith), though our a f is there written in a different form. 

II. Historical Note by R. C. Archibald, Brown University. 

This method of construction is due to H. W. Richmond, Quarterly Journal of Mathematics , 
volume 26, 1893, pp. 206-207 ; and Mathematische Annalen , Volume 67, 1909, pp. 460-461. 
It is reproduced on page 34 of H. P. Hudson’s Euler and Compasses, London, 1916. 

. Various constructions of the regular polygon of seventeen sides were reviewed by It. Golden- 
ring in his Die elenieftiargeometrischen Konstruktionen des regelmdssigen Siebzehnecks (Leipzig, 1915), 
but many omissions in this professedly complete survey were noted by the writer in the Bulletin 
of the American M athematical Society , vol. 22, 239-246. The first solution in an English publication, 
given by Lowry in 1819, 1 was reproduced in this Monthly 2 in 1899 and 1914. Other solutions and 
historical notes are set forth in the articles printed above, pages 322-326. 

2767 [1919, 171], Proposed by w. w. JOHNSON, U. S. Naval Academy. 

Let the complex quantities p, q , and r satisfy the relation p 2 -f q 2 + r 2 = 0; prove that the 
corresponding vectors OP, OQ, and OR are such that if any two of them are taken as conjugate 
semi-diameters of an ellipse, the third lies on the minor axis, and its length is the distance from the 
center to either focus. 

Solution by A. Pelletier, Montreal, Can. 

Let ( x-ja ■) + (i^/ii 2 ) = 1, be the equation of the ellipse having OP and OQ for conjugate semi- 
diameters (2 a and 25 being the axes, and a 5 ). If a, a\ a" are the respective arguments of 

1 The Mathematical Repository, new series, vol. 4, p. 160; Lowry’s proof occupies pages 160-168. 

2 Volume 6, p. 239 and volume 21, p. 252. 
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OP, OQ, and OR, we have 

OP 2 (cos 2a + i sin 2 a) + OQ *( cos 2a’ + i sin 2a') = - OP 2 (cos 2«" + i sin 2a"), 
from datum; hence, 

and 0P3 cos 2 “ + OQ 2 cos 2a' = - OP 2 cos 2a" 

OP 2 sin 2a + 0<2 2 sin 2a' = - OR- sin 2a". 

Now P and Q being points on the ellipse, we have from known properties, 

OP 2 cos 2 a + OQ 2 cos 2 a' = a", OP 2 sin 2 a + OQ- sin 2 a' = 6-; 
hence, OP 2 cos 2a + OQ 2 cos 2a' = a 2 - b\ and (1) becomes 

— OR- cos 2 a" = or — 6 2 . 

Also, from known properties concerning the ends of conjugate diameters, 
hence, (2) becomes OP 2 sin 2a = — OQ 2 sin 2a'; 


OR 2 sin 2a" = 0. 


It follows from (3) and (4), that 2a" = ISO 0 or 540°, and OR 2 = a 2 - 6 2 that is, OR = 

the distance from the center to focus, and a" = 90° or 270°, wliich shows that OR lies on the minor 
axis. 

Also solved by H. Halperin, A. M. Harding, and H. L. Olson. 

2780 [1919, 311]. Proposed by ELMER latshaw, West Philadelphia, Pa. 
circle^ ^ ua ^ r ^ atera ^ w ^ ose s ^ es are °i 2a, 3a, 4a is inscribed in a circle. Find the radius of the 

I. Solution by H. S. Uhler, Yale University. 

. , * nterest ' n this problem may be enhanced by giving a perfectly general solution. Let the 
sides of any convex inscnptible quadrilateral be denoted by a „ «„ « a , a 4 . A diagonal c may be 
drawn dividing the quadrilateral into two non-overlapping triangles the sides of which are du a*, 
c and a s , a 4 , c, respectively. If the angle between a x and a 2 be symbolized bv C, the angle between 
Ch and a 4 must be 180° - C. Accordingly J 1 

c 2 = ar + a£ — 2aia<> cos C, 


Eliminating 2cos C we find 


c 2 = dr -f a 4 - + 2aaa« cos C. 
2 _ (nias 4~ ti 2 a 4 ) {( i- tfH - f Utfii) 


equation arCm ^ ^ ane * r * an $ e ^ iav ^ n S fhe sides ai, a 2 , c is given by either member of the following 

4I f = ~ «i)(* - ti 2 )(s - c), (2) 

where 2s = ai + a 2 + c, and R denotes the radius of the circumscribed circle. 

Substituting the trinomial value of s in equation (2) w r e obtain 

— ^ = -V[(ai + a 2 ) 2 — c 2 ][c 2 — (ai — a 2 ) 2 ]. (3) 

Replacing p in equation (3) by expression (1) we eventually find that 

R- — ^ ( a 1(1 2 a ’ za ^ ^ a - 1 a a * a ^( a - a z “f (Jjh ) 

V(a 2 + a-s + ti4 — a0(a8 4" 04 4~ a,\ — a 2 ){a,4 -j- ai 4- «2 — aO («i 4* 
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The denominator of formula (4) brings out the geometrieally-evident fact that each side of 
the quadrilateral must not exceed the sum of the remaining three sides. When the quadrilateral 
degenerates into a straight line, formulas (4) and (5) give R = as they, should. These formula? 
also show explicitly that the order or succession of the sides has no effect on the value of R a 
fact which is obvious geometrically since the sum of the arcs subtended by the four sides of the 
quadrilateral equals the entire circumference. 

The answer to the given problem may be obtained at once from formula (5) by substituting 
a , 2a, 3a, 4a, 5a for «i, a 2 , as, a 4 , S respectively. It is 

B = = (2-002602- • -)a. 

4V6 

II. Solution by Bing Chin Wong, Berkeley, Calif. 

Let ABCD be the polygon with sides AR = a, BC = 2a, CD = 3a, DA = 4a inscribed in 
the circle with 0 as center. Join 0 to A, B, C, I). Then 

^ L AOB + Z BOO + Z COD + Z DO A = 2a + 2/3 + 2 7 + 25 = 2ir, 

Then «+U + t + 5 = x. 

COS (a + p) 4- cos (7 + 8) = 0, 
or 

cos a cos p — sin a sin p + cos 7 cos 8 — sin 7 sin 8 - 0. (I) 

Let r be the radius of the circle. We obtain from the figure, 

sin a = ~ , sin p = ~ , sin 7 = , sin 6 = ~ ; 


V4r 2 — a 2 


\ ! 4r 2 •— 9a 2 


Vr 2 — 4a 2 


Substituting these values in (I) and multiplying by 2r 2 , we have 

\ f 4r 2 - a 2 \r 2 - a 2 -f Vlr 2 - 9a 2 Vr 2 - 4a 2 = 7a 2 . 

Squaring, collecting terms, and dividing by 2, we have 

^(4r 2 - a 2 )(r 2 - a 2 )(r 2 ~ 4a 2 ) (4r 2 - 9a 2 ) = 6a 4 + 15a 2 r 2 - 4 r 4 . 

Squaring again and collecting terms, w r e have 

and, therefore, = 3S5«V, 

r = oV 385/96 = o-\!2310/24 = 2.0026a. 

Also solved by H C. Bradley, H. N. Carleton, S. A. Corey, Laura 
Guggenbuhl, T. F. Noismann, H. L. Olson, A. Pelletier, J. B. Reynolds, 
and the Proposer. 

2781 [1919, 311]. Proposed by 3. L. edley, Stephensville, Texas. 

Show that the asymptotic lines on a pseudospherical surface are curves of constant torsion. 1 
Solution by Otto Dunkel, Washington University. 

■ Tf Theo / e “ , of Euneper states that the square of the torsion of an asymptotic line at any 

10 1** t0t , a inr^ tUre ° f the Syrfaoe si ^ changed) at the potot 

iohwS^i is n Smce , lt is known tllat the total curvature of a pseudo- 

spnerical surface is constant, it follows at once that the torsion is constant. 

1 This problem is given as an example in Eisenhart’s Differential Geometry, p. 290.— Editobs. 
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The pseudosphere is obtained by rotating the tractrix about its asymptote. That its total 
curvature is constant may be proved as follows: In any surface of revolution the principal radii 
of curvature are the radius of curvature of the meridian section and the length of the normal at 
the given point . (Goursat-Hednck, vol. 1, p. 505). As is well known the length of the tangent 
tor the tractrix is a constant a; in fact, this is usually given as its definition. Let P and P f be 
two neighboring points on a tractrix,. PT = P'T = a the tangents at these points, and r and 
r e, their acute inclinations to the axis. Produce PP f = c to cut the axis in D and set P f D ~ d m 
then ' 


Thus 


a sin (r — e) 


sin r — sin (r — e) 


sin (r — c) 


sill (r — e) 


As « approaches zero, d approaches a and c/<= approaches the radius of curvature R. Hence 

f 7, 0 co * T ’ „ - sh ?f S that th , e lm ® i° mm S the center of curvature C with T is perpendicular 
to the axis. It PA is the normal at P, the right triangle CTN gives CP X PN ~ a 2 (See 
Goursat-Hedrick, vol. 1, p. 441 for an analytical proof.) Thus the total curvature at every point 
of the pseudosphere is - 1/a* and the torsion of an asymptotic line is 1/a. 

Also solved by J. B. Reynolds. 

2782 811 1* Proposed by WARREN weaver, University of Wisconsin. 

A great number, n, of jackstraws are jumbled up in such a way that any one is as likely to 
have one direction as another. Show that the probable number that make an angle lying between 


@i and 6 2 as measured from any given direction is equal to 


w(cos 9 1 — cos 0 2 ) 


Solution by H. L. Olson, University of Wisconsin. 

Let us imagine the jackstraws all to have been translated in space so as to have corresponding 
ends coincident, and let us consider a sphere of unit radius with its center at this common end- 
point. The jackstraws satisfying the specified condition will then intersect the sphere in the points 
of a zone whose bases are circles with angular radii 0 t and 6*, respectively. Since the area of this 
, ; zone is 2ir(cos $i . cos 0 2 ) (if $i < 6%) .and the area of the entire sphere is 4#, the probable number 

of jackstraws making angles between and 0 2 with a given line is # 

2789 [1919, 414]. Proposed by hurt LAVES, University of Chicago. 

Given a quadrilateral ABCD for which \AC-BC\ > | AD — BD | 1 (AC + BC < AD + BD) 
to construct, by means of the ruler and compass only, the pair of tangents from D to the hyperbola 
(ellipse) for which A and B are the foci and C a point on the hyperbola (ellipse). 

Solution by A. Pelletier, Montreal, Can. 

Ellipse: D is outside the curve and the solution is always possible. With B as a center and 
a radius of length AC -f BC describe the circle x; with D as a center and DA as a radius, describe 
the circle y. The circles x and y intersect at M and N. The perpendiculars erected on AM, 
AN , at the mid-points of these lines are the required tangents, as is well known. 

Hype rbola: The construction is the same as above, the radius of x being | AC — BC\, 

1 This expression was inadvertently omitted when published originally. 
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Edited by E. J. Moulton, Northwestern University, Evanston, 111. 

. At Elmira College, Miss. Mary C. Suffa, instructor in mathematics at Beloit 
College, has been appointed head of the department of mathematics and Miss 
Frances W* Wright, of Brown University, has been appointed instructor. 

At Queen’s University, Assistant Professor C. F. Gummer has been promoted 
to be an associate professor, and Lecturer Dr. Norman Miller to be an assistant 
professor. Mr. A. Woods, a tutor in mathematics during 1919-20, has been ap- 
pointed lecturer at Western University, London, Ontario. 

Dr. J. W. Campbell, associate professor of mathematics and astronomy at 
the University of Iowa, has been appointed assistant professor of mathematics 
at the University of Alberta. 

Science states that Dr. J. P. Musselman, of Washington University, has 
been appointed associate in mathematics at the John Hopkins University. Dr. 
Musselman is the national president of the Gamma Alpha Graduate Scientific 
Fraternity. 

Professor Oswald Yeblen has been elected the representative of mathematics 
in the Executive Committee of the Division of Physical Sciences of the National 
Research Council. 

Irofessor Ida Barney, of Meredith College, has been appointed assistant 
professor of mathematics at Smith College. 

At Oberlin College, Associate Professor W. D, Cairns has been promoted 
to be professor of mathematics and head of the department in place of Professor 
Frederick Anderegg who has retired after thirty-three years of service as a 
teacher. y'v y ; .‘v ^ ■; 

Iiofessor I). R. Curtiss has been appointed lecturer at Harvard University 
for the second semester of 1920-21. He will give courses in “The analytical 
theory of heat and problems in elastic vibration ” and “ Functions defined by 
linear differential equations of the second order.” 

T M > ss ZoB Ferguson, of the Central High School and Junior College, St. 

oseph, Mo., has accepted a position in the Crane Technical High School and 
Junior College of Chicago. 

Dr. L. R. Ford, of Harvard University, has been appointed assistant professor 
ot mathematics at the Rice Institute. 
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At the University of Pennsylvania Dr T r» r- . 

versity of Illinois, [ 1919 , 322] has been appointed ^-‘T’ f SS0C f te at the 
matics. appointed assistant professor of matlie- 

™Xtr L V Moo " r - t,K r '"- 

maties, a„ ( , Dr. M. 

PellowsV HarrardUmVersitvIind em'ctT” **? ,*"• "PI*"" 4 " 1 Sheldon 
mathematics in Paris ' ° Spend the »»""(! )-r >tndj-i., e 

Wr C ° lle6e ’ h “ bW " ™ ' * “ -is, an, 

mo,“ sss' vi~ unt " 1 coii T'i. i ’ ns *«■ ■>- 

of Mathematics Teachers of the Middle States and Mm-yland 1 "" Associatlon 

At Cambridge University, England, Mr. J. E. Littlewoou of Trim*,, r n 
has been appointed Cayley lecturer in mathematics and Mr J H Gincr^f 
I eterhouse, has been reappointed University lecturer in matlmmatic. 

Dr. M. G. Humbert, professor of analysis at the Ecole PnlvPvTmV,,,,, t ■ 
twenty-five years, has resigned and been appointed honorary professor. ' '° P 

Dr. Rene Garnier, charge d’un cours in rational and applied mechanics at 
the Unnersity of Poitiers, has been appointed professor of rational and applied 

' ntam "■‘ ,0 h “' 1 be “ Mm< ' t0 * U ” l - 


Professor E. P. J. Vessiot, of the University of Paris, has been appoint* 

if thC Ec0l , e ^° nnale Su P 6rieure in P^ce of Professor Emile Borf 
[1920, 2S0] who resigned after ten years of service, and has been appointed hor 
orary director. Louis Pasteur, L. E. Bertin, director of French muni construe 
tion, and Jules Tannery have occupied this post in earlier years. 


I rofessor C. Caratheodory, of the University of Berlin, has been appointee 
professor of mathematics at the national university in Athens. Prof es so 
C aratheodory s place at Berlin has been filled by the appointment of 
K Brouwer, of the* ^ 
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Other appointments in Germany are as follows: Dr. R. Courant, privat- 
dozent at the University of Gottingen to be ordinary professor of mathematics 
at the University of Munster.— Professor H. Happel, of the University of Tubin- 
gen, to be ordinary professor of applied mathematics at the Technische Hoch- 
schule, Breslau, — Dr. 0. Haupt, privatdozent at the Technische Hochschule, 
Karlsruhe, to be ordinary professor at the University of Rostock. — Professor H. 
Juno, of the University of Kiel, to be ordinary professor of mathematics at the 
University of Haile. — Professor R. v. Mises, of the Technische Hochschule, 
Dresden, to be ordinary professor of applied mathematics at the University of 
Berlin. — Dr. R. H. Weber, extraordinary professor of physics at the University 
of Rostock, to be honorary professor there. 

Dr. P. van Geer, professor at the University of Leyden since 1867, died at 
The Hague, October 3, 1919, aged seventy-eight years. He was the author of 
various books on geometrical topics, from his Leyden dissertation on geodetic 
lines of an ellipsoid (1862), to his foundations of synthetic geometry (1900). 

Dr. M. Haid, professor of practical geometry and higher geodesy at the 
Technische Hochscule, Carlsruhe, died November 5, 1919. 

Dr. P. G. Stackel, professor at the University of Heidelberg since 1912, died 
December 12, 1919, aged fifty-seven years. His section of the Encykbpddie on 
“Elementare Dvnamik der Punktsysteme und starren Korper,” and his activities 
in connection with the editing of the works of the Bolyais and Euler will be 
recalled. 

Srinivasa Ramanujan, brilliant Indian mathematician of “astonishing indi- 
viduality and power” (Hardy), and with “powers as remarkable in their way 
as those of any living mathematician” (Hardy), died at Chetput, Madras 
Presidency on April 26, 1920 at the early age of thirty-one. He was a fellow of 
Trinity College, Cambridge, and a research fellow of the University of Madras, 
and was elected the first Indian fellow of the Royal Society, London, when only 
twenty-eight years of age. A portrait and biographical sketch from which quota- 
tion was made, have been already referred to in this Monthly, 1920, 74. Quota- 
tion from a sketch by Professor G. H. Hardy is made elsewhere in this issue (page 
316). The report of Professor Hardy to the University of Madras on “Mr. S. 
Ramanujan’s mathematical work in England,” which was published in The 
Journal of the Indian Mathematical Society for February, 1917, surveyed about 
a dozen papers written after his arrival in England in April, 1914. Some others 
are referred to in a memoir by Hardy and Ramanujan in the 1919 volume (95A) 
of the Proceedings of the Royal Society of London . It will be recalled that chapter 
3 in the second volume of P. A. MacMahon’s Combinatory Analysis (1916) is 
entitled “Ramanujan’s identities.” 

Dr. G« A. Laisant, examiner for admission to the Ecole Poly technique since 
1909, died May 6, 1920, in his seventy-eighth year. He was a nephew of the 
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celebrated ophthalmologist Ange Guepin of Nantes. From 1S76 to 3 893 he w*. 
a member of the chamber of deputies in the French parliament. He was the 
author of about fifteen volumes of mathematical works and of a large number of 
mathematical papers published, for the most part, in the Bulletin de la Soeiete 
Mathematique de France, and in Comptes Rendus de 1’ Association francaise pour 
lAvancement des Sciences. His book entitled La MatMmatique: Philosophy 
Enseignement (Paris, 1898; second edition revised, 1907), was translated into 
Russian (tot. Petersburg, sixth edition, 1912) and into English (London 1913) • and 
his six volume Recueil de Problemes de Mathematiques (1893-96) is a very useful 
bibliographic aid. Details concerning his collaboration with Lemoine in founding 
L Intermediaire des MatMmaticiens 1 have been set forth by Professor D F Smith 
in this Monthly, 1896, 32. As to Dr. Laisant’s non-mathematical publications 
and political hie, reference may be made to his biography in G. Vapereau’s 
Dictionnaire Universel des Contemporains, sixieme edition, Paris, 1893. 

The American Association for the advancement of Science made the following 
grants for mathematical research in 1919: Three hundred dollars to Professor 
Solomon Lefschetz of Kansas University to assist in the publication of his 
memoir on algebraic surfaces, which was awarded the Bordin prize of the Paris 
Academy of Sciences [1920, 143], one hundred dollars to Dr. Olive C. Hazlett 
of Mount Holyoke in support of her work on the theory of hypercomplex num- 
bers and variants. 

At the annual meeting of the American Academy of Arts and Sciences in 
May, Professor J. S. Hadamard was elected a foreign honorary member in the 
division of mathematics and astronomy. [Cf. 1920, 239.] 

In the Division of Physical Sciences of the National Research Council, Pro- 
fessor G. D. Birkhoff has been appointed the new member at large and Pro- 
fessor E. R. Hedrick the representative of the Mathematical Association of 
America. 

The following are the members of the American Section of the International 
Mathematical Union [1920, 282] for 1920: Professors Frank Morley, F. N. 
Cole, H. S. White, Oswald Veblen, L. E. Dickson, Virgil Snyder, G. A. 
Miller, G. D. Birkhoff, E. B. Van Vleck representing the American Mathe- 
matical Society; H. E. Slaught, E. V. Huntington, and D. E. Smith, repre- 
senting the Mathematical Association of America, and E. R. Hedrick as repre- 
senting the Association in the Division of Physical Sciences; M. W. Haskell 
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son and L. P. Eisenhart to be the representatives of American mathematicians 
at the meetings of the Union, which convene at Brussels about September 20. 
These representatives have been authorized to appoint alternates on arriving at 
Brussels. Other American mathematicians who expect to attend the Congress 
which opens at Strasbourg on September 22 are Solomon Lefschetz, , J. L. 
Walsh, F. H. Murray,, Norbert Wiener, J. S. Taylor, Thomas Buck, and 
D. E. Smith. 

Reference has been made in earlier numbers of this Monthly [1916, 270-271; 
1919 , 372], to generous provisions made by Mittag-Leffler and his wife 
for the founding of a Mathematical Institute in Stockholm. It is now an- 
nounced that Cornell University has received an anonymous gift from a professor 
and his wife of a trust fund for an Institute of pure and applied mathematics. 
The gift amounts to $50,000 and is to be held in trust for a hundred years and 
allowed to accumulate. At five per cent, interest compounded annually this 
accumulation would amount to about six and one half million dollars; at six 
per cent, to over three times this amount. 

On the recommendation of the National Academy of Sciences the Barnard 
medal for meritorious service to science has been conferred by Columbia Uni- 
versity on Professor Albert Einstein, of Berlin, in recognition “of his highly 
original and fruitful development of the fundamental concepts of physics through 
application of mathematics.” 

The adjudicators of the Hopkins prize of the Cambridge Philosophical Society 
have made the following awards: for the period 1903-6 Dr. W. Burnside, of 
Pembroke College, for investigations in mathematical science; for the period 
1906-9 to Professor G, H. Bryan, of Peterhouse, for investigations in mathe- 
matical physics, including aerodynamic stability; and for the period 1909-12 to 
Mr. T. R. Wilson, of Sidney Sussex College, for investigations in physics, 
including the paths of radio-active particles. 

In March, 1918, mathematicians from Athens, Piraeus, and the Provinces, 
gathered at Athens and organized a Greek Mathematical Society. In 1918 
there were 93 members and the following officers: Honorary Presidents, J. 
Hatzidakis and D. Aiginitis; President, N. Hatzidakis; Vice-Presidents, 
G. Remoundos and P. Zebvos; Secretaries, N. Sakellarios and A. Arvanitis; 
Treasurer, G. Autonopoulos. We have referred elsewhere in this issue to the 
Society’s Bulletin [1920, 314]. 

Ve have already referred to the plan for making the University of Strasbourg 
next to Paris the greatest center in France for mathematical study [1919, 371]. 
The research courses foi; 1920-21 leading to the doctorate have been anonunced. 
For the first semester (November 1, 1920-February 28, 1921) they are in mathe- 
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matical physics by Professor Bauer, and in higher analysis by Professor Frecitet. 
During the second semester (March 1-June 30, 1921) these professors will con- 
tinue their lectures, and in addition, Professor Villat will lecture on hydro- 
dynamics, I rofessor Peres on differential geometry. Professor Valiron on 
theory r of functions. The degree which would be normally" sought by the Ameri- 
can student at Strasbourg is the “doctoral de l’Universite de Strasbourg.” 
The higher (state) degree, “doctorat es sciences mathematiques,” first granted in 
1811, is the one almost invariably sought by the Frenchman. Only one American, 
Miss Dorothea Klumpe, has ever received this degree from a. French university 
(1893). Professor Harris Hancock is the only American who has received the 
French degree of “doctorat de I’universite” in mathematics (1903). Before 1870 
sixteen persons received state doctorates at the University of Strasbourg. Among 
them was J. G. Dostor author of the well known Elements de la Thiorie des De - 
terminants (1877, second edition, 1883). 

The late Moritz Cantor’s library [see 1920, 280] is offered for sale by a Leipzig 
firm for one hundred and twenty nine thousand six hundred marks. It contains 
about 2000 volumes and 2500 pamphlets.— Darboux’s library has been purchased 
by Hermann of Paris. 


The Work op the National Committee on Mathematical Requirements 
June 10, 1920 [1920, 145-146] 

The National Committee on Mathematical Requirements held a meeting in 
Chicago on April 23 and 24, 1920. The principal topic discussed at this meeting 
was the preliminary report on “Junior High School Mathematics” prepared for 
the Committee by Mr. J. A. Foberg. After detailed discussion and some amend- 
ment and revision, the report was adopted by the Committee and its publication 
as a preliminary report authorized. It will be published by" the U. S. Bureau 
of Education as one of its secondary" school circulars. 

This report considers briefly the history of the Junior High School Movement, 
its purposes and organization; it proposes certain general principles to govern 
the organization of work in mathematics in the junior high school and considers 
in some detail the topics to be included. The Committee feels that much experi- 
mentation must still precede any" attempt at standardization of the junior high 
school curriculum in mathematics. Its recommendations are intended to form 
the basis of study, discussion and class room experiment. To this end the cooper- 
ation of teachers and supervisors is earnestly solicited. The National Committee 
hopes to act as a clearing house for constructive criticism based on actual class 
room experience. 

The following resolution was adopted: 

Resolved: That the National Committee on Mathematical Requirements approves the junior 
high school form of organization and urges its general adoption in the conviction that it will 
secure greater efficiency in the teaching of mathematics. 
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Reports of progress were made by subcommittees on The Training of Teachers, 
Experimental Schools and Courses, Disciplinary Values and Transfer of Training, 
Elective Courses in Mathematics for High Schools, and Mental Tests. It is 
expected that preliminary reports on all of these topics will be ready for considera- 
tion by the Committee at its next meeting on September 2, 3, and 4. The 
attention of experimental schools throughout the country is called to the report 
on this subject being prepared for the Committee by Mr. Raleigh Schorling of 
the Lincoln School, New York City. Any experimental schools or schools 
giving experimental courses in mathematics who desire to be represented in 
this report should communicate with Mr. Schorling without delay, if they have 
not already done so. A subcommittee on the Standardization of Terminology 
and Symoblism with Professor D. E. Smith as chairman and a subcommittee on 
Junior College Mathematics with Mr. A. C. Olney as chairman were appointed 
J. W. loung, Raleigh Schorling, and W. F. Downey were authorized to take 
steps to initiate investigations into the mathematical elements entering into 
various industries, professions, vocations, etc. 

A budget for the coming year based on the recent appropriation of the General 
Education Board of $25,000 for the use of the Committee in completing its work 
was adopted. It is hoped that the increase in the item allowed for traveling 
expenses in this budget will make it possible for representatives of the Committee 
to reach educational meetings in all sections of the country where such repre- 
sentatives are desired to discuss the various reports of the Committee. Nearly 
70 organizations are at present actively cooperating with the Committee and it 
is hoped that many others will communicate with the chairman in the interest of 
furthering the nation-wide study and discussion which is already under way. 
J. W. Young, 24 Musgrove Building, Hanover, New Plampshire and J. A. Foberg, 
3829 Isiorth Iripp Avenue, Chicago, Illinois were reelected chairman and vice- 
chairman, respectively, of the Committee for the ensuing year. 

J. W. Young, Chairman . 

Note. 

Ihrough failure of the mail in returning proof an error occured in the 
announcement of John Wiley and Sons in the May issue of this Monthly. 
This stands corrected in their announcement of the present issue. 
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THE 


MAY MEETING OF THE MARYLAND-VIHGINIA-DISTRICT 
OF COLUMBIA SECTION. 

c S rir^ re f Uk,r “ eeting of the Maryland-Virginia-District of Columbia 
Section ot the Mathematical Association of America was held at Goacher ( Allege 

Baltimore, Md., on May 15, 1920. The meeting consisted of two sessions with 
Professor .Ralph t. Root presiding. 

The attendance was forty, including the following twenty-eight members of 
the Association: O S. Adams, J. J. Arnaud, II. G. Avm, Clara L. Bacon, 
barah Beall, A. A. Bennett, G. A. Bmgley, J. A. Bullard, G. R. Clements, A. 
Cohen, J. B. Coleman, G. H. Cresse, A. Dillingham, J. B. Eppes, W. M. Hamilton, 
I * H em ke, L. S. Hiilburt, W . I). Lambert, A. E. Landry, Florence P. Lewis J 
J. Luck, F. I). Murnaghan, C. E. Norwood, L. J. Reed, R. E. Root, J. E. Rowe, 
T. McN. Simpson, Jr., G. F. Winslow, Jr. 

A generous luncheon was served to the members and their guests by Goucher 
College. A committee to cooperate with the National Committee on Mathe- 
matical Requirements was appointed, consisting of Professor Abraham Cohen, 
chairman, I rofessor Clara L. Bacon, and Mr. Harry English. Professor L. S. 
Hilbert was elected chairman of the Section, 0. S. Adams, secretary-treasurer 
and Professor G. R. Clements, member of the executive committee. " The next 
meeting will be held at Annapolis, probably early in December. 

The following papers were read: 

(1) “Determination of longitude by the U. S. Coast and Geodetic Survey” 

(Illustrated) by Miss Sarah Beall, Coast and Geodetic Survey; 

(2) “Graphical methods applied to a curve of pursuit problem” by Mr. K. V. 

Morley, Johns Hopkins University; 

(3) “Modular geometry” by Professor A. A. Bennett, Technical Staff, Army 
Ordnance, Baltimore, Md.; 

‘Some intrinsic geometric properties of plane curves and the related 
algebraic functions” by Professor J. B. Coleman, University of South 
Carolina; 

“Coordinate systems in modern ballistics” by Capt. R. S. Hoar, Aberdeen 
Proving Grounds. 

((>) “Plane curves developed upon cylinders and cones” by Professor J. J. 
Luck, University of Virginia; 

(7) “Some maxima and minima in elementary geometry” by Dr. T. II. Gron- 
wall, Technical Staff, Army Ordnance; 

“The mathematical basis of the Einstein theory of relativity” by Dr. 

F. D. Murnaghan, Johns Hopkins University; 

“Singular curves of a plane pencil” by Professor C. C. Bramble, U. S. 
Naval Academy; 

(10) “An expression for the tangential velocity of a particle" by Dr. G. II. 
Cresse, U. S. Naval Academy; , 


(4) 


(5) 


( 8 ) 

(9) 


i 
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(11) “A note on the roots of the derivative of a polynomial” by Professor W. II. 

Echols, University of Virginia. 

The papers by Dr. Gromvall, Professor Bramble, Dr. Cresse and Professor 
Echols were read by title. Abstracts of the papers follow below. The abstracts 
are numbered to correspond to the titles in the list above. 

1. Miss Beall’s paper was a brief discussion of the method of determining the 
true local time at each of two stations the difference of longitude of which is to 
be determined, of the methods which have been used by the Survey for the 
comparison of those times, and finally of the work which has been accomplished 
in determining the longitude of stations in the United States and her possessions, 
and the connection with the initial longitude station Greenwich, England. 

2. A particular case of the curve of pursuit gives rise to the differential 
equation 


This is the case where the pursued point moves around a circle, the pursuer 
starting at the center and moving c times as fast; x is the distance from the 
center to the tangent to the curve of pursuit, and y the power of the pursuer with 
respect to the circle. The differential equation is not susceptible to ordinary 
methods. Mr. Morley shows that it may, however, be looked upon as defining 
the directions of a series of integral curves in the plane, treating x and y as Car- 
tesian coordinates. In tracing the integral curves through the point (0, 1), 
and in finding the value of x when y = 0, it is convenient to supplement Range’s 
graphical methods by finding the flex and cusp loci of the integral curves. The 
curve of pursuit is a good test for such graphical methods, since the curve itself 
may be drawn accurately by a bracketing method. Comparison of the value 
of x obtained by graphical computation and from the curve itself showed an 
agreement within seven per cent., an error which can be reduced by careful work. 
This comparison shows graphical methods to be satisfactory and suggestive in 
such an equation as the above, while integration bv series is likely to be trouble- 
some at the critical points. 

3. Professor Bennett’s paper appears in full in the present issue of the 

Monthly. Vya;:;' 

4. Professor Coleman considered y = f(x) as representing the equation of a 
curve, f(x) and its derivatives being continuous. After applying the formulae 
for rotation of axes, the conditions upon which the resulting equation is inde- 
pendent of the angle of rotation give rise to invariants of different orders which 
were discussed. 

5. The equations of motion of a projectile, referred to the horizontal and 
vertical at any point in its flight are: 


r - - Ex', r - - w - g> e = mic, 

where G is a tabular function of velocity, II is a function of altitude and C is a 



the second fraction is o 
acceleration and 6 is the 
tion. If then e.g.,f(x, y) is taken 
directed toward a focus, I)r. Cres 
and v in planetary motion are rea 


■cjuai to a cos 6, where a is the magnitude of the total 
angle between the normal and the direction of a.ccelcra- 
as Ir.r -f a-jf — n~li\ and the acceleration is 
e shows that the classical expressions for tv 
I off. If. for a parabola of higher degree, 

y)my- (tf 0 + a x x + a 2 ,r + a 3 .v s + * * • + a n x n ) ss y — ; 

and the acceleration is composed of g taken vertically and of the additional 
acceleration along the tangent, then 


11. Professor Echols 
Monthly. 


Note ” was published in the last issue of tin 


O. 8. Adams, Secretary- Treasurer, 
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The sixth regular meeting of the Iowa Section of the Mathematical Associa- 
tion of America was held at the University of Iowa, Iowa City, on Saturday 
morning, April 24, 1920. Twenty-five persons were in attendance, including 
the following twenty members: 

R. P. Baker, J. W. Campbell, E. W. Chittenden, L. M. Coffin, Julia Cal- 
pitts, I. S. Condit, Marian Daniells, Fay Farnum, M. E. Graber, R. B. McClenon, 
F. M. McGaw, J. V. McKelvey, M. A. Nordgaard, J. F. Reilly, H. L. Rietz, 
Maria Roberts, B. F. Simonson, F. M. Weida, C. W. Wester, W. II. Wilson. 

The following officers were elected for 1920-21: Chairman: Professor II. L. 
Rietz, Univ. of Iowa; Vice-chairman: Professor R. B. McClenon, Grinnell 
College; Secretary-Treasurer: B. F. Simonson, Upper Iowa University. 

The following papers were read: 


Notes from the history of indeterminate analysis” by Professor R. B. 
McClenon, Grinnell College; 

The taxonomy of algebraic surfaces” by Professor R. P. Baker, State 
University; 

What is number?” by Professor C. W. Wester, State Teachers College; 

: A special form of standardization trajectory ” by Professor M. E. Graber, 
Morningside College; 

Note on a generalization of a theorem of Baire ” by Professor E. W. Chitten- 
den, State University : 

The integration of the indefinite integral in the first course” by Dr. W. H. 
Wilson, State University; 

Limits in secondary mathematics” by Professor J. V. McKelvey, State 
College; 

A problem in summation of series” by Professor J. F. Reilly, State Uni- 
versity; 

Geometric construction for the regular 17-gon” by Linn Smith , 1 student 
at Grinnell College. (Presented in his absence bv Professor McClenon 'i 
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e probability that the cause A r produce the even 
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inside the calendar year” quoted from The Mathematical Theory of Praha* 
Volume I, New 'York, 1915, p, 75. ‘ ’ 
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To those not entirely familiar with the theorem an example may make the 
statement of it more clear. Suppose that we have an urn filled with black and 
white balls in unknown proportion, and that our a priori estimate of the existence 
probability that there are x white and ( b — x) black is ir x ( b being the total 
number of bails in the urn). Suppose that we draw k balls from the urn, returning 
each, and find that of these m are white and h — m black. What is then the 
most probable mixture in the urn? It will not be the one originally most probable, 
that is, the one for which tt x is a maximum; nor will it be the one suggested by the 
drawing, 2 but will obviously be some mixture intermediate between these two. 
It will be, in fact, a mixture of'-#* white and ( b — #*) black, where x* is that value 
of x for which 

P x _ - v m , j ___ , v (x =1,2, • • • n) (6) 

2 "(0 ( * J 

is a maximum. In case 7 r z is given, by experiment, judgment, or calculation, for 
a certain finite number of values of x , we might determine this value a** by plotting 
to any scale whatsoever, and noting the value of x corresponding to the highest 
point on the curve. If we should later wish the vertical scale of this curve we 
could most easily determine it from the fact that the area under it must equal unity. 

2. Statement of the problem. A test has been devised by the department of 
educational psychology at the University of Wisconsin to determine a person’s 
reading vocabulary. The process consists of taking at random 200 words from 
the dictionary, and having a person decide with how many of the 200 words he 
is familiar say 117. Then the value of this person’s reading vocabulary is taken 
as ■ . 

(117/200) 104,000 

or about 01,000. (104,000 being the approximate number of words in the 
dictionary.) 

The scheme has been found to give, as the result of about five hundred tests 
by university students, the value given above. This value is far in excess of 
previous estimates, the general opinion before this test being, according to 
Professor Starch, that the correct figure was in the neighborhood of 25,000. 
We wish to investigate whether this process gives us a sound basis for raising our 
previous estimate of 25,000 to 61,000, and if not, what our answer should be. 

Since, as will appear later, the a priori probabilities of different estimates have 
an important effect upon the solution of the problem it is necessary to inquire 
as carefully as the nature of the existing information will permit into the basis 
and reliability of this estimate of 25,000 words. Unfortunately the information 
is vague, but it appears to be an average opinion of those who had been interested 
in the matter, rather than a definite statistical result. There may have been, 
to be sure, som e numerical method, however unsatisfactory, by which the 

2 Unless, of course, these two mixtures happen to be the same. 
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* * i ; ’ 01 11 ma > be that an investigator with < 

•done'TT 7V lin ® WOll!d venture an estimate based upc 
! “non 1 I! eVlden J aS a mere matter of common sense that if this 
2o,m words were formed upon the basis of one application of 

J £ e iST hCatl0n i° f tCSt furnished an estimate of f, 1,000 
V. justified in completely discarding the old estimate for t-ho 

obviously a matter of the comparative reliability of ihe new and hi 
w neh comparison is made accurately by the theorem stated. 

S^onofthe problem. The actual method used in takin* 
vas to take the first word on the /rth page of a Webster’s UnabridJd 
having such a value that the method would result in a sample of ' 
>ung so manj words to pick from, it is evident that it is immaterial 
ot we consider that we return each word after its drawing: a omS, 
l other cases might be important. It seems libel v, on an intuitive b 
the same person performed the test several times with different am 
were performed with several persons and the same sample, results w, 
tamed that would vary widely, especially since 200 seems a small san 
group ot 104,000 It should be emphasized therefore that the datum w 

knowlediroftl 0 ° V - r , fi r e h ^ ed results hom different persons, 
knoviedge of the variability of these results is important in making a 

o the stability of the average. The following frequency table gives us f 

of the variability m the results obtained from a typical group of lift- 

using the same sample of words. It is on the basis of 100 words rathe 

since as a matter of proceedure in making the test, the whole list w 

into two lists ot 100 each, and the score kent for each spn«rj>+„K. 


No, of Words Known 


No. of Students, 


No. of Words Known, 



The result shown Is typical of all obtained, a mean variation of approximately 
five being found among all the students tested. We conclude therefore that 117 
is an average of considerable stability, coming as it does from a group of over 
500 tests which show 7 a relatively small variability. Unfortunately the data are 
not available as to how many sets were used: the errors of sampling in the dic- 
tionary would be reduced in the approximate ratio of 1 to Vn where n is the 
number of sets used. However the accuracy of any one list as expressed by the 
mean variation between two lists of 100 words each is between two and three 
words. We are led then to this conclusion: that if v 7 e imagine the hypothetical 
case of “the average’ 5 university student examining a perfectly fair sample of 
200 words it seems reasonable to assume that he would find among these 117 
that he would know. And any conclusion we may draw 7 from this hypothetical 
case will have a reliability of approximately \'500 = 22.4 times as much as it 
would have if it actually came from but a single trial. The fact that 200 is 
indeed a small sample will later appear in this, that the most probable mixture, 
even though it may be many times more probable than other mixtures not in 
the immediate neighborhood of the most probable one, is, as a matter of fact, a 
mixture whose probability is very small. This apparent paradox is often met 
with in problems involving large numbers. 

A mere change in the warding of the problem makes the application of equa- 
tion (2) evident. We have an urn filled with b (= 104,000) w r ords in unknown pro- 
portion of “white” (known) words to “black” (unknown) words. From this 
urn we draw 7 200 and find 117 white and 83 black. In other words the event in 
question occurs 200 times in one of two alternative ways, It occurring 117 times 
in the way which w 7 e may call successful. The probability that the dictionary 
contains a mixture of x known and b — .r unknown w r ords is then 


We see at once that it is impossible to determine the value of x for which 
this expression is a maximum without a knowledge of the character of the term ir Xr 
I his is exactly the point at which errors often creep into applications of the 
theorem. It is often assumed from the logical principle of insufficient reason 
that tt x is a constant: in other words since we know too little to form a judgment 
it is assumed that the a priori probabilities of all causes are equal. The principle 
of insufficient reason leads, however, to notoriously paradoxical results. 

For the problem here considered, however, while the theoretically correct 
result cannot be obtained without a knowledge of v x , we can easily show that for 


r*T n r&- xi si 
p = HU L b _ __ 

1 A fa;l 117 Vb — .rl s3 

?"kl L— J 

r rxl lll [b~ a:l 83 

P x — I\tt x ^ — , K being a constant. 
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practical purposes our knowled. 
sufficient. 

Consider the curve 


;e concerning it. may be very limited and still 


vheiei 104,000. 1 his curve has its maximum value when 

x = (117/200) b - 01,000 
and the maximum value is equal to 


To obtain the value of x for which P x of equa- 
tiply every ordinate of the curve PJ by v x (i 
of x known and b — x unknown 
words), and then take the value 
of x corresponding to the highest 
point on this new curve. There- 
fore unless the a priori existence 
probability of a mixture con- 
taining 25,000 known words ex- 
ceeds the a priori existence 
probability of a mixture contain- 
ing 61,000 knowm words in the 
ratio of 0.5 X 10« to 1 it is evident that the 
characterized by x = 61,000 is greater than 
ture in which x is only 25,000. In fact we 1 


■c to mul- 
i mixture 


61000 W 61000 


TTfil 0GU 


50000 7T 50(100 
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This condition is slightly more stringent than (11), and insures that Prmo shall 


[T)ct., 

which is greater than unity unless the a priori probability of a mixture of o0,000 
known words exceeded the o priori probability of a mixture of 61,000 known words 
by the factor 77. Since neither of these figures, 50,000 and 61,000, is m any way- 
special before the test is made there would seem no justifiable basis for considering 
one more probable than the other in any such ratio as that just found. -The 
answer to our problem would then be that 61,000 is the most probable answer 
for the number of words in the dictionary, this conclusion being reached regardless 
of the character of t r x outside of the one restriction stated in (11). It is under- 
stood, of course, that the character of the term ir x in the neighborhood of 
a . = 61,000 might shift the most probable value slightly, but r x would surely be 
changing very slowly for values of x in this vicinity, and the shift' would be there- 
fore very small, and negligible for practical purposes. Although the question 
of whether equation (11) states a reasonable restriction upon the character of ir x is 
primarily one for educators to settle it would certainly seem sensible to assume 
that it does. We should surely agree that the previous results were not suffi- 
ciently well established that we could consider them, a priori, 0.5 X 10 24 times 
as likely to be true as any other result. We must say “any other” result since 
our estimate of the a priori probabilities, it being independent of the result of 
the test and therefore for psychological reasons best formed before the test takes 
place, could attach no special importance to the figure 61,000— a number which 
is not known until after the test is performed. All we could say might be, for 
example, that we consider a result lying between, say, 20,000 and 30,000 one 
hundred times more likely than a result lying outside this band, and that we 
consider it certain that the actual mixture contains more than 5,000 and less than 
90,000 words that the average student knows. Such an assumption, coupled 
with the fact that the total area under the curve y — ir x must be unity gives 


TTr. 


0 < x < 5000 


= 9.302 X 10- 


5000 < * < 20000 


Then we have P x given by the full line on the graph. 

The vertical scale is again obtained from the fact that the area must equal 
unity- The probability of the most probable mixture is found to be 9.946 X 10 -5 , 
a very small probability as was earlier suggested would be the case. The values 
of P x outside the range shown are too small to be indicated. 

It is to be especially noted that this curve will approximately represent P x 
whatever the assumption concerning ir x , only provided, say, that 


= 9.302 X 10- 7 


30000 < x < 90000 


90000 < x < 104000 


IT 23000 X .5 X 10 20 7T61000 


= 9.302 X 10- 6 


20000 < x < 30000 





— v_ r _ * T" r ] 

) TTfiiooo _ 01(101) _ 


104000 - 
43(100 


where m known words have appeared in a total sample of k. If m/k - m equal; 
61,000/104,000 the above ratio has its maximum when ,r = 01,000, in whicl 
ease it is obviously unity. For any other value of x this ratio may he greatei 
than unity for a given k, but must become and remain smaller than unity as / 
increases indefinitely whatever the (finite) ratio of r x to x 61000t The truth ol 
this statement is obvious from the form of the above equation. It thus appears 
that the a priori probability is vanishingly unimportant as the number of trials 
increases. If it w’ere the ease that 500 tests had been performed with the in- 
\ ariable result of 11/ known out of 200 chosen in each test we would have 
k = 100,000 and m = 58,500. It is then clear that the above ratio would he 
exceedingly small for any value of x other than 61,000 practically independently 

of the ratio ir*/T 6 iooo. “ 

It is, however, not strictly admissible to make such a calculation in our case. 
For one thing the result in the 500 tests differed, even though with surprisingly 
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be less than one ten thousandth of P 6 iooo, and therefore negligible. It is easily 
shown that m a small neighborhood of x = (117/200) b the "equation ’ 


Px = Kt 


is equivalent to 
where 


MTrT 


Px — tlOOt S 1 ' On+8*)*/8}i(l/88)(i/Uj)l«a 


Tins equation reduces to 


« = (117/200)6 - 
Px = Ce~ m ■ !)e2 


r -6 Um%Z WC h n c? ne ’ is C ° nStant in n range about 

. 1 - 0100°. The constant C is evaluated hy means of the fact that when 

, . i the , pr0 )ablhty of a rmxture containing 61,000 known words, 

which probability we have previously calculated. Then 

C = 9.946 X 10 5 . (17 ) 

The size of the coefficient of e in equation (16) indicates clearly how rapidly 
probabilities dimmish m the neighborhood of the most probable result. The 
approximation of equation (16) to equation (5) is shown on the graph. The 
dotted line is the graph of equation (16). 

We know from Bernoulli’s theorem that if the dictionary actually consisted 
of x words which we could characterize as known, and b - x* which would 
accordingly be unknown, as we take more and more samples from it the estimate 
formed from these samples must approach the value .r*. We have, indeed, for 
the ratio of the a posteriori probability of a mixture containing ,r known words 
to the a posteriori probability of a mixture containing 61,000 known words 
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small variability. Even more important titan this, however, is the fact that we 
cannot, in all strictness compare our problem with the analogous urnproblem in 
ease the test is used on more than one person, as it of course was. For the con- 
tent of the dictionary, from our point of view, actually changes with the observer, 
depending, as it does, upon how many words Ac knows. This is an added source 
of variability, over and beyond that which would occur due to the ordinary 
errors of sampling. The result of the above paragraph is still qualitatively 
applicable. 

Our final conclusion is, then, that the experimental evidence of the test com- 
pletely justifies us in abandoning the old result and accepting the new: and that, 
moreover, probabilities of mixtures in the immediate neighborhood of the most 
probable mixture themselves follow the normal Gaussian law as given by 
equation (16). 


A GRAPHICAL AID IN THE STUDY OF FUNCTIONS OF A COMPLEX 

VARIABLE. 

By NORMAN MILLER, Queen’s University. 

The impossibility in three dimensions of representing graphically a function of 
a complex variable makes it necessary for the student to call on his imagination 
in other ways in order to realize the properties of these functions. Two methods 
are common in the geometrical theory of functions. One is to represent in two 
different planes or in two Riemann surfaces the variables z and w and to study the 
correspondence between the points of the two planes or surfaces, which is deter- 
mined by the relation w = f(z). The second method, which does much to illu- 
minate the subject for the beginner, is to represent in one plane both the independ- 
ent and dependent variables and to interpret the transformation kinematically as 
a flow of the points in the plane. 1 

A complete graph of the function iv = f(z) or u + iv = f(x + iy) consists of 
a 2-dimensional manifold in space of four dimensions. Nevertheless the student, 
in his effort to visualize the function, thinks instinctively of a surface spread out 
over the plane of 2 . Such a surface is actually determined by taking for a third 
coordinate the absolute value of/(s). Calling the third coordinate f the equation 
of the surface is 

r = y)f + [«(*, t/)] 2 , 

only the positive square root being taken. In this representation all points on a 
circle of center 0 in the w-plane yield the same ordinate f. It is, in fact, by 
making no distinction among the points of such a circle that we are able to pass 
from a two-way spread in four dimensions to an actual surface in three dimensions. 

It is interesting to enquire what properties of the function f(z) are exhibited 

1 See in this connection an article by Cole, Annals of Mathematics , vol. 5, June, 1S90. 
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in the surface { — 1/00 ! and what properties are lost. The following discussion 
will apply only to functions which are in general analytic. At a zero of such a 
function the surface reaches down to the plane of s and in the neighborhood of 
a pole it extends upward indefinitely. It will easily be seen that the following 
properties are among those put into evidence in the surface. 

(1) A function which is analytic over the entire plane and remains finite is a 
constant. (Liouville.) 

If jf(s) is analytic in the plane without exception and the surface r C = ;/U) j 
does not rise indefinitely then it can only be a plane parallel to the -.plane’ 

. (2) The zeros of an analytic function which is not identically zero are isolated 
points. 

| . The surface cannot touch the s-plane along a curve unless it is the s-p lane 

? rtself. A zero may give rise to a conical point on the surface, it may belong to 

an edge, or it may be an ordinary point at which the -.plane is tangent. 

(3) The poles of a function which is otherwise analytic are isolated points. 

If from each pole a perpendicular be erected to the plane of z the surface rises 

indefinitely about each of these lines and nowhere else. 

(4) Let / (z) be any function other than a constant, analytic except for poles 
within and on the boundary of a region S. Then, excluding the zeros and poles, 
\j(z) j can have neither a minimum nor a maximum at any other interior point of 
S. The same property may be stated more precisely as follows. In any sub- 
region of S which includes no poles either within or on its boundary |/(z) j takes 
on its maximum value on the boundary and in any subregion which includes no 
zeros |/(3) j takes on its minimum value on the boundary. 

If, then, a cylinder be erected on any closed curve C of 5, with elements 
perpendicular to the 3-plane it will cut from the surface a portion which will 
have its highest point on the boundary provided C includes no poles and which 
will have its lowest point on the boundary provided 0 includes no zeros. 

(5) In the neighborhood of an isolated essentially singular point the function 
comes arbitrarily near to every assigned value (Weierstrass). It follows that 
|/c~)l comes arbitrarily near to every positive real value. If a line he drawn 

: upward from the singular point perpendicular to the plane of £ then a point 

; moving in the surface can approach as closely as we like every point on this line. 

j The effort to visualize the surface in the neighborhood of an essentially singular 

j point brings out clearly the nature of the singularity. 

! Models of the surfaces t = |/(s) | for some of the simpler functions would be 

of value in teaching the elementary theory of functions. Evidently = \z\ is 
| one sheet of a circular cone with vertex 0 and axis of f for axis. '( = irj is a 

I paraboloid of revolution with vertex touching the 3-plane at the origin. The 

I character of the surfaces for some other simple functions is shown, in the figures 

} 1-5. Only a portion of each surface is drawn. 

j (1) if = [ 3(3 — 1) | touches the s-plane at the points 0 and 1. Let us obtain 

the Cartesian equation of this surface. 


z(z ~ 1) = (x + iy)(x +iy— 1) 
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The section of the surface by a plane f = k is a 
Cassinian oval which becomes for k = J the fa- 
miliar lemniscate. 

(2). f = J c* | = e x . The surface is a cylin- 
der whose elements are parallel to the axis of 


y and whose normal section is the exponential curve. 

(3) f = \e ljz \. This surface is obtained from the former one by making 
an inversion in the unit cylinder about the axis of f. 1 2 It consists of two parts, 


1 This equation denotes 2 symmetrical surfaces of which we are concerned only with the one 

above the 2 -plane. A-; ;j 

2 The surface being symmetrical in the ajf-plane a reflection in this plane does not alter the 
character of the surface. It does of course alter the correspondence of points. 


MODULAR GEOMETRY. 



one above the plane f = 1 and to the right of the plane * = 0, the other below 
the plane i — 1 and to the left of x = 0. Each sheet of the surface approaches 
the plane $ — 1 asymptotically. 1 Every section of the surface by a plane parallel 
to the z-plane is a circle. The nature of the essential singularity at z - 0 is well 
illustrated. 

(4) £ = | sin z | and (5) f = I sin 2 sj . The Cartesian equations of these sur- 
faces are easily found to he f = Vsitfir + sinlr y and £ ~ sinLr + sitih 2 #. 
The surfaces show the periodic character of the functions and the fact that 
j sin s | may take on any positive value in a period strip. 

f # These examples are intended only to illustrate and not to exhaust: the possi- 
bilities^ of the subject. The student should try to visualize the surface 
r = | sin l/s| in the neighborhood of its essential singularity. A few hours 
spent in constructing these surfaces will contribute towards overcoming the feeling 
of “a stranger in a strange land” which most students experience in entering 
upon the study of the theory of functions of a complex variable. 


MODULAR GEOMETRY. 

By ALBERT A. BENNETT, Baltimore, ML 

(Read before the Maryland-District of Columbia -Virginia Section of the Mathematical 
Association of America, May 15, 1920.) 

The study of relations in a single variable, in the case of finite number fields , 
is not, of course, a new idea, although it is awakening perhaps more interest now 
than in the last century. A study of several variables and in particular a char- 
acteristically geometrical treatment for finite fields may fairly be said to have 
been introduced within the past few years, and the only extended discussions of 
the whole subject to be found in any general treatise are those in VebJen and 
Young’s Projective Geometry , and in a little book by G. Arnoux, Essai tie Gfomi trie 
Analytique Modulaire , Paris, 1911. References are given in L, E. Dickson, 
On Invariants and the Theory of Numbers (Madison Colloquium Lectures), 1914, 
page 98. 

§1. Plane Geometry, Modulo 3. 

We shall for the sake of concreteness, consider the individual case of the field, 
modulo 3. This may be thought of as generated by the set of residues obtained 
by dividing integers by the number 3. Thus any integer, n, falls in one of three 
mutually exclusive classes according as n 3 n — 1, or n — 2 is an integral multiple 
of 3. We say that n is respectively congruent to 0, 1 or 2, expressed in symbols 
by n = 0 ( mod 3), n ss 1 (mod 3), n ss 2 (mod 3), respectively. Then 3 are then 
only three numbers, 0, 1, 2, in the field. For these we have the following addition 
and multiplication tables. 

1 Except in the yf-plane. The plane £ = 1 intersects the surface in a line parallel to the 
?/-axis.-— Editor. ' : y .. ■ yyy u.y ry::: 
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Addition: 


0 1 


Multiplication : 


0 12 
1 2 0 
2 0 1 


0 1 2 

0 0 0 
0 1 2 


0 
1 

2 1 0 2 1 


Subtraction and division (except by 0) are always uniquely possible. Incidentally 
— 1 = 1 = 2, in this field. The equation x(x — l)(.r — 2) = 0, has 0, 1, 2, 
as roots, and therefore a,- 3 — x = 0 is identically satisfied by every number of the 
field. Every linear equation with coefficients in the field has a unique root in 
the field, but quadratic equations exist with coefficients in the field whose roots 
are imaginary with respect to the field, that is, are not themselves in the field 
but may be introduced by a consistent extension of the system. Thus 
;t 2 + 1 = 0, is not satisfied by 0, 1, or 2, and hence has no real roots in the field. 
Every polynomial with coefficients in the field may be successively reduced if 
of degree higher than 2 by means of the identity x 3 = x, so as to be represented 
as of degree not greater than 2. The following are therefore the totality of 
essentially distinct polynomials in the field : 


2x*+l, 2.r4-2, 

2.r+.r+l, 2a?+x+2, 


0, 1, 2, .r, **+1, .r+2, 2.? 2 , 

,r, *+1, x+3,a*+z, x*+x+l, a?+x+2, 2a?+x, 

2x, 2.C+1, 2a:+2, a?+2x, x 2 +2x+l, a*+2x+2, 2a*+2x, 2a?+2x+l, 2a*+2x+2. 

One may proceed in this manner to study functions of one variable. But our 
present interest is geometry, taken for simplicity as of two dimensions, so that 
we shall not inquire further into properties of polynomials in one variable. 

By points in the non-homogeneous modular plane ( mod 3) will be meant any 
set of objects each of which is regarded as determining uniquely and being 
uniquely determined by an ordered pair of numbers of the modular field. The 
number of distinct points is equal to the number of distinct ordered pairs, (in, n), 
where each of these is in the field. The plane consists therefore of nine points. 
By a straight line in the plane is meant the set of points satisfying a single linear 
equation in two unknowns, the whole being in the field. Each line is found to 
contain three points. The set of distinct lines corresponds to the following, 
and are twelve in number. 


o 

li 

o 

11 

55* 

x + y = 0, 

x + 2y = 0, 

X = 1, 

V = L 

x + y= 1, 

x + 2y = 1, 

x = 2,, . 

04* 

11 

'*:+ y = 2, 

x + 2y = 2. 


The equation 2x + y = 1, for example, is identical in the field with x + 2y = 2, 
either equation being obtained from the other by multiplying by 2. Through 
an> point there will be four distinct lines of the plane. Lines are either parallel 
or intersect in a point of the plane as in the usual system. For example, 
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L f \ y ~ 1} f nd * + y ~ 2 > intersect in a point whose coordinat 
obtained by the usual method of determinants, viz. 


qjuaciiatic loci may be studied in the usual manner. In particular, there are 
circles. These are of three classes according as the square of the radius is 0, I 
or 2. A circle with imaginary radius, e.g., \'2 = \- 1, has in this geometry 
real points, tor example, x 2 -f- y- = 2, contains the points (1, 2), (2, 11, (1, 1), 
(2, 2), which are as numerous as the points on the circle, 3 ? + r = 1, which has 
a real radius, namely the points, (1, 0), (2, 0), (<), 1), ((), 2). the circle of zero 
taciius contains as usual hut one point, t hus the three circles with any given 
common center, together contain all the points of the plane, or in other words a 
circle may be drawn with a given center and passing through a given point. 
It is interesting to notice that the circle of radius one is also of radius two, since 
in this system 2 = — 1 , 

The trigonometry in this plane is rather primitive since the only angles occur- 
ring are multiples of 45 degrees. The trigonometric functions yield the usual 
table reduced modulo 3. 


where however i is not a real number but may be introduced as an imaginary 
quantity satisfying the relation i 2 = 2 = — I. 

Ellipses, parabolas, hyperbolas, all exist with their usual properties although 
many of these become trivial. Higher plane curves do not exist in the real plane. 

As in the ordinary geometry, real points fall into three classes with respect 
to a non-degenerate circle: those points from which there are two real distinct 
tangents, 1 those with but one real tangent, those with no real tangents to tin- 
circle. Ordinarily the first is the class of exterior points, the second, the class 
of points on the circle, and the third the class of interior points of the circle. 

■ 1 By tangent we mean the line whose equation .is formed as in the ordinary analytical geometry , 
For example, the tangent to the circle x 2 + if ~ I at a point x\ if will he the line whose equation 
is xx f + yf = L 


#ifS6i 
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Were this adopted as a definition we would say that for every non-degenerate 
circle in this modular plane there is one interior point, the center, four real 
points on the circle and four exterior points. Unfortunately for intuition, the 
four points exterior by this definition to a circle, C 1, are on a circle, C 2, with the 
same center, while the four points on C\ are by this definition themselves exterior 
to C%. The line joining an exterior point with the center of the circle does not 
meet the circle in real points. 


§2. Imaginabies in Modular Geometries. 

Whereas for ordinary plane geometry the introduction of all imaginaries 
may be effected in one step, this is not true in the same sense for modular 
geometries. This is a consequence of the failure in modular geometries of the 
following theorem, valid for the numbers of ordinary analysis: While an algebraic 
equation with real coefficients may fail to have a real root, the system of complex 
numbers, a + ib, where a and b are real and i is a square root of minus one, is 
such that every algebraic equation with complex coefficients (of degree greater 
than zero), has a complex root (real numbers being included in the term, complex). 

This is of course the so-called fundamental theorem of algebra. It must be 
distinguished from the sub-case frequently employed which states that every 
algebraic equation with real coefficients (of degree greater than zero) has a root 
which is expressible in the form ci + ib. 

For a modular geometry a theorem analogous to this sub-theorem is still true, 
but the general theorem first stated must be much extended. Thus if in a modular 
geometry an algebraic equation with real coefficients be given, it is always possible 
to introduce a single “imaginary ” quantity, v such that the given equation has 
a root of the form d + ib, where a and b are real. Unfortunately the i depends 
upon the degree of the original equation, assumed irreducible, and a new equation 
with coefficients involving i will require a further extension of the system. The 
system requires an infinite number of steps of this sort before it is complete. 

We have mentioned only the Euclidean analogue, but the classical non- 
Euclidean geometries and the more general projective geometry have also 
corresponding modular geometries. 


§ 3. Significance of Modular Geometry. 


The study of modular geometry is justified from several points of view. In 
the first place, an investigator drilled in the concepts of general algebraic geometry 
is better capable of distinguishing in a given problem the essential from the non- 
essential features, and will seek recourse in complicated relations only when 
these are inherent in the problem. By avoiding extraneous machinery, proofs 
are secured which are at the same time economical and of wide applicability . 1 


1 The points of a given Euclidean space being assumed, and the notion of dimensionality 
being established, one may distinguish among the remaining geometric notions two categories 
having very little beyond the concepts of point and dimension in common. These may be roughly 
identified with the terms continuity and “algebraic rationality.” In the one case there is a body 
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In the second place finite groups, in particular multiply transitive groups can 
regular y be interpreted and frequently with profit, in the geometrical language 
of a suitably chosen modular space. The abstract group becomes in many cases 
geometrically intuitive only by reference to an interpretation of this sort. In 
the third place the subject still presents novelty and has interest on its own 
account, the methods of investigation are extremely simple, and most of the 
results lor a given modular space are obtained with ease and completeness. 


QUESTIONS AND DISCUSSIONS. 

Edited by W. A. Hurwitz, Cornell University, Ithaca, N. Y. 

REPLIES. 

Vnl " 5 n^i iV 2 - /8 ’ 19W ' 3 °ti’ lm ?-' ! U] ' In tlle Proceedi ngs of the Royal Society of Edinburgh, 
V ° L J’J\ ! ’ f so fe mathematical notes by Professor P. Cl. Tait, it is stated: B ’ 

If X* -f ij d = s 3 , then (x z + z z fy^ -f ( x 3 - = (z z + y*)*x* 

cubes is^cube! ’’^ 6S “ ° f the imp0SsibiUty of filing' two integers the sum of whose 

How does this “easy proof” follow? 

Remarks by the Editor. 

A number of communications relative to this question have been received. As regards 
content hev fall into three classes. In the first (and largest) class mav be placed mere demonstra- 
tions of the algebraic premiss of the question,— that if £ + ^ then ctemonstra 

(^3 (_ t 3 _ ,,3)3,3 _ ( S 3 _|_ j,3)3 x 3_ 

an 1 Mint'iJf^thin S Z T T *° the , < J uestion im P lied any difficulty in obtaining 

an identity within the reach of any high school student who has learned the fundamentals of 

algebraic notation. It seems necessary to emphasize, therefore, that the truth of the algebraic 

ff that desired . is . **“**y” Proof, based on this identity, that the 

equation x -f - y —z has no solutions m positive integers. 

In a second group tall the replies indicating that Tait may have been mistaken One suo- 
gestion .s hat he may have noted that any of the relations * = y, x 

t0 •? bUt n ° tthe first ‘ This is not im P 0 ssiWe; it amounted 

supposing that I ait considered the two equations as equivalent,— that he regarded the second as 
being not only a necessary, but also a sufficient condition for the first. If so, he would not be the 
on > mathematician of note who has confused necessary and sufficient conditions: but such an 
error would be so obvious m the present instance as to seem rather unlikely. Another eorre- 
su ? g ® st . s *bat Tait took for granted that an equation of the form x" + y n = z n cannot 
h ° ld iQr an mfa mte n umber of s ets of values of x, y, z when « > 1. Of_eourIe| howeve^ this 

i WthJTr a , ndth ® 0 t rems . 0 ® neei : n ®d only with continuity and sdenee which tnay be 

■allod the Analysis Situs of the given space; in the other case there is a corresponding science 
trtatmg of algebraic relations among figures deseribable in geometrico-algebraic language. 

fth,t t “I ? rm | t ter y algebra , in a wide sense to apply to commutative number fields 
(that ib, number fields with commutative multiplication), one may study a “general ateehr<u> 

a R 'k * nc * u ^° sub-cases all those distinct instances that arise bv further char- 
N V f t fbf commutative number field under consideration. The entire science may be regarded 

variable’ uifi’, “i geometnoaI Unguage to be sure, of algebraic relations in a given number of 
m . hies defined over a general commutative number field. . Theorems in this general algebraic 

be seleetecfin l-hf/ md ® pel ? de “ t of AnaJ ysis Situs since, as has been shown, number fields may 
ix selected m which continuity has no application. ■ ;■ y 
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relation does hold for an infinite number of cases when n = 2; and we can scarcely ascribe to 
Tait such ignorance of the status of Fermat’s theorem as this assumption would imply. 

The third class of replies consists of those which seek to show that from a solution of 
x 3 -f- if — z z can be deduced another whose elements are smaller, and hence to apply the method 
of infinite descent. This is the most reasonable direction in which to look for Tait’s “easy” 
proof. Unfortunately all proofs of this type which have been sent in are fallacious. 

30 [1916, 88, 354; 1920, 114]. A certain Normal University wishes to offer thirty-five hours 
of college mathematics for the benefit of high-school teachers. What should these courses be 
in order that, primarily, they may be of the greatest value to high-school teachers of mathematics 
and, secondarily, that they may furnish stimulus for a more extended pursuit of the subject? 

Reply by H. E. Webb, Central High School, Newark, N. J. 

An answer to this question is conditioned upon the state of mind of the high-school teachers 
in question. If they have never taken college mathematics at all, thirty-five hours is as a tea- 
cupful of water to a thirsty horse. It should be borne in mind that high-school students often 
have capacity for reasoning far beyond that with which they are credited; but at the same time 
that they object to various canonical forms. 

A teacher of high-school algebra should have a knowledge of the fundamental principles of 
number such as are found in the early pages of any good text in the elementary theory of functions 
of the real variable. He should have also some clear notions regarding series, equations generally, 
and the significance of a complex number system. He will then find that many of the difficulties 
which his students encounter are due to a dimly realized sense of the need of distinctions which 
he himself is able to draw clearly. He should also be familiar with the elements of the analytic 
geometry of the straight line and the conics, in order properly to weigh the value of various topics 
and examples for the future practical or theoretical development of mathematics. He is presum- 
ably familiar with plane trigonometry, as this is now accounted a high school subject. 

A. teacher of elementary geometry should above all else be familiar with the fundamentals 
of synthetic projective geometry, together with the logical foundations of metrical Euclidean 
geometry, in order to escape the embarrassment of finding that his pupils’ logic is better than his 
own. 

To bring these various topics into a compass of thirty-five hours calls for a high degree of 
skill on the part of the instructor. But it may be noted that no great amount of drill in technique 
is needed, and that many sub-topics which are often presented in college courses may be omitted 
from an intensive course of this sort. 

The college course which seems least of all to bear directly upon secondary mathematics 
is the calculus, excepting in so far as the derivative may be used in analyzing higher equations. 
But this seems to many out of place in the high school. 

37 [1919, 151; 1920, 115]. Criticize the following as fundamental definitions of elementary 
geometry: 

A plane surface is the limit approached by a finite portion of the surface of a sphere as the 
radius increases without limit. 

A straight line is the limit approached by a finite portion of the circumference of a circle as 
the radius increases without limit. 

I. Reply by A. A. Bennett, Baltimore, Md. 

The above will be criticized from three aspects, — logical, postulational, and psychological. 

From a logical standpoint, the above “definitions” are faulty in that they fail to define. 
While it is true that a sphere or circle may be viewed abstractly to the extent that the location of 
the center with respect to other objects need not be specified, caution must be observed when 
limits are to be used. The limit of a “finite portipn” is not definite. As the radius is increased, 
the finite portion must change, but how ? If the center remain fixed, a plane or line obtained in 
accordance with directions could contain no finitely accessible point. If the center move, why 
might not the subtended angle vary also? By steadily diminishing the angle, the resulting 
limit might be bounded or even reduce to a point. Unless care be exercised there will be no limit 
at all Logical objections (which are numerous) can be met, however, by sufficient care in 
statement. 


m 
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Geometry cannot afford to resemble a circle in having neither beginning nor end; nor ought 
its center of interest be removed “to infinity.” Somewhere terms must be introduced for the 
first time which shall become fundamental for all further developments. While a geometry of 
inversion may properly start with spheres and circles, Euclidean geometry is usually found to 
be more tractable when starting with lines and planes. The above “definitions’-’ imply a reversal 
of practice and leave one wondering as to what shall be done with spheres and circles. Any dis- 
cussion involving isolated definitions implies a background of a system in which these are to find 
their place. No extended discussion of the proposed definitions is appropriate until at least a 
sketch of the development of Euclidean geometry from spheres and circles, the notion of radius, 
applications of limits, etc., all prior to the mention of lines and planes, is vouchsafed. 

Psychologically, curved surfaces and lines appear more complicated than linear ones. Any 
use of the notion of limits is at least unfortunate in definitions, until the existential character of 
the object seems to demand it. In the definition of the length of an arc, area of a surface, etc., 
limits are usually necessary and appropriate. The “incommensurable case” depending upon the 
existence of irrational numbers, is a different but analogous instance in which limits are sometimes 
at least appropriate. Even where limits are freely employed few applications would be more 
objectionable in an elementary geometry on a non-pro jective basis than the discussion of what 
happens when a point moves off “to infinity,” a region for which the Euclidean geometer has an 
abhorrence. The circle as the limit of polygons suggests merely an abstraction which can be 
visualized in a finite portion of space, and even lines were formerly avoided in favor of finite seg- 
ments, 

A careful introduction in a course supplementary to the usual elementary geometry, of the 
notion of points at infinity, coincident points, tangents as the limit of secants, general and de- 
generate cases, and incidentally of lines as special members in linear systems of circles — but not 
for the purpose of definition — would surely give the student valuable breadth of vision. 

II. Reply by H. E. Webb, Central High School, Newark, N, J. 

These definitions are open to many serious objections : In the second definition, the expression 
“the radius increases” can be interpreted only by employing the straight line concept itself. A 
beginner is not slow' to notice this. The definition also violates the usual assumptions of order 
for points on a line in Euclidean geometry, and renders impossible many familiar demonstrations. 
A necessary consequence of the definition would be the equality of radii of two straight lines, 
since otherwise there would be no laws of congruence in the Euclidean sense. If, however, straight 
lines are assumed to have equal radii, then any two of them must intersect, and we have an elliptic 
geometry, which is interesting in its way, but is not Euclidean. From an elementary standpoint 
it is undesirable to define one configuration as the “limit” of another. Much confusion has 
in the past resulted from the misuse of the term “limit” in elementary texts. A “limit” should 
be regarded as a number, and a variable as any one of a class of numbers, all of which are deter- 
mined according to some law. The idea of a Dedekind cut, explained in simple terms and not too 
nicely, is easily understood by students w T ho have had two years of elementary mathematics. The 
numerical measure of the circumference of a circle can be explained in this way. But at the outset 
of the study of geometry the attempt to define a straight line as the limit of anything else w r ould 
make a certain unavoidable confusion w r orse confounded. 

Attempts in elementary geometry to define a straight line are usually worse than useless. 

The first definition could presumably be so reshaped as to be correct, as far as phraseology 
is concerned, but would be open to the other objections mentioned above; it 'would also necessitate 
a restatement of most of the familiar definitions, and w r ould serve no useful purpose as compared 
with the usually accepted criterion for points on a plane. 

III. Remarks by the Editor. 


It does not seem certain that the second definition necessitates equal “radii” of straight lines 
or leads to an elliptic geometry, as indicated in Mr. Webb’s reply. In fact, the definition is so 
vague as to permit a variety of conjectures as to the interpretation which must be made in order 
to draw r conclusions from it. Both the preceding replies exhibit beyond doubt the utterly un- 
suitable character of the proposed definitions for inclusion in a logical basis of elementary geometry. 
With respect to the last sentence of Professor Bennett’s reply the Editor would express his belief 
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that use of the term “ coincident points” should be permitted, if at all, only to the adept; never 
to the disciple, who may so easily, in this as in other similar cases, mistake an analogy for a proof. 

38 [1919, 151; 1920, 115]. As the several courses in secondary and collegiate mathematics 
are now taught there is a noticeable difference of treatment with respect to the relative em- 
phasis placed on logical accuracy and on development of technique. In elementary algebra, 
technique predominates, while in plane and solid geometry and advanced algebra logic is more 
strongly stressed. Trigonometry, analytic geometry, and the calculus are less easily classified ; but 
there is at least a general tendency to emphasize logic in analytic geometry add technique in the 
calculus. It is suggested that a general appraisal of the reasons for this difference in treatment , 
its value, and possible alterations, would be helpful. 

I. Reply by H. E. Webb, Central High School, Newark, N. J. 

This question is very well opened for discussion at this time. It is safe to say that in the 
teaching of Euclidean plane and solid geometry in secondary schools and colleges there has been 
an over emphasis upon finer points of logic at certain stages, together with the swallowing of a 
host of mathematical camels at others. This, more than anything else, has turned students 
against the subject. Nearly every student has some sense of logical accuracy, and he is, to say 
the least, annoyed to find it outraged at one moment by what seems a serious break and insulted 
at the next by a captious insistence upon detail. The difficulty is reducible by careful analysis, 
and it is earnestly to be hoped that this will be undertaken soon. In the writer's humble opinion 
the solution, as far as Euclidean geometry is concerned, consists in establishing an arbitrary (or 
conventional) distinction between projective geometry and metrical geometry, and in the as- 
sembling of all of those theorems of projective geometry which are useful for metrical geometry 
as a list of assumptions with which to begin the latter, in total disregard of any desire to keep this 
list at a numerical minimum, and without too great fear of redundancy. 

In the field of algebra and elementary analysis there is less confusion of the sort referred to, 
for the simple reason that even the ordinary demands of logic are so often thrown to the winds 
in favor of a parrot-like repetition of meaningless phrases. The consequent logical absurdities 
are gracefully “ side-stepped” by the instructor. It is a fact that in the development of a subject 
not all the necessary steps can always be taken. But when such steps are omitted, the omission 
should be plainly marked. In other words, the instructor may well take a leaf from the book of the 
student who, upon encountering a particularly difficult demonstration, reads enough of it to obtain 
a fair idea of its meaning and then passes it by in favor of something which in his judgment 
is more likely to appear upon the final examination. In doing so he shows an excellent sense of 
discrimination. 

The occasion of the disparity in proportion of time spent upon logical development, on the 
one hand, and upon drill in technique, on the other, is of course the lack of time for a compre- 
hensive treatment of any of the mathematical branches in the required courses in school and college. 
This condition is not likely to be corrected immediately. In the field of algebra certainly, and 
probably also in that of the elementary calculus, emphasis upon technique is the natural result 
of a mistaken effort to elevate standards of instruction through the medium of written examina- 
tions; these should be difficult enough that the student who is bright but lazy cannot “cram” 
through them. As a result the student who is diligent but less gifted often has a very hard time 
of it, and the instructor, in a laudable effort to aid and encourage him, loses sight of essential' 
principles, in the organizing of technique. This state of affairs is obviously less easily attained 
in those branches which lay greater emphasis upon synthesis than upon analysis. 

A valuable aid to teachers would be a comparative analysis of relative difficulty of problems 
in some limited field, based upon the number of distinct principles involved in each problem. 

Mathematical principles, which are likely to be remembered, are of much greater worth to 
teach than tricks of the mathematical trade, which are soon forgotten. 

II. Reply by T, G. Rodgers, New Mexico Normal University. 


A discussion of this question requires a large experience in both the secondary and collegiate 
fields of mathematics. Granted this experience, few can speak with equal assurance in both 
fields. Hence this discussion is confined to the secondary field. 
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soured? tendmCy t0 StrCSS teclmique “ algebra and logic in geometry seems to grow out of three 

1. It is generally believed that technique is more easily acquired by the immature student 
than logn and traditionary algebra comes first in the high-school course! 

»' Sr“l nc figUreS ? rm , a m ? re co ? crete basis for Wo than algebraic symbols; 

. /’• Ele “ ent - a fy geometry has been bequeathed to this modern world as a monument of 

rigorous logic which too many feel it would be profane to treat in anv other way 

From experience, observation and experiment I am convinced that the" above tendency 
whatever its cause, violates sound principles of teaching. Algebra and geometry should be taught 
side by side in the high school, not one before the other, and technique and logic should receive 
about equal stress throughout the course. Technique without logic and logic without action are 
alike foreign to the adolescent. It must, however, be borne strictly in mind that insistence upon 
difficult technique causes as many failures as insistence upon rigorous logic; both must be kept 
within the ability o the h.gh-school student. In a word, the development of teclmique and K 
should receive equal attention; the material for the development of technique should be SZl 

TnJV } 0 *7 ln jF od ^. otlon geometrical drawing and construction work; the logic sought 
should be the logic of the high-school student, not that of the expert logician; technique should 
gradually increase m fineness and logic in rigor as the course advances. ' 1 

This procedure will aid to develop the power to understand the quantitative relations of the 
everyday world that confront the student and the ability to put this understanding fntoTecessful 

in“que P ^ qUeStl °“ 38 a tendenCy to devel °P amorists in logic and jugglers 

NEW QUESTIONS. 

40. How great emphasis is laid in freshman mathematics upon the elementary algebra of 
W re , c ? nt P a Pf, r by eminent electrical engineer seems to indicate ffie need 
ol a knowledge of this subject on the part of draftsmen and mechanics of very limited educational 
opportunities The syllabus of the College Entrance Examination Board "rations The topic 

U f der mh 6 CaP f t1 ]!- Advan c ed Algebra,” but the question papers call for only the slightest study 
of numbers of this type. Is Euler’s theorem ( e <« = cos e + i sin 0) usuaUv nreseni?d J 

Sf™, or ki t lef f t0 t r 6 calculus ; Dofs the topic desetve greater emphasis than it ufalty 
gets, for the sake of applications in the field of periodic currents? 

u, 41 ‘ -ft reader asdcs for an elementary proof of the following two propositions in number 
theory, either of which can readily be obtained from the other: 

&very positive integer of the form Sn -j- 3 is the sum of three odd squares, 

ttvery positive integer is the sum of not more than three triangular numbers. 

Note. Bachmann 1 states that these theorems have been proved onlv bv the 
use ot the theory of ternary quadratic forms, and refers to the discovery of the 
theorems by Gauss, and a comparatively simple proof by Diriehlet , 2 bv means 
of this theory. — Editor. 

DISCUSSIONS. 

Professor Noble, discussing the familiar fact that the addition of two rational 
algebraic fractions each in its lowest terms, by the usual method of reducing to 
the least common denominator, may lead to a result not in its lowest terms, 
shows m what way this situation presents itself, and verifies the process su<wested 
by one text-book for securing the result in reduced form. That a similar con- 
tingency may arise in arithmetic is clear to anyone who has performed the 
addition ot £ and f. 

I lofessor Johnson calls attention to a very simple formula for an approxima- 
tion to the smaller acute angle of a right triangle in terms of the sides, in which 
the ..f rror ls sur Pnsiiigly small. Th e formula was gi ven, as the author states, 

’ S ' ie,h Zahlenlheorie, Leipsic and Berlin, 1910, Teil 2, p. 325 

- Crete's Journal, Vol. 40, p. 228; LiouviUe’s Journal, Series 2, Vol. 4, p. 233. 
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by Ozariam, 1 but it is in fact much older, having been announced by Nicolaus 
Cusanus. 2 It has been discussed by various writers, 3 with regard to its proof 
and estimates of its accuracy; the references were not accessible to Professor 
Johnson. Although his proof is essentially the same as that in Mansion’s first 
paper, cited in the footnote, it has seemed worth while to publish it, for the 
sake of calling attention to this remarkable approximation, which does not 
seem to be familiar to most mathematicians. 

By equating to zero the derivative of the expression 

172 sin B 1805 

2 + cos B w 

we find that the maximum positive deviation occurs for B — 22° 20' approxi- 
mately, and is equal to about 0.0122° or less than 45". The maximum negative 
deviation, as indicated by the author’s tables, is 0.0730° or between 4' and 5'. 


I. Note on the Solution of Fractional Equation 


By Charles A. Noble, University of California. 

In Wilezynski and Slaught’s College Algebra the following interesting state- 
ment occurs on page 242 : 

“ If, however, we express every one of the rational fractions as a sum of simple 
partial fractions, then unite all of the partial fractions which have the same 
denominator into a single one, and finally add these partial fractions together, 
using as a common denominator the lowest common multiple of the denominators 
of the simple partial fractions, we may be sure that the sum obtained in this way 
is in its lowest terms.” 

The correctness of this rule was considered evident by the authors and the 
proof of it was omitted. The following is a formal proof: 

Let F, G, P, and Q be polynomials in x. Assume first that G and Q have only 
one common linear factor, and that each has only one other linear factor, where 
each factor may be present in any order of multiplicity. Let FjG and PjQ, 
assumed to be in their lowest terms, be expressed in partial fractions: 


1 Noimlle trigonometric , oil Von irouve le moyen de calculer toutes sortes de triangles rectiUgnes 
sans les tables de sinus, . . ,, 1699. 

2 De mathematica perfections; Opera, Paris, 1514. 

3 F. A. Protche, Memoires de la societe academique de VAube, Vol. 51 (1887), pp. 149-162. 

H. Broeard, Mathesis, 1839, p. 161; P. Mansion, ibid., p. 162; P. Mansion, ibid., p. LSI. 
Further references on closely related formulas may be found in Th. Vahlen, Geometrische 

Komtruktiomn und Approximationen, Leipsic, 1911, pp. 1SS-206. 
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Assume A =£ ju and add : 


l + i 

0 + Q 

= ( a ~ yYlAi+M*- «)-) ! + fa - o-VT a— vr i/h-4- B.fy-m-i — } 

(x-a) k (x—p)\x—y) v ~ 

(x—a) !: (x-j3) x ~ IJ (x—yY{C l +C 2 (x-l3)+ ■■■} 

_|_ . d~ <x) K (x— /3) A {Z)i-f -Z)a(.T — 7 )+ • ■ • } 

(a-— a)* (a;— /3 ) a (.t— 7 )*’ 

A ow the sum on the right, with the common denominator (,r — «) A '(.r — |8) A (.r— 7)'’ 
will be in its lowest terms unless its numerator has x — a, x — jg, or x — 7 as a 
factor, x - a will be a factor if, and only if, A l = 0. But this implies that 
F/G is not in its lowest terms. Similarly, x - 7 will be a factor if, and only if, 
Di ~ 0) which is not possible if PjQ is in its lowest terms. If A > /j,, x'— fi 
will be a factor if, and only' if B 1 = 0, which also contradicts the assumption that 
F/G is in its lowest terms. If A = n, x — jg will be a factor if B x = 0, C x = 0, 
which is again contrary to assumption; but it is also a factor if B x = - C u 
and this is possible, even when F/G and P/Q are both in their lowest terms. 
In this case the rule given above would remove the terms in B x and C u and all 
succeeding pairs of terms such that B ( + C { = 0, before the sum is reduced to 
a common denominator. 

The proof for the general case, where the sum is of n rational fractions, instead 
of two, and where the denominators contain m h vu, • • • m n binomial factors 
instead of two, is an obvious extension of the above. 

When a fractional equation 

F , P 
G + Q ~ 0 

is to be solved, it may not be apparent whether FJG and PJQ are in their lowest 
terms. Resolution into partial fractions will disclose the fact. If they are in 
their lowest terms, the usual method of solution, by reducing to lowest common 
denominator and equating to zero the sum of the numerators, will not yield an 
extraneous solution unless, in the above notation, B x + C\ = 0; and the method 
suggested by the theorem just proved obviates this difficulty. 

Example: 

F 2.r 2 - 4x + 1 1 1 1 

G {x - l) 2 (.t - 2 ) (a- - 1 )* + x - 1 + a- - 2 ’ 


P 5.r 2 - 15. r + 12 
Q (x - 1)%V - 3) 


Here both of the given fractions are in their lowest terms. The usual method 
of solving 




QUESTIONS AND DISCUSSIONS. 


[Oct., 


would be 


F,P_ 7.T 3 — 3o.r 2 + 55.r — _27 _ 
G + Q~ (x -l) 2 (x - 2)(.r - 3) ~ °* 


from which 7a- 3 — Sox 2 + 55a — 27 = 0, or x = 1, 2 ± A V?. 

The root a = 1 is extraneous. The sum of FjG and P/Q is not in its lowest 
terms. The reason is that C\ = — Bu If the rule stated above is followed, 
one gets 

F , P 3,1,3 7.x- 2 - 28 a- + 27 


G + Q x — 1 


+ + ^ = - _ 1)(a> _ 2)(a . _-gj = 0 , 


which yields the true roots x = 2 ± y x^7. 

II. Determination of an Angle of a Right Triangle, without Tables. 
By Roger A. Johnson, Hamline University. 

If a, b, c denote respectively the longer leg, the shorter leg, and the hypotenuse, 
then the value, in degrees, of the smaller acute angle is given approximately by 


B = 172 


a + 2c ‘ 


This formula was given by Ozanam, 1699. 

In practice it often happens that all three sides of a right triangle are known, 
and it is desired to find the angles quickly; the above formula will give them 
without the use of tables, with almost four-place accuracy for angles up to 35°, 
and better than three-place accuracy up to 45°. 'When. the sides are given in 
integers, this method is simpler than the ordinary one. Again, it is useful as a 
check-formula in testing solutions. 

The proof is easily effected by means of Taylor’s Series. If we write 


a + 2c 2 + cos B 

the expansion of f(B) is easily found to be 


m = ~ i 




whence it is evident that for small values of B, f(B) is nearly equal to i,B radians. 
That is, if we desire to have B in degrees, 

vn s 3 X 180 ; 

B (degrees) = — — - /(B) + e, 

' TV : 

where e is a small correction. We may correct the error in part by replacing 
the coefficient 540/7r, or 171.89 • • - , by the simpler number 172 . The degree of 
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accuracy is best exhibited by working out the actual value given by th< 
tor various angles. The subjoined table shows that the angles give: 
formula are too large, though the error scarcely exceeds .01 of a degr 
about 38 that thereafter the results are too small, and after the angl 
45 , the discrepancy becomes rapidly larger. Since we can always use tin 
to compute an angle less than 45°, this later divergence does not affect i 
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General Theory of Polyconic Projections . By Oscar S. Adams, Geodetic Com- 
puter. Published by the Department of Commerce, U. S. Coast and Geodetic 
Survey, Serial No. 110, Special Publication No. 57, Washington, D. C., 1919. 
174 pages. Price 25 cents. 

To quote from the author’s preface, “In this publication an attempt has been 
made to gather into one volume all of the investigations that apply to the system 
of conic projections. ’ The author gives 1 Tissot’s definition of a polyconic 
projection as^ one in which the parallels of latitude are represented by arcs of a 
non-coneentric system of circles with the centers of these various circles lying 
upon a straight line.” Polyconic projections of the sphere and the ellipsoid of 
revolution only are considered, the whole purpose of the work being the con- 
struction ol maps of the surface of the earth either as a whole or in part. The 
table of contents has thirty-one headings: Determination of ellipsoidal expres- 
sions, Development of general formulas for polyconic projections, Classification 
PoP conic projections, Rectangular polyconic projections, Stereographic 
meridian projection, Derivation of stereographic meridian projection by functions 
of a complex variable. Construction of stereographic meridian projection, Table 
. Monographic meridian projection, Stereographic horizon projection, Deriva- 
tion of stereographic horizon projection by functions of a complex variab’e, 
roof that circles project into circles in stereographic projections, Construction 
or stereographic horizon projection, Solution of problems in stereographic pro- 
jections, Conformal polyconic projections, Determination of the conformal pro- 
jection in which the meridians and parallels are represented by circular arcs, 
c ases ^ le projection, General study of double circular projections, 

1 Page 10. ~ ' * " ' ’ ’ 


True Value. 

V alue by Formula. 

True Value. 


Value by Formula. 

5° 

5.0033 

30° 


30.0067 

10° 

10.0065 

35° 


34.9945 

15° 

15.0094 

40° 


39.9703 

20° 

20.0115 

A 


44.9270 

25° 

25.0112 

50° 


49.8562 


870 
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Conformal double circular projections, Cayley’s principle, Discussion of the 
magnification on the conformal double circular projection, Equivalent, or equal 
area, polyconic projections, Conventional polvconic projections, non-rectangular 
double circular projections, Projection of Nicolosi or globular projection, Projec- 
tion of P. Fournier, Ordinary or American polvconic projection, Tissot’s indica- 
trix, Tables of elements of the ordinary, or American polyconic projection, 
Transverse polyconic projection, Projection for the international map on the 
scale of 1 : 1 000 000, Tables for the projection of the sheets of the international 
map of the world. 

The book contains forty-eight figures and a folded frontispiece giving a 
transverse polyt nic projection of the North Pacific Ocean. 

The author ates in the preface that in the preparation of the volume the 
following works were especially consulted: M. A. Tissot, Memoire sur la Repre- 
sentation des Surfaces et les Projections des Cartes Geographic/ ues , Paris, 1881; 
A. Germain, T mite des Projections des Cartes Geographiques , Paris, 1866(?); N. 
Herz, Lehrbuch der Landkartenpr ojectionen, Leipzig, 1885; W. W. Hendrickson, 
U. S. N., Notes on Stereographic Projection. 

The work may be described on the whole as a careful and detailed discussion 
of all such representations of the earth’s surface on a plane as come under the 
definition of polyconic projection which have been found useful in practical map 
making. In general it may be said that the purpose of the discussion of each 
projection considered is first, to determine and prove properties of the map as a 
whole, second to derive formulas for the coordinates of the point in the plane map 
representing a point of the earth’s surface of given latitude and longitude, third 
to determine the scale or magnification of the map at any point in the directions 
of the circles of latitude and longitude. Both geometrical and analytical methods 
are extensively used. Not much mathematical knowledge is required of the 
reader, indeed we suppose the book to be intended rather for the practical maker 
of maps than for the mathematician. The author says, in the preface “it is 
hoped that the treatment may be found complete enough to serve all practical 
purposes.” The figures are good, the book is well printed and remarkably free 
from misprints; we have noticed but two: on page 18, line 8, for M read N> on 
page 156, line 10 from the bottom, for “about” read “by.” 

Two paragraphs we find of particular interest, the analytical discussion of 
rectangular polyconic projection, pages 13 to 18, and the determination by the 
use of the complex variable of the conformal projection in which both meridians 
and parallels are represented by circular arcs, pages SO to 86, presumably after 
Lagrange. 

Considered as a mathematical treatise the book has some faults. There is 
an almost total lack of exact references, except to the author’s earlier publication, 
General Theory of Lambert Conformal Projection, Special Publication No. 53, 
li. S. Coast and Geodetic Survey. It would add greatly to the interest of the 
work to give the names of the originators of the various projections with dates 
and exact references. A more serious fault is the nearly complete absence of any 
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attempt to explain the special advantages of the different projections or the pai- 

7 P , 0K3 f '° r 'y h ‘ ch *'ited. We find rarely even so little of 

tilts kind of intoi motion as is contained in the following statements: “This 
projection has been intich nsed by the English War Office for the construction of 
maps, 01 I he piojection seems to have been devised by Supt. F. R. Hassler 
to meet the requirements in the charting of the coast of the United States.” 2 

original with the'autlior. *° P “” fs “” d 

We find the treatment uneven. Certain quite elementary problems, such as 
finding the integral, f sec : z dx, are solved with wholly unnecessarv detail, not 
once but smeial times, while other questions are handled sometimes without 
proper mathematical rigor and sometimes in an awkward way; some of the more 
technical map work lacks clearness. Thus the proof that in stereographic pro- 
jection anj aide ot the sphere becomes a circle in the plane covers three pages 3 
mid is not very easy to follow. With the well-known formulas for the projection 
the proof may be given in a few lines. In the applications of the compleS variable 
to the derivation of stereographic meridian projection and to stereographic 
horizon projection 4 the necessary functions, which are not very simple, are given 
and I»oved collect. It would be more natural to derive these functions by 

S^nl- f Jr T t “T * and * a PrOCedure * h m -t, we think, he 
l ! J t ' ^ the . presentatlon of Lagrange’s work on the deter- 

mination of the conformal projection m which the meridians and parallels are 
lepresented by circular arcs an unknown constant is taken 5 as /3 s , and 8 is treated 
as real. There is no reason that the constant should be positive. In fact if S* 
is replaced by 8- the only effect is to interchange the X and <r in the discussion. 
We ha\e noticed one more serious omission: in the treatment of conformal 
Polyeomc projections 6 it is shown that the expression 


is constant and that by a change of variable this expri 
arbitrary constant. It is then stated that the express 
sumed equal to unity. The reasoning is correct unless 


Page 18, referring to rectangular poly 
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By failing to consider this possibility one solution of the problem considered is 
lost, that is s — p, giving in the map circles of latitude passing through one point. 

Jam.es K. Whittemore. 


Lezioni di Calcolo Infinitesimals. dettata nella R. University di Bologna e redattc 
per uso degli studentL S. Pincherle. Seconda edizione riveduta. Bologna, 
N. Zanichelli, 1920. 8vo. 8 + 785 pp. Price 40 lire. 

Translation of an extract from the “avvertenza alia seconda edizione ” : “ The lectures on the 
infinitesimal calculus which I gave to the press at the end of 1915, not without fear and trembling, 
have won favor, beyond all expectations, with the mathematical public, so that the call for a new 
edition came too soon to permit those modifications and additions that I had in mind to introduce. 

“The second edition differs from the first only by slight changes, and only those parts have 
been retouched in which greater clarity or precision of statement seemed to me necessary.” 

Contents — Introduction, 1-50; Section first: Differential calculus, 51-302; Section second: 
Integral calculus, 303-484; Section third: Geometrical applications * of infinitesimal calculus, 
485-630; Section fourth: Differential equations, 631-764. There is a 14-page alphabetical index. 


Legons de Geometrie Superieure . Par E. Yessiot. Edition revue et augmentee. 
Avec une preface de M. G. Koenigs. Paris, J. Hermann, 1919. 10 + 376 

pp. Price 30 francs. 

Preface by E. Yessiot: “La premiere edition de ces lemons autographiee |1906], ayant 
et6 rapidement 6puisee, fai accepts Foffre de reimpression que m’a faite M. Hermann. Les 
fautes d impression avaient ete corrigees par M. Anzemberger en vue de cette reedition. 3’ai 
revu et amelior6 la redaction; et j’y ai fait des additions importantes. . . .” 

Contents — I : Revision des points essentiels de la theorie des courbes gauches et des surfaces 
developpables, 1-18; II: Surfaces, 19—34; III: Etude des elements fondamentaux des courbes 
d’une surface, 35-60; IV: Les six invariants, La courbure totale, 61-81; Y: Surfaces reglees, 
82-120; YI: Congruences de droites, 121-160; VII: Congruences de normales, 161-189; VIII: 
Les congruences de droites et les correspondanees entre deux surfaces, 190-237 ; IX: Les complexes 
de droites et les equations aux derivees partielles du premier ordre, 238-268; X: Complexes 
limfiiires, 269-292; XI: Transformations de contact, Transformations dualistiques, Transforma- 
tions de Sophus Lie, changeant les droites en spheres, 293-315 ; XII: Systemes triple orthogonaux, 
316-325; XIII: Congruences de spheres et systemes cycliques, 326-354; Exercices, 355-371. 

Physical Bases of Ballistic Table Computations. Ordnance Textbook . [By Pro- 
fessor A. A, Bennett.] (War Department, Document 972). Washington, 
Government Printing Office, 1920. 4to. 17 pp. 

This monograph constitutes Part I of the Introduction of New Ballistic 
Tables being prepared by the Ordnance Department. 

Quotation from 'Prefatory Remarks V “ These new tables for exterior ballistics . . . were 
designed and supervised by the author of this introduction. The circumstances demanding their 
construction will not be reviewed in this part, nor will any account be given here of their form 
and content, nor of the technique and special devices used in their computation. It is only the 
physical facts and theories upon which these tables are founded that will here be treated, and 
even the history of these theories will be left with little more than mention. 

“ The matter treated here is qualitative rather than quantitative. The methods of numer- 
ical integration used in computing the trajectories, while in themselves only methods of approx- 
imation, are capable of giving results with any preassigned degree of accuracy, and as used yield 
vastly more precise figures than justified by the physical data available or the physical assump- 
tions employed. This precision is obtained, however, at no extravagant sacrifice of labor, and 
secures results which are conveniently regular. Less accurate methods hitherto in vogue are 
now insuYicient . The total number of physical factors in the problems of exterior ballistics is 
practically infinite. The elimination of all but a few is justified only by careful quantitative 
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experiments and computations which are not discussed here Tn , , . 

3S£azsa«3Bf siss& 

Se“' mP “ ° n,r “° h i, “ ia “‘“ '» - » in keeping with the opoi^Sf “S 


tW Geometry with Problems and Applications. Revised edition. By H E 

Slaught and N. J. Lennes. Boston, 1919. 12mo. 8+ 211pp. Price 

Si .00. 


Quotations from the Preface: “In re-writing the Solid Geometry the authors have consistently 
carried out the distinctive features described in the preface of the Plane Geonuiry Owffis to 
the greater maturity of the pupils it has been possible to make the logical st ructure 'of the foPd 
Geometry more prominent than in the Plane Geometry. The axioms TO «t,u,„r • , !®, 

point, when, ,h„ „ bo “ho pSta 2S 

sti ss 

of ™fate*SL‘LiS n lLl P li n n ° f f* ,0selh “ nuntbo, 

’ • ] 1 “ ted bo .] nds (lob pages), certain topics have been placed in an Appendix 

because these topic” sTmikrhyof Solid 

ass. t£tsr.i lh ' •*- - assstts; 

« vJ‘ Tb u f? eat ™ nt ° f ineommensurables throughout the body of this text, both Plane ind 
..olid, is believed to be sane and sensible. In each case, a frank assumption is made as to the 

ont« re!r f C ? nce ? 1 t m 9u es< ; 10n (length of a curve, area of a surface, volume of a solid) and 
c its realization for all practical purposes by the approximation process. Then, for theoretical 
completeness, rigorous proofs of these theorems are given in Appendix III, {where the theory of 

wTvt.ftf ^ esented . 1 “ l ar simpler terminology than is found in current text books and in such a 
uaj as to leave nothing to be unlearned or compromised in later mathematical work.” 



Plane Trigonometry for Secondary Schools. By C. Davison. Cambridge- at 

the University Press, 1919. 12mo. 4 + 334 pp. Price 6 shillings "and 6 
pence. 


ttt 9v nte , ntS r I: Trigonometrical ratios of an acute angle, 1-30: II: Circular measure 31 4n- 

57-05 V CiZhr°fu ° f /- n aD t ° f any magnitude - 4 1-56 i IV: Graphs of the circular functions! 
aLhs « MS vn- T I 01 compound angles, 66-84; VI: Circular functions of multiple 
anjes, So 98, MI. 1 ransformation of trigonometrical expressions, 99-111; VIII: Solution of 
trigonometrical equations, 112-141; IX: Inverse functions, 142-147; X: Circular functions of 

trtngleJ “nw * XHT Si : , Tlie ? e< ^metry of the triangle, 159-174; XII: The solution of 

v tfa tVQnde OO t 88 : 208 ! ? IV: The principal circles associated 

' , tnan gle, -09-223, XV. The geometry of the quadrilateral, 224-232; XVI- Areas of 

Ind eX y 2 0 48 S 2 a ?6 XTX- rtyf 8 ’' PI 1: ^Tf^es, 239-247; XVII I ! Approximations 
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Elementary Applied Mathematics. A practical course for general students. By 
P.'* if* Rubber. New York, Wiley, 1920. 12mo. 10+ 115 pp. Price 

“™ S course , is a. response to a demand in this university [of Pittsburg]. It is an 

theneedsoTakre-ecGsrVt^ ls , C0 “ pIete In ltseif and sufficiently general and practical to meet 
I™, a ] ^ ge claas f students who are not to specialize in mathematics but who do want some 

elementary mathematical training that they can use in everyday affairs. 
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“While the course has been developed simultaneously with Webber and Plant’s Introductory 
Mathematical Analysis and there is some material common to the two courses, yet they are ad- 
dressed to distinctly different groups of students. 

“A knowledge of elementary algebra and geometry is presupposed. Students with little or 
no knowledge of formal geometry have succeeded with the course. 

“The course has been given by lecture or in mimeograph form to classes during the past several 
years. . , 

Contents — I: Review of elementary algebra, 1-9; II: Geometric theorems, 10-13; III: 
Methods of calculation, 14-27; IV: Graphic representation, 28-41; V: Ratio, proportion and 
variation, 42-47; VI: Geometric problems, 48-54; VII: Rectangular coordinates, graphs of 
equations, empirical formulas, 55-71; VIII: Applications of percentages, 76-79; IX: Analysis 
of food and receipts, 80-85; X: Individual and family accounts, 86-96; Tables 97-115. 

ARTICLES IN CURRENT PERIODICALS. 

American Machinist, New York, volume 52, March 25, 1920: “War on the decimal 
system” by F. Franz, 6S2-684; “Octaval notation and the measurement of binary inch fractions”' 
by A. Watkins, 685-688. 

Annals OF MATHEMATICS, second series, volume 21, no. 3, March, 1920: “A Greens 
theorem in terms of Lebesgue integrals” by H. E. Bray, 141-156; “Bilinear operations generating 
all operations rational in a domain fi” by N. Wiener, 157-165; “On the enumeration of proper 
and improper representations in homogeneous forms” by E. T. Bell, 166-179; “A proof of 
Jordan’s theorem about a simple closed curve” by J. W. Alexander, 180-184; “Linear order in 
three dimensional Euclidean and double elliptic spaces” by G. H. Hallett, Jr., 1S5-202; “Further 
properties of the general integral” by P. J. Daniell, 203-220; “Summability of double series” 
by L. L. Smail, 221-223; “The fundamental theorem of celestial mechanics” bv J. L. Coolidge, 
224. 

Bulletin of the American Mathematical Society, volume 26, no. 7, April, 1920: 
“Parametric equations of the path of a projectile when the air resistance varies as the nth power 
of the velocity” by F. H. Safford, 289-293; “Infinite systems of functions” by W. E. Milne, 
294-300; “On certain related functional equations” by W T . H. Wilson, 300-312; “The equation 
ds 2 = -j- dtf ~f~ d.z*” by E. T. Bell, 312-318; “A property of permutation groups analogous 

to multiple transitivity” by W. B. Carver and Mrs. Estella F. King, 319-322; “College algebras” 
by Elizabeth B. Cowley, 323-329 [review of E. B. Skinner’s College Algebra ; (New York, Mac- 
millan, 1918), of W. C. Brenke’s Advanced Algebra (New York, Century, 1917) and of Helen A. 
Merrill and Clara E. Smith’s A First Course in Higher Algebra (New York, Macmillan, 1917)]; 
“ Notes,” 329-333 ; “ New publications,” 334-336. 

Canadian Chartered Accountant, Toronto, Ontario, volume 9, no. 4, April, 1920: 
“Bond schedules for the amortization of a premium or accumulation of a discount” bv S. D. 
Killam, 231-236. 

Educational Review, volume 59, no. 4, April, 1920: “Junior high school mathematics” 
by T. Lindquist, 296-303. [Quotation: “Students who have completed a satisfactory junior 
high school course in mathematics should be able during their senior high school to complete 
plane and solid geometry in one year, physics in one year, and algebra III together with trigo- 
nometry or college algebra the final year.”] 

Engineering and Contracting,. Chicago, volume 53, February 4, 1920: “Instruction 
and tables for reducing labor in curve computation” by J. H. Lilly, 137-138. 

Engineering News-Record, New York, volume 84, February 19, 1920: “Solution of 
compound curve problems” by L. R. Brown, 378-379 [Reprinted from Electric Railway Journal , 
Jan. 17, 1920] — March 4: Table for converting from scale 1 in. = 100 ft. in plotting curves,” 486. 

Industrial MANAGEMENT, volume 59, no. 4, April, 1920: “The mathematics of labor 
turnover” by C. G. Barth, 315-318. 

INTERNATIONAL Marine Engineering, New York, volume 25, March, 1920: “Pointing 
off when using the slide rule” by B. W. Manier, 228-229. 

Journal of Educational Research, University of Illinois, volume 1, no. 3, March, 
1920: “A shorter method for computing the coefficient of correlation” by L. P. Ayres, 216-221; 
“A bibliography of standard tests for the high school” by W. S. Monroe, 240-242 [VIII. Mathe- 
matics], . . 



MACHINERY, New York, volume 26, January, 1920: “Development of time slide-rule” by 
J, B. Conway, 453-454; “To draw a circle tangent to three given circles” by C. N. Pickwortk, 
459-460 — March: “Computation of diameters and circumferences of circles” by E. T. Meehan, 

656. 

Mathematics Teacher, volume 12, no. 3, March, 1920: “Association of Mathematics 
Teachers of New Jersey: Report of the Committee of First-Year High-School Mathematics,” 
89-100; “Proposed syllabus in algebra” by C. F. Wheelock, 101-114; “Mathematics for the 
physiologist and physician” by H. B. Williams, 115-123 [Paper read before the Mathematical 
Association of America, January 1, 1920]; “Love mathematical” by R. C. Gillies, 124-125; 
“New Books,” 126-127. 

MiN», new series, no. 114, April, 1920: Review by C. D. [Broad of A. N. Whitehead’s- The 
Principles of Natural Knowledge (Cambridge, 1919), 216-231. 

MONIST, volume 30, no. 2, April, 1920: “Philip Bertrand Jourdain,” 161-182 + frontis- 
piece portrait [Nearly half of this appreciation is from “memories” written by Jourdain ’s youngest 
sister Milly; the article concludes with a list of thirty-one articles written for the Monist, 1908- 
1920]; “Elliptic orbits and the growth of the third law of Newton ” by P. E. B. Jourdain, 183-198; 
“Newton’s theorems on the attraction of spheres” by P. E. B. Jourdain, 199-202; “Leonardo da 
Vinci (Born 1452. Died 1519)” by M. Jourdain, 280-291. 

Philosophical Magazine, sixth series, volume 39, April, 1920: “Applications of qua- 
ternions to the theory of relativity” by H. T. Flint, 439-449 — May: “On the advance of the 
perihelion of a planet, and the path of a rav of light in the gravitation field of the sun ” by A. 
Anderson, 626-628; Review of A. N. Whitehead’s An Enquiry concerning the Principles of Natural 
Knowledge (Cambridge, 1919), 629-631 [Last paragraphs: “It will be seen then that this book 
is simply invaluable to anyone who wishes to bring himself into line with the new principle of 
relativity, whether his interest be scientific in the narrow sense or philosophical in the wide sense. 

“John Stuart Mill tells us in his Autobiography that he was at times actually depressed 
by the thought that musical chords though practically infinite in the number of combinations they 
admitted were yet in reality finite and exhaustible. Our feeling as we close Professor Whitehead’s 
book is one almost of elation at the thought of how little we know, and how uncertain is the little 
we think we know, when we form our concepts of the framework of infinite Nature,”] 

Revue be l’Enseignement bes Sciences, volume 13, nos. 127-130, July-Deeember, 
1919: “Enveloppes des courbes et des surfaces a un parametre” by F. Meyer, 177-iS6; “Sur les 
fond ions lineairement distinetes” by P. Montel, 186-190; “Sur la surface du triangle” by 
P. Montel, 190-197; “Sur Pequation en nombres entiers a 2 -f b 2 = c 2 ” by A. Levy, 197-211; 
“Limite de (1 -f 1/a?)* pour x infini” by R. Dontot, 211-214; “Questions de forme” by J. Juhei- 
Renoy, 215-218; “Problemes de mathematiques donnes au baccalaureat en Octobre 1918,” 
218-223, 229-234; “Examens et Concours de 1919: Agregation des sciences mathematiques et 
Ecole Normale Superieure,” 241-251. 

Revue be Mathematiques Speciales, volume 13, no. 1, October, 1919: “Sur la somme 
des puissances semblables des n premiers nombres entiers” by R. Dontot, 1-4; Solutions of 
questions in algebra, analytic geometry, analysis, and mechanics, 4-10, 17-22; Questions in the 
written and oral examinations for the Eeole Polytechnique, 1919, 10-15; Ecole Centrale Concours 
de 1919, 23-24 — No. 2, November: “Sur la somme des puissances semblables des n premiers 
nombres entiers” (suite) by R. Dontot, 25-28; Problems proposed and solved in examinations 
for the Eeole des Fonts et Chaussees, Ecole Polytechnique, Ecole Centrale, etc., 29-56 — No. 3, 
December: “Sections planes et spheriques du tore” by A. Sainte-Lague, 57-67; Problems and 
Solutions, 60-80 — No. 4, January, 1920: “Sections planes et spheriques du tore” (fin) by A. Sainte- 
Lague, 81-83; Problems and Solutions, 83-104 — February, 1920: “Enveloppe des droites obtenus 
en faisant tourner d’un angle constant, a, les tangent es a une courbe plane autour de leurs points 
de contact” by Jean Mourret, 105-106; Problems and solutions, 107-128. 

Revue DU MOIS, volume 15, January, 1920: “Radioactivity, probability et determinisme ” 
by E. Borel, 33-40 — March: “ La reforme de l’enseignement et les anciens combattants ” by E. 
Borel, 225—227. - ■ 

Revue Soientifique, April 10, 1920: “La vie et Poeuvre de Lord Kelvin” by E. Picard, 
193-207. 

School and Society, volume 11, March 20, 1920: “The National Committee on Mathe- 
matical Requirements,” 343-344: — April 17, 1920: “The Bode theory of transfer applied to the 
teaching of mathematics” by E. B. Lytle, 457-462.. 
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SCIENCE Progress, volume 14, April, 1920: Recent advances in pure mathematics, by 
Dorothy M. Wrinch, 536-543; Recent advances in applied mathematics, by S. Brodetsky, 543- 
550; “ Octaval notation for inch fractions,” 646-647 [Quotation: “A rule for engineer’s precision 
measurements has just been issued which embodies a proposal for a logical notation for the inch 
binary fractions. Such notation is not new, but for the first time is put into a practical form for 
the workshop. ... In place of the radix of 10 used for decimal notation, this rule . . . uses a 

radix of 8. Just as in decimals 0.234 = “ + ™ . . . so in octavals O 0 234 - | ™ ~ ; JJ J 

“Logic and mathematics ” by the late P. E. B. Jourdain [review of J. B. Shaw’s Lectures on 
the Philosophy of Mathematics (Chicago and London, 1918) and of B. Russell’s An Introduction to 
Mathematical Philosophy (London and New York), 669-674; Reviews by Dorothy Wrinch of H. 
Lamb’s An Elementary Course of Infinitesimal Calculus (3d edition, Cambridge, 1919), and of 
L. C. Ivarpinski, II. Y. Benedict, and J. W. Calhoun’s Unified Mathematics (Boston and London 
1919), 678-679. 

Scientia, volume 27, no. 3, March, 1920: Review by G. Loria of II. Bateman’s Differential 
Equations (London, 1918), 228-229; Review by W. J. Greenstreet of L. Huxley’s Life and Letters 
of Sir Joseph Dalton Hooker (London, 1918), 236-239. — No. 4, April: Review by p. Loria of E. 
Bortolotti’s Italiani scopritori e promotori di teorie algebriche (Modena, 1919), 315-317; Review by 
R. Moreoiongo of P. Appell and S. Dautheville’s Precis de mecanique rationnelle (2e ed., Paris, 
1918), 317-318. 

Technology REVIEW, Cambridge, Mass., volume 22, no. 2, April, 1920: “Richard Cock- 
burn Maclaurin” by J. P. Munroe, 252-262; “Resolutions by the Alumni Council,” 263-264 
[regarding R. C. Maclaurin]; “The work of Professor Edward C. Pickering at the Massachusetts 
Institute of Technology, 1S67-1S77” by C. R. Cross, 277-288 [Professor Pickering was Thayer 
professor of physics at the Institute for the ten years preceding his appointment as professor of 
astronomy and director of the Harvard Observatory in 1876; he established the first physical 
laboratory in the United States]; “Joseph John Skinner, Died November 12, 1919” by W. T. 
Sedgwick, 289-290 -f portrait [Professor Skinner, who was assistant professor in mathematics 
at M. I. T. 1896-1904, was born in Vermont in January, 1842. “From 1874 to 1S81 he taught 
mathematics at the Sheffield Scientific School, and also some classes in physics and astronomy. 
One of his pupils in 1S74 was the writer, whose recollections of 'Tutor Skinner’ are of a man 
always genial and especially courteous to his students. It was in his classes that some students 
were for the first time in their lives treated as gentlemen and equals, and the reaction was en- 
couraging and stimulating. On the other hand 'Tutor Skinner’ did not escape chaffing in a 
familiar rhyme which ran: 

“There was a bold tutor and he was a sinner. 

His first name was Joseph, his last name was Skinner. 

He wrestled the Freshmen and brought them to time, 

With his tangent, co-tangent, co-secant, co-sine.”] 

Tohokxt Mathematical Journal, volume 17, nos. 1-2, February, 1920: “On the con- 
servative field of force” by K. Ogura, 1-6; “A substitute for Duhamel’s theorem” by G. James, 
7-9; “IJeber Kriterien fur Irreduzibilitat ganzzahliger algebraischer Gleichungen” by M. 
Fujiwara, 10—17 ; “On the law of errors in the space of p dimensions” by A. Guldberg, 18-23; 
“Aeronautical photogrammetry with an appendix on reconnoitring photogrammetry ” [in Japa- 
nese] by T. Iwat-uki, 24-63; “On a certain transcendental integral function in the theory 
of interpolation” by it. Ogura, 64-72; “Sur les poly gones podaires d’un polygone plan donne” by 
V. Thdbault, 73-83; “On the converse of the theorem of Scheeffer’s” by Y. Uchida, S4; “Proof 
of the theorems due to Messrs. Kojima and Okada” [in ’Japanese] by M. Watanabe, 85-87 
“Groups of order g containing (g/2) - 1 involutions” by G. A. Miller, 88-102; “On some methods 
of construction in elementary geometry of three dimensions” by K. Yanagihara, 103-108; “On 
the nature of the integrals of a certain linear differential equation” by K, Oishi, 109-117; “Sur 
des points r&narquables du triangle” by V. Thebault, 118-122; “Remarks on the note 'On the 
Fourier constants’” by M. Plancherel and K. Ogura, 123-128; “On the theory of interpolation” 
by K. Ogura, 129-145. 

University Bulletin, Louisiana State University, new series, volume 12, no. 3: 
March, 1920: “The mathematical process and some of its disciplines” by S. T. Sanders, 31 pp. 





PROBLEMS AND SOLUTIONS. 


AMERICAN DOCTORAL DISSERTATIONS. 

Existence theorems for the general real self-adjoint linear system of the 
ions of the American Mathematical Society , vol. 19, January/ 1918, pages 
issertation, Harvard, 1919). 


PROBLEMS AND SOLUTIONS. 

Edited by B. F. Finkel and Otto Dunkel. 

Send all communications about Problems and Solutions to B. f. finkel, Springfield, Mo. 

PROBLEMS FOR SOLUTION. 

JIS.B. Hie editorial work of this department would be greatly facilitated if, on sending in 
problems, the proposers would also enclose their solutions— when they have them . If a problem 
proposed is not original the proposer is requested invariably to state the fact and to give an exact 
reference to the source.] 

2850. Proposed by SABAH BEALL, U. S. Coast and Geodetic Survey. 

An unknown star is observed at the altitudes hi and h» at the respective times - ti and £*>, the 
latitude being known also. Obtain formulas for the right ascension and declination of the star : 
(1) when the time interval h ~ h is large: (2) when .the time interval is so small that (1u — hi)/ 
(h ~ ti) may be taken as the value of dh/dt corresponding to the mean altitude (h + hi )/ 2 and 
the mean time (h + t 2 )/ 2. This problem sometimes arises when a bright star is observed through 
the clouds. 

2851. Proposed by hillel poritsky, Cornell University. 

Does there exist an analytic function, satisfying the functional equation, }{z + 1) = e /C*)? 

2852. Proposed by D. H. RICHERT, Bethel College, Newton, Kan. 

What is the radius of a cylinder inscribed in a right cone, radius of base R *» 5 inches, and 
altitude h « 18 inches, the volume of the cylinder to be (1/w = 3/4) that of the cone? 

2853. Proposed by «r. s. brown, Southwest Texas State Normal College, San Marcos, Texas. 

Find the side and apothem of a regular pentagon inscribed in a circle, without the use of 
extreme and mean ratio. 

2854. Proposed by €. N. mills, Heidelberg University. 

Solve the simultaneous equations for x and y, 


2855. Proposed by J. L. RILEY, Stephenville, Texas. 

Show" that the circle of curvature at any point of the ellipse cannot pass through the centre 
unless the eccentricity be greater than l/\2. 

2856. Proposed by o. s. ADAMS, U. S. Coast and Geodetic Survey. 

Show that for the real domain defined by -f- 1 > x > — 1, a a positive integer, 

. -L r ** __ __ 'V ~i— 2(« + 2) (2s + 2) * * • (*» - 6- + 2) 

(1 - x*) l > s do (1 - >/* (s -b 1) (2s + T) • • • (mT+ 1) x 


2857. Proposed by the late L. G. WELD. 

A savings bank offers to pay 3 % interest on deposits, sai 
compounded, i.e., compounded at infinitesimal intervals of time, 
of SI .00 for one year? . ■ 
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SOLUTIONS OF PROBLEMS. 

2753 [1919, 73]. Proposed by A. M. HARDING, University of Arkansas. 
Through a point P, within a circle, draw a chord which will be trisected at P, 


I. Solution by P. J. da Cunha, University of Lisbon. 

Soient C le centre et R le rayon du cercle donne, AB le diametre mene par le point interieur 
P, a la distance CP et MN la corde demandee. Comme sur toutes les cordes menees par un point 
, interieur a un cercle donne, les deux segments compris entre le point 

ry et la eirconference ont un produit constant, on a MP X PA 7 = 

AP X PB, ou, MP devant etre la tiers de MN, 

f /\\ 2 MP 2 - (R ~ a)(R + a) = R 2 - a 2 . 

Ip ri / A v 

p L -sZ— . d| J Alors, si Ton mene par P une perpendiculaire au diametre AB, cette 

\ /\ '/ perpendiculaire coupe la eirconference a un point D, et Ton a DP~ 

\ / y'' r r ~ B 1 2 — u 2 , et, par consequent, 2 MP 2 - DP 2 . 

\ / /-U Pour determiner MP il suffit, done, de construire un carre dont la 

diagonale soit DP. Soil PE le cote de ce carre. Du point P comme 
y centre, avec un rayon egale a PE, on deerit un arc qui coupe la cir- 

conference en deux points M et M'. Les cordes MN et M'N' re- 

pondent a la question. 


II. Solution and Discussion by E. J. Moulton, Northwestern University. 

It is obviously not always possible to construct such a chord; for example, there is no such 
chord if P is at the center of the circle. 

Let K be the given circle, C its centerand A A' the diameter through P. If there exists a 
chord having the desired property let B'B be such a chord, the notation chosen so that B'P — 2 BP. 
Then we shall have B'P -BP = A'P-AP or 2 BP 2 = (AC + CP) 

(AC — CP) ~ AC 2 — CP 2 . Now r we may construct a segment x B y^~ "Xc 7^ 
such that 2^ 2 — AC 2 — CP 2 as follows: Draw a right triangle with N/ 

hypotenuse equal to AC and one leg equal to CP; then the length, / E TyP 1 

y, of the other leg is such that y 2 — AC 2 — CP 2 . Next construct an j ll Jy\ 

isosceles right triangle with hypotenuse equal to y; then the legs will A'l QSANqE . 1 i 

be of the required length x, since we have 2x 2 = y 2 . Hence, if the l yy/\ / 

required chord exists its shorter segment is of the constructed length \p ^y j jfB 

x. If x < PA, assuming PA < PA', it therefore follows that no qF ,/ 

such chord exists. If x Ig PA, the extremity B of the chord may be 

located by drawing a circle with P as center and x as radius, and ' 

noting the points of intersection of this circle with the given circle K; any such intersection is a 

possible position for B. 

The complete ruler and compass construction apparently is made most briefly as follows: 
Having given the circle K with center at C and the point P, draw the diameter l-i = A' A through 
C and P, with P nearer *4 than A'. With A as center and AC as radius draw a circle Ki inter- 
secting 1 K in the distinct points D and DC Draw the line L = DD' intersecting 1 the line h in 
the point E. With E as center and radius EA draw' the circle J 12 ; with C as center and radius 
CP draw the circle A 3 . Let F be one of the points of intersection 1 of the circles K* and AT 
Draw the line 1$ = AF . With AF as radius , 2 draw the circle A 4 with center at A. and the circle 


1 The statement here is put in the usual form of elementary geometry. It is to be noticed 
that there is a serious defect in the logic here if w r e fail, as Euclid does under similar circum- 
stances, to prove that the given circles or lines actually do intersect in the required number of 
points. It can be proved, although the necessary axioms and theorems are not at hand in Euclid, 
that in the construction we are making the required points of intersection exist in all cases wiiere 
there is a reference to this foot-note, the proofs being based on axioms and theorems given, for 
example, by Veblen in Young's Monographs on Modern Mathematics. 

2 Here we are simply bisecting the segment AF. There is a logical objection to a common 
form of procedure, where arcs of unspecified radius are drawn, because it cannot be proved that 
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Ki with center at F. Let G be one of the points of intersection 1 of if., and K,. Draw the 
line h = GE intersecting 1 the line l s at the point H. With H as center and radius HA draw the 
circle Iu; let J be one of its intersections with the line h. With AJ as radius and P as center 
draw the circle K-, intersecting 3 the circle K in the points B and £,. Draw the chords k = BPB' 
and h = B 1 PB 1 . These are the required chords. Our construction has required the drawing 
of sis lines li, h, h, U, h, U and seven circles K x , K 2 , K s , lit, K h IC 6 , K-, the locating of ten 
necessary points A, B, Bi, D', D, E, F, G, H, J. (If one assumes that the center C is not given, 
as one might from the statement of the problem, the construction is much more difficult.) 

Also solved by George Agins, E. H. Clarke, H. N. Carleton, H. II. 
Downing, Emanuel Goldfarb, E. D. Grant, Laura Guggenbuhl, R. A. 
Johnson, Marcia L. Latham, E. W. Martin, F. V. Morley, A. G. Mont- 
gomery, LI. L. Olson, W. B. Pierce, Arthur Pelletier, Joseph Rosenbaum, 
Elijah Swift, Charles Schuman, L. G. Weld, C. C. Yen, and the Proposer. 

2754 [1919, 73]. Proposed by 3 . W. lasley, jr„ University of North Carolina. 

Given x = tan -1 -7=== , V = tan" 1 \ , i = log Vs 2 + f + 2 2 , solve for x, y, and z in 
vc- + y x 

terms of x, y, and z. 

Solution by E. S. Smith, University of Cincinnati 

From the given equations, we have z/( Vz 2 -f V 2 ) = tan x (1), yfx - tan y (2), and 

X 2 -f ?/2 _j_ ^2 = e 2 5. (3) 

Substituting the value of y from (2) in (1), gives 

z = x sec y tan x. (4) 

Substituting the values of y and z from (2) and (4) in (3), we have 

x = ± e 3 cos y cos x. (5) 

Hence, from (2) and (5), 

y = ± e z sin y cos x. (6) 

From (4) and (6), we have 


z « ± e z sin x. (7) 

Hence, the result is x = ± e z cos x cos y, y = ± e z sin y cos x, and z — ± e z sin x. 

Also solved by Marcia L. Latham, E. W. Martin, II. L. Olson, George 
Paaswell, Arthur Pelletier, C. H. Richardson, and D. L. Stamy. 

2755 [1919, 73]. Proposed by J. L. RILEY, Stephenville, Texas. 

Every number whose square is the sum of the squares of two consecutive integers is equal to 
the sum of the squares of three integers of which two, at least, are consecutive. 


Solution by Elijah Swift, University of Vermont. 

It is well known that the solution of the equation a 2 + b 2 = c 2 , where a, b, c are relatively 
prime integers, is given by the formulas, a = m 2 ~ n 2 , b — 2nm, c — m 2 + n 2 , where m and n 

points corresponding to G exist. The radius most easily specified for which the existence of G 
can be proved is the radius AF. It would not do, for example, to say “let us take any radius 
greater than a half of AF ” because that- does not specify an exact radius and it. would need to be 
proved that any radius which was used was actually “greater than a half of AF”. The 
simplest radius to use for the construction and a logical proof is the radius AF. 

8 Here we have assumed as in previous cases that there are points of intersection, but in 
this case there are none unless AP^SAJ. Since AJ is one-third of the required chord BB\ 
tvhPD it, ovioio i'+ IaIUoto a r> <c ip l>> wiaiau ir, •••;* 
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are relatively prime. In the case above a — b = =b 1, whence either (1) (m — nf — 2n l — 1 
or (2) {in + n) 2 — 2 m 2 - 1. The equation (2) may be derived from (1) by interchanging nl 
and n and changing the sign of n. This would not affect the value of c, nor the algebraic work 
below, 1 hence we need consider only (1). 

Writing (1) in the form (m — n) 2 — 1 = 2 n 2 , and factoring we have 

(3) [m — n — 1 ][m — n -j~ 1] = 2n 2 . 

Since the two factors differ by 2 and their product is even, each is even, 2 is the H.C.F., and 
one factor is twice an odd square and the* other the square of an even number. Accordingly we 
have 


v ' m - n + 1 = 4/3 2 m - n + 1 = 2a 2 , 

where a and (3 denote integers. From (3), (4) and (5) we find 

(0) n = 2a(3, m - a 2 -f 2^ 2 + 2aft dr 1 = 2/5 2 — a 2 , 

the upper sign resulting from equations (4) : the lower, from (5). Substituting these values in 
the expression for c, we find 

c = m 2 -{- n* = (<* 2 -f- 2 (3 2 + 2a/3) 2 -j- (2 a/5) 2 = (a 2 -f- 2afi) 2 +• (2 aft + 2 @ 2 ) 2 -j- ( 2a(3 ) 2 . 

But (a 2 + 2afi) — (2 a(3 -j- 2 IS 2 ) — =f 1 from (6), so that c is expressed in the desired form. 

It is worthy of note that, every solution of the equation X 2 — 2/d = rb 1 leads to a triangle 
having the given property, and such triangles can be obtained only from such solutions. All 
these can be found by developing V2 into a continued fraction and taking the numerator and 
denominator of any convergent as X and n respectively. In this way we get the following set 


order PAQBP'A'Q'B'). Let IC be any point of OA. Draw KLH parallel to Q'Q cutting AQ 
at L, and draw BLM, meeting OA produced at M. Draw MH, parallel to PP', to meet KLH 
at H, and draw B'KE to meet BL at E. Repeat, changing A } B, P, Q to A', B', P f , Q', respectively 
and nee versa . Repeat each of the foregoing, changing P, P', B, B' to Q, Q', B', B, respectively, 
and vice versa . 

What are the loci of E and HI Show that EH passes through A’ when K is a point of OA, 
through A when K is a point of OA’. Consider the effect of interchanging the roles of A and B. 

(lhis construction, as commonly given, is specialized in these particulars: the parallelogram 
is rectangular, the divisions of OA are equal, and the locus of H is not found.) 

I. Solution by Arthur Pelletier, Montreal, Can. 

■ OB « and- QA* — b be the axes of coordinates and, taking OK — — mb, we find the 
following equations of the indicated straight lines: 

$ + v% = - (2) (BLM) x/a - my/b = 1, 

(3) (MH) x/a — yfb — 1/m, (4) (B'KE) x/a + y/mb = — 1. 

By eliminating m from (2) and (4) we find for the equation of the locus of E, x^/a 2 + y-IV- = 1 . 
Hence when A passes from A to 0 the point E describes the part AB of an ellipse inscribed in the 
parallelogram, tangent to the sides at A, B, A', BL The other parts of the ellipse will evidently 
be obtained by making the changes indicated in the problem. Similarly, we obtain from (1) 
and (3) the equation x 2 /a 2 - y 2 /b 2 « - 1, Hence the locus of H is the part AHC of an hyperbola 
tangent to PQ at A etc. 

1 The new n would be negative, consequently aP in (6) would be negative7~Two of the three 

numbers, the sum of whose squares is c, would be 2a{3 — a 2 , 2a(3 — 20 1 and the difference is again dt 1 , 
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II. Solution by Otto Dunkel, Washington University 

The ranges of points K and L are projective and hence E is the intersection of t 
pencils with centers at B' and B, such that B'B is not self - 
corresponding. It thus follows that the locus of E is a conic X / 

tangent at B' and B and passing through A and A' of the \ A ' 

sides of the parallelogram. By using A and A' as centers it \ 
will be seen that it is tangent to the other two sides PQ and i /A n. A 
P'QI Similarly, the range of points itf is projective with the e> T\ 
ranges L and K, and hence II is the intersection of two pen- 
cils with centers at the points at infinity on OQ and OP. 

Thus the locus of H is a conic with OQ and OP as asymp- 
totes, and the conic passes through A and A'. It may be "" 
shown by the theory of conics (analytic or projective theory) 
that PQ is a tangent. It also follows that the pencils A' 

(E) and A' (H) are projective, that A' A, A'B , A f B' are self-corresponding rays 
pencils and hence all the corresponding rays coincide. Therefore, A', E II lie on a str: 


2757 [1919, 124]. Proposed by E. P. LANE, Rice Institute, Houston, Texas. 
Integrate by quadrature the differential equation 


Solution bi Alexander Dillingham, U. S. 'Naval Acadejny 

Interchanging the variables and setting q = dx/dy, we have dhjjdx- = - (dq/dy 
given equation becomes, after making these substitutions, , 


?/ 2 Vl H-c ^ 2 W 

and by integrating the last equation, we have finally 


* - - - =f ^r 2 + ci + c 2 . 

Also solved by R. D. Bohannan, P. J. da Cunha, E. B. Escott, M. Gutten 
H. Halperin, H. L. Olson, and Elijah Swift. 
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NOTES AND NEWS. 

Edited by E. J. Moulton', Northwestern University, Evanston, 111. 

At the Carnegie Institute of Technology Assistant Professor J. R. Everett, 
of Baker University, and Professor G. W. Hess, of Bethany College, have 
been appointed instructors in mathematics. 

Dr. F. Elizabeth Le Stourgeon, of Carleton College, has accepted a position 
as assistant professor of mathematics at the University of Kentucky. 

Professor Eugene Taylor, of the University of Wisconsin, has been ap- 
pointed head of the department of mathematics at the University of Idaho. 

Dr. R. B. Robbins, of the University of Michigan, has been promoted to an 
assistant professorship. He has been granted leave of absence for the year, 
which he will spend in practical study in statistics and insurance offices. 

Professor J. McMahon, of Cornell University, has a sabbatical leave of absence 
for the year, and will retire at its close. 

Professor P. H. Graham, of Agnes Scott College, has been appointed instructor 
in mathematics in Washington Square College, New York University. 

Instructor II. M. Mathews, of the University of Minnesota, has been ap- 
pointed assistant professor of mathematics at Wesleyan University. 

Mrs. Mayme I. Logsdon, instructor in mathematics at Northwestern Uni- 
versity, but more recently fellow at the University of Chicago, has been ap- 
pointed associate in mathematics at the University of Chicago. 

At Wellesley College Doctors Mary F. Curtis and Lennie P. Copeland 
have been promoted to assistant professorships in mathematics. 

At Harvard University the following new instructors in mathematics have 
been appointed for the year 1920-21: Assistant Professor C. A. Garabedian of 
New Hampshire College; Messrs. R. E. Langer, E. L. Mackie and Harry Levy 
of Harvard University; and Mr. A. J. Cook of University of Alberta. 

At the University of Minnesota, Professor W. H. Bussey has been promoted 
to the rank of professor and made assistant dean in the College of Science, Litera- 
ture and the Arts; assistant professors A. L. Underhill, R. W. Brink, and 
W. L. Hart have been promoted to associate professorships; F. K. Baier, Jr., 
of Pennsylvania State College, and Dr. Gladys Gibbens have been appointed 
instructors in mathematics. 




jy-'f-J NOTES AND NEWS. 

At the University of Wisconsin, Professor C. S. Slichte 
dean of the Graduate School to succeed Professor C 
Professor E. B. Skinner has been promoted to a 
Professor H. W. March has been promoted to 
Warren W ran er, of the California Institute of Technolo; 
to an assistant professors ‘ 

MacQueen, of Southwestern Presbyterian I 
instructors in mathematics. 

At the University of Paris, Dr. P. Painleve, professor of rational mechanics 
and a former premier of France, has been appointed professor of celestial 
mechanics m place of Professor P. Appell. Dr. E. J. Cartan, professor of 
differential calculus has been appointed to Professor Painleve’s chair, and Pro- 
fessoi E. I . J. \ essiot, new sub-director of the Ecole Normale Superieure [1920, 
33S], to Professor Cartan’s. Professors Painleve and E. Borel have gone to 
China on an educational mission; the former was in W ashington last May. 

Mr. A. E. Jolliffe, tutor in mathematics at Corpus Christi College, Oxford, 
has been appointed to the University chair of mathematics tenable at the Roval 
Holloway College, London. 

Miss Mary A. Colpitts, instructor in mathematics at the University of 
Wisconsin [1919, 419] died at Madison on July 11, aged twentv-eiMt vem-s * 


P. C. Comstock; Associate 
full professorship ; Assistant 
an associate professorship; Dr. 
le California Institute of Technology, has been appointed 
ship , and Messrs. Harold Davis, of Harvard, and M. L. 

niversity, have been appointed 
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NOTES AND NEWS. 


[Oct.., 1920.] 

At the last Yale commencement in conferring the degree of Master of Arts 
on Dean Hawkes, of Columbia University, President Hadley said: “Herbert 
Edwin Hawkes: B.A., Yale, 1896; Ph.D., 1900; like many of his classmates, 
Dr. Hawkes became a member of the Yale faculty, and taught mathematics for 
twelve years. In 1910 he was called to Columbia as professor; he was such a 
conspicuous success in administration that he was made dean of the college. 
He is the author of books in his chosen field, but his chief distinction is a worker of 
miracles — he has made hundreds of young men love mathematics. Perhaps they 
would not love mathematics so much if they did not love him even more. A living 
force in education.” 

At a meeting of the Academy of Sciences of the Institute of . France on May 17, 
1920, (1) a committee of seven (the president of the academy and three repre- 
sentatives each from the divisions of physical and mathematical sciences) was 
appointed to present a list of candidates for the chair of General History of 
Sciences in the College de France. (2) Professor L. E. Dickson, of the Uni- 
versity of Chicago, was elected (41 votes out of 45) “correspondent ” of the 
Academy, in the section of geometry. Two votes were cast for G. Castelnuovo 
and two for E. I. Fredholm. 

By a decree of 1909 the number of eorrespondants of the Academy of Sciences 
was increased to 116, 10 for each section except astronomy where there are 16, 
The other sections are: geometry, mechanics, physics, geography and navigation, 
chemistry, mineralogy, botany, rural economics, anatomy and zoology, medicine 
and surgery. Of the 50 eorrespondants in the section of geometry since 1816 only 
six have been English or American, namely: Ivory (elected in 1828), Hamilton 
(1844), Sylvester (1863), Spottiswoode (1876), Salmon (1884), and Dickson (1920). 

By way of celebrating Professor Dickson’s election colleagues and friends in 
the University of Chicago tendered him a complimentary luncheon. Professor 
A. A. Michelson, the only other “ correspondent ” of the Academy of Sciences at 
the University, presided. 

Professor Dickson’s productive activity during the twenty years of his con- 
nection with the mathematics department of the University of Chicago has been 
notable. In Publications of the Members of the University 1902-1916 (Chicago, 
1917), 6 of his books (one in collaboration with Miller and Bliehfeldt) and 123 of 
his papers are listed. Of his 29 papers published in this Monthly 14 only are 
here mentioned; the others appeared before 1902. Since 1916 have appeared the 
first two volumes of his monumental History of the Theory of Numbers (cf. 1919, 
396-403). The second volume (25-803 pages) was published in August. 

Professor Dickson was managing editor of this Monthly 1902-1906 and 
associate editor, 1906-1908. He was associate editor of the Transactions of the 
American Mathematical Society , 1902-1910 and joint editor 1911-1916. He has 
been president of the American Mathematical Society, is a member of the Division 
of Physical Sciences of the National Research Council, and is chairman of the 
American Section of the International Mathematical Union whose membership 
was listed in our last issue (1920, 340). 
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J. V. McKelvey, Iowa State College. 

Helen A. Merrill, Wellesley College. 

Bessie I. Miller, Rockford College. 


H. H. Dalaker, University 7- of Minnesota. 
Sister Mariola Dobbin, St. Clara College, 
E. L, Dodd, University of Texas. 

J. E. Dotterer, Manchester College. 

L. W. Dowling, University of Wisconsin. 
Otto Dunkel, Washington University". 

M. D. Earle, Furman University. 

G. C. Evans, Rice Institute. 

H* & Everett, Bucknell University. 

%qe Fergitson, Crane Junior College. 

B, F. Finkel, Drury College. 

L. R. Ford, Rice Institute. 

W. B. Ford, University- of Michigan. 
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W, L. Miser, Armour Institute. 

C. N. Moore, University of Cincinnati. 

E. H. Moore, University of Chicago. 

E. J. Moulton, Northwestern University. 

F. R. Moulton, University of Chicago. 

A. L. Nelson, University of Michigan. 

H. L. Olson, University of Michigan. 

Anna H. Palmie, Western Reserve University. 
Anna J. Pell, Bryn Mawr College. 

T. A. Pierce, University of Nebraska. 

A. D. Pitcher, Western Reserve University. 

S. E. Rasor, Ohio State University. 

R. G. D. Richardson, Brown University. 

H. L. Rietz, University of Iowa. 

W. J. Risley, James Millikin University. 
Maria M. Roberts, Iowa State College. 
Percival Robertson, The Principia, St. Louis. 
W. II. Roever, Washington University. 

Minna J. Schick, University of Minnesota. 
Oscar Schmiedel, Nebraska Wesleyan Uni- 
versity. 

Ida M. Schottenfels, Chicago, 111. 

E. W. Sheldon, University of Alberta. 

H. A. Simmons, University of Michigan. 


W. G. Simon, Western Reserve University. 

E. B. Skinner, University of Wisconsin. 

H. E. Slaught, University of Chicago. 

E. B. Stouffer, University of Kansas. 

C. E. Stromquist, University of Wyoming. 

K. D. Swartzel, Ohio State University. 

E. J. Townsend, University of Illinois. 

A. L. Underhill, University of Minnesota. 

P. II. Underwood, Ball High School, Galveston. 

Oswald Yeblen, Princeton University. 

J. II. Weaver, Ohio State University. 

W. P. Webber, University of Pittsburgh. 

F. M. Weida, University of Iowa. 

Mary E. Wells, Yassar University. 

W. D. A. Westfall, University of Missouri, 
Marion B. White, Carleton College. 

C. E. Wilder, Northwestern University. 

F. B. Wiley, Denison University. 

Vera L. Wright, University of Minnesota. 

C. II. Yeaton, School of Engineering of 
Milwaukee. 

J. W. Young, Dartmouth College. 

J. W. A. Young, University of Chicago. 


It is noteworthy that there were in attendance at the meeting from more 
distant parts of the country nine from Texas, six from Massachusetts, three each 
from Alberta, New York and Rhode Island, two each from Colorado, Pennsyl- 
vania and South Carolina, and one each from China, Ontario, California, Mary- 
land, New Hampshire, New Jersey, Virginia and Wyoming. 

Pleasant arrangements were made for those attending the meetings. Com- 
fortable rooms were furnished in Beecher and Hitchcock Halls, while all had meals 
as well as social opportunities at the Quadrangle Club. The courtesies shown 
to the members were recognized in a resolution of thanks offered by Professor 
Veblen. The joint banquet of the two organizations was held on Tuesday evening 
where about 110 members and friends were present. At this joint dinner brief 
speeches were made by the toastmaster, Professor Slaught, and by Professor 
Birkhoff as representing the Society, Professor Merrill as representing the 
Association, Professors Veblen, Killam, Hedrick and Hurwitz. On Thursday 
evening the members of the two bodies and their friends were delightfully enter- 
tained at a reception at the home of Professor and Miss Slaught. Professor Lunn 
contributed greatly to the enjoyment by his piano solos. 

Vice-President Merrill presided at the morning session and Professor Veblen 
at the afternoon session. The following papers were read: 


(1) “On certain fundamental principles in the mathematics of life insurance” 
by Professor D. F. Campbell, Armour Institute of Technology. 



THE MATHEMATICAL ASSOCIATION OF AMERICA 


(2) “Certain features of the application of Makeham’s laws of mortality” 
by Professor H. L. Rietz, University of Iowa. 

(3) “The plan of pensions and insurance recommended by the Carnegie 
Foundation for the Advancement of Teaching” by Professor E. L. Dodd, Uni- 
versity of Texas. 

(4) Report of progress of the National Committee on Mathematical Require- 
ments, by Professor J. W. Young, Dartmouth College. 

(5) “The debt of mathematics to the experimental sciences” by Professor 
A. C. Dunn, University of Chicago. 

(6) Discussion of Professor Lunn’s paper with respect to its bearing upon 
research in pure mathematics, by Professor E. H. Moore, University of Chicago. 

(7) Discussion of Professor Lunn’s paper with respect to its bearing on mathe- 
matical curricula, by Professor M. W. Haskell, University of California. 

(S) “Retrospect and prospect for mathematics in America,” — retiring presi- 
dential address by Professor H. E. Slaught, University of Chicago. 

Abstracts of the papers and discussions follow below, the numbers corre- 
sponding to the numbers in the list of titles: 

1. Professor Campbell’s paper dealt with some of the theorems of mathe- 
matics underlying the principles of life insurance. He explained various of the 
principles of interest touching upon nominal and effective interest, force of 
interest, and present values. Then he took up some problems in probability 
in connection with the mortality table and derived a few formulas in annuities 
and insurance, pointing out the special technique of avoiding extensive calcula- 
tions. He finally treated the subject of reserves and a method of calculating 
these. 


3. The Carnegie Foundation recommends, as especially suited to the needs 
of college teachers, a combination of insurance, non-convertible term insurance 
or decreasing whole-life insurance, with a savings account— interest at 4 per cent, 
or 4§ per cent.— to purchase a pension upon retirement or to pass to the estate 
upon death. These forms of protection — as, indeed, also the more common forms 
of insurance — can be purchased by teachers from The Teachers Insurance and 
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Annuity Association at cost. No part of a teacher’s payment is used for the 
expenses of the company. 

The more common forms of insurance are (1) non-convertible term, (2) term, 
convertible to other forms, (3) whole life, (4) limited payment life, and (5) 
endowment. With the exception of (1), these forms all involve an endowment 
or cash value, which can be used to purchase a pension. Indeed, with the excep- 
tion of (1), the forms are all good; and they are well adapted to the needs of a 
man on moderate income who has some ability to save. For men on very small 
income, forms (2) and (3) are to be preferred; for men who find it difficult to 
save, form (5) or the plans suggested by The Carnegie Foundation. The more 
common forms of insurance are more flexible; but the Foundation plans bind 
the accumulations strictly for pension purposes. As pension plans, however, 
they exhibit very considerable flexibility, because of the various options permitted. 

4. The report of Professor Young is embodied in the reports printed in the 
July-September issue of the Monthly and elsewhere (pages 441-442) in the 
present issue. 

5. An important portion of the concepts of present mathematical science has 
emerged by abstraction and generalization from notions originally quite special 
and concrete occurring in experimental sciences. The successive steps in develop- 
ment have often been carried quite far under the impulse of suggestion from the 
experimental relations. 

Professor Limns paper was devoted primarily to a commentary of illustration 
from the theories of mechanics, heat and electromagnetism. Historical sketches 
were given of examples leading to familiar general notions in the theories of 
quadratic forms, modern geometry, differential and integral equations. It is 
to be hoped that this paper may be available to those not present at the meetings. 

6. Professor Moore in his discussion discriminated between the different 
aspects of research. (1) The process. In research in applied mathematics 
this does not differ essentially from that in pure mathematics, except that the 
latter does not need the elaborate equipment necessary in the former. The main 
speaker, it was pointed out, had brought out the fact that he who comes to pure 
research with a large background of experimental knowledge has a great aid in his 
work. Professor Moore instanced by reference to his own study of matrices the 
possibility of the discovery through generalization of tools of great usefulness. 
(2) Ideals of research, (a) of the individual, (b) of the group of individuals. 
Here distinct advantages come directly from the “right” of the experimental 
sciences to the “left” of the abstract fields; the “foundations” may w T ell serve 
to make a contribution in the reverse direction. We have much in evidence at 
the present time in the way of scholarship and of research ability. We must 
develop the ideal of the group, as is beginning to be done in this country. (3) 
The form. One should choose the form in which he casts his research such that 
it shall be most clearly understood by those not conversant with his subject. 
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There must be a differentiation between various parts of research, yet if science 
is to advance, there must be a compensatory unifying principle. While mathe- 
matical principles have emerged, sometimes directly and logically, sometimes 
by way of analogy, from the various sciences as described by Dr. Lunn, in the 
higher reaches of pure mathematics there should be a working out of the principles 
embodied in physical research in a form free from mere analogy. 

7. The mathematical curriculum has changed greatly in recent years. We 
cannot legitimately include a subject in the curriculum unless we can justify its 
inclusion to those taking the course. Professor Haskell regarded Professor 
Lunn’s paper as a strong plea for the introduction of the element of interest in 
mathematics; we must be able to give the student reasons for studying it and 
must first of all know the reasons ourselves. We must furthermore give the 
students something in mathematics which shall relate itself to their own lives. 
We should, for example, show them the advantage of a mathematical formulation; 
trigonometry has here its great appeal. With less ease, yet in a feasible way, we 
may make college algebra an attractive subject instead of a bugbear. 

Professor Jackson spoke of the lamentable lack of agreement existing between 
mathematicians and physicists. A single example, he said, would serve, viz., 
it would aid greatly if we would present existence theorems not so much as proofs 
of the existence of solutions (which usually are found by entirely different 
methods) as means of finding solutions where other methods fail. 

S. Ihe inspiring retiring address of President Slaught will appear in the 
December issue of this Monthly. 

Meeting of the Council of the Association. 

Eleven members of the Council were present at the meeting. 

The following seventy persons and three institutions, on applications duly 
certified, were elected to membership (making 181 new memberships since 
January 1, 1920): 

Nina M. Aldekton, A.M. (Columbia). Asst, and grad, student, Univ. of 
California, Berkeley, Calif. 

H. E. Anderson, A.M. (Augustana Coll.). Muhlenberg Coll., Allentown, Pa, 

W . A. Austin, A.M. (Indiana). Head of dept, of math., High School and Junior 
Coll., Fresno, Calif. 

Kate C. Barbour, A.B. (Oklahoma). Teacher, High School, Norman, Olda. 

J. F. Barnhill, A.B. (Kansas). Supt., City Schools, Parsons, Kans. 

P. M. Batciielder, Ph.D. (Harvard). Instr. in pure math., Univ. of Texas, 
Austin, Tex. 

W. D. Baten, A.M. (Texas). Head of dept, of math., Grubbs Yocat. Coll., 
Arlington, Tex. 

Severin Bays, Ph.D. Professeur agrgge, Univ. of Fribourg, Switzerland. 
Florence A. Bixby, A.M. (Columbia). Head of dept, of math., Riverside 
High School, Milwaukee, Wis. 
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Ettore Bortolotti, Dottore in Mat. Prof. ord. di analisi algebrica, Univ. of 
Bologna, Italy. 

M. Ltjcile Brown, A.M. (Ohio State). Instr., Western Coll., Oxford, Ohio. 
Gladys-Mary E. Campbell, A.B. (California). Asst., Univ. of California, 
Berkeley, Calif. 

Michele Cipolla, Dottore in Mat. (Palermo). Prof. ord. di analisi algebrica, 
Univ. of Catania, Italy. 

R. F. Clark, A.B. (Williams), Pd.B. (Albany State Normal). Chairman of 
dept, of math., De Witt Clinton High School, New York, N. Y. 

L. H. Cutting, B.S. (Chicago) Teacher, Westport High School, Kansas City, 


J. A. Ely, C.E. (Princeton). Prof., St. John’s Univ., Shanghai, China. 

Stephen Emery, A.M. (Boston). Head of dept, of math., Erasmus Hall High 
School, Brooklyn, N, Y. 

P. H. Evans. Chief actuary, Northwestern Mut. Life Ins. Co., Milwaukee, Wis. 

H. L. Fassett, A.M. (Bucknell). Head of dept, of math., South Side High 
School, Newark, N. J. 

D. D. Feldman, B.S. (Nebraska). Prim, Curtis High School, Staten Island, 
N. Y. 

L. R. Ford, Ph.D. (Harvard). Asst, prof., Rice Inst., Houston, Tex. 

Z. G. de Galdeano, Dr. in Ciencias matematicas. Prof., Univ. of Zaragoza, 
Spain. 

Falka M. D. Gibson, A.B. (California). Teacher, High School, Orland, Calif. 

Maria D. Graham, B.S. (Teachers Coll.). Head of dept, of math., Teachers 
Training School, Greenville, N. C. 

May V. Haworth, Ph.B. (California). Vice-prim, High School, Alameda, Calif. 

V\ . S. Higgins, M.E.E. (Harvard). Prof, of math, and engg., Southwestern 
Presbyt Univ., Clarksville, Tenn. 

L. A. Hopkins, Ph.D. (Chicago). Asst, prof., Univ. of Michigan, Ann Arbor, 
Mich. 

M. H. Ingraham, A.B. (Cornell). Instr., Univ. of Wisconsin, Madison, Wis. 

George Jackson, B.S. (Cincinnati). Asst, headmaster, Asheville School, Ashe- 
ville, N. C. 

C. L. Johnson, B.S. (Ore. Agric. Coll.). Head of dept, of math., Ore. Agric. 
Coll., Corvallis, Ore. 

S. I). Killam, Ph.D. (Gottingen). Asso. prof., Univ. of iVlberta, Edmonton 
South, Alb., Canada. 

A. V. Lebeuf. Prof, of astr. and dir. of the observatorw Univ. of Rpsanmn. 
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L. E. McCarty, A.M. (Texas). Asst, prof., math, and physics, Michigan 
College of Mines, Houghton, Mich. 

Dora McFarland, A.B. (Monmouth). Instr., Univ. of Oklahoma, Norman, 
Okla. 

Elsie J. McFarland, Ph.D. (California). Berkeley, Calif. 

Emma L. Noonan, A.M. (Columbia). Teacher, Girls High School, San Francisco, 
Calif. 

J. W. Pancoast, B.S. (Swarthmore) . Prof., Guilford College, N. C. 

Honor K. Pettit, A.B. (Park Coll.). Grad, student, Univ. of California, 
Berkeley, Calif. 

T. A. Pierce, Ph.D. (California). Asst, prof., Univ. of Nebraska, Lincoln, Neb. 
J. F. Pobanz, A.B. (Michigan). Asst., Univ. of California, Berkeley, Calif. 

Inez D. Powelson, A.M. (California). Teacher, Bakersfield, Calif.' 

\ . Ramana-Sastrin, Ph.D. Vedaraniam, Tanjore Dt., South India. 

0. H. Rechard, Jr., A.M. (Penna. Coll.). Instr., Univ. of Wisconsin, Madison, 
Wis. 

Clair Reid, A.B. (Earlham). Instr., Purdue Univ., LaFayette, Ind. 

Theresa M. Renner, B.S. (Blackburn). Instr., Blackburn Coil., Carlinville, 111. 
C. P. Rockwell. Asst, actuary, Texas Dept, of Ins. and Banking, Austin, Tex. 
Sarah A. Ruby, A.B. (Iowa). Head of dept, of math., Jefferson High School, 
Portland, Ore. 

G. O. Sagen, A.B. (California). Asst., Univ. of California, Berkeley, Calif. 
Meyer Salkover, A.M. (Cincinnati). Instr., Univ. of Cincinnati, Cincinnati, 
Ohio. 

Minna J. Schick, A.M. (Northwestern). Instr., Univ. of Minnesota, Minne- 
apolis, Minn. 

L. Silberstein, Ph.D. Research laboratory, Eastman Kodak Co., Rochester, 
N. Y. 

E. B. Skinner, Ph.D. (Chicago). Prof., Univ. of Wisconsin, Madison, Wis. 

1. W. Smith, A.M. (Illinois). Prof., North Dakota Agric. Coll., Fargo, N. D. 

W. A. Stafford, A.M. (Stanford). Head of dept, of math., High School, 

Oakland, Calif. 

G. C. Staley, A.M. (Chicago). Instr., Parker High School, Chicago, 111. 

Stella Stephens, A.B. (Georgetown Coll.). Teacher, High School, .Paris, Ky. 
Helen Thompson, A.B. (Vassar). Head of dept, of math., Kentucky Coll, for 
Women, Danville, Ky. 

Luis Octavio be Toledo. Prof., Univ. of Madrid, Spain. 

R. S. Underwood, A.M. (Minnesota). Instr,, Purdue Univ., LaFayette, Ind. 
Louis Van IIee. Jesuit Father; Prof of math., Liege, Belgium. 

P. W. Waterman, Ph.B. (Vermont). Head of dept, of math., Montclair Acad., 
Montclair, N. J. 

J. H. M. Wedderburn, D.Sc. (Edinburgh). Asst, prof., Princeton Univ., 
Princeton, N. J. 

Helen F. Weeks, B.S. (California). Head of dept, of sc. and math., High 
School, Alhambra, Calif. 
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B. C. Wong, A.M. (California). Asst., Univ. of California, Berkeley, Calif. 
Ruth G. Wood, Ph.D. (Yale). Prof., Smith Coll., Northampton, Mass. 
Jessica M. Young, M.S. (California). Instr., math, and astr., Washington 
Univ., St. Louis, Mo. 

Vivian YMung, A.B. (Willamette). Head of- dept, of math., High School, 
Salem, Ore. 

To institutional membership. 

St. Mary-of-the- Woods College, St. Mary-of-the-Woods, Ind. 

Northern Normal and Industrial School, Aberdeen, S. Dak. 

University of Wyoming, Laramie, Wyo. 


A report was made for the committee on life membership. It was agreed that 
more study should be devoted to this subject and a committee of three actuarial 
members of the Association was appointed which should report on the actuarial 
features of the proposed life membership fee, including the feasibility of a fee 
graduated according to age. 

It was voted to accept the invitation of Wellesley College for the summer 
meeting in 1921. 

It was voted to accept the invitation of the staff of the University of Chicago 
for the next annual meeting in affiliation with the meeting of the American 
Association for the Advancement of Science; and through a later reDort of the 
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Since twice as much additional revenue must be secured as will come from the 
increase in membership clues, if the income of the Association is to equal its 
expenditures, a committee of the Council has been appointed to invite subscrip- 
tions, aside from membership dues, which may be applied to the current budget 
or to permanent endowment. A third method by which members can readily 
come to the financial aid of the Association is for each member to invite and urge 
others to become members; if we believe in the value of the Association’s work, 
we can rightfully bring this to the attention of all the members of the staff and 
to advanced students of mathematics at each college and university, and to other 
persons definitely interested in mathematics. 

To the end that our organization may legally receive donations and bequests, 
the Council took steps to incorporate the Association. Both the Council and 
the Association unanimously adopted resolutions empowering Professors E. H. 
Moore, H. E. Slaught and W. D. Cairns to apply for a charter, and this action 
was taken by them at once. Since then the charter has been granted and the 
Mathematical Association of America Incorporated has been organized under the 
statutes of the State of Illinois. The articles of incorporation vest the legal 
control in the first instance in three trustees, Professors II. E. Slaught, E. R. 
Hedrick and W. D. Cairns, but they have exercised their legal prerogative by 
enlarging the Board of Trustees to nineteen, thus including the present officers 
and all members of the present Council and by adopting a set of by-laws which 
include the by-laws and constitution of the original Association together with such 
modifications and additions as were necessary to meet the legal requirements. 
The charter of the Mathematical Association of America Incorporated now super- 
sedes the old constitution. The property and assets of the old Association have 
been transferred to the newly incorporated body in accordance with the authority 
granted by vote of the Council. The By-Laws of the Mathematical Association 
of America Incorporated follow, preceded by the official minutes of the organi- 
zation meeting and the Certificate of Incorporation. 

W. D. Cairns, Secretary-Treasurer . 


CERTIFICATE NO. 3651. 

State op Illinois, Office of Secretary of State. 

To all to whom these Presents shall come, Greeting: 

Whereas a certificate, duly signed and acknowledged has been filed in the 
office of the Secretary of state, on the 8th day of September, A.D. 1920, for the 
organization of 


THE MATHEMATICAL ASSOCIATION OF AMERICA 
(INCORPORATED) 

under and in accordance with the provisions' of “ An Act Concerning Corporations ’ 
approved April 18, 1872, and in force July 1, 1872 and all acts amendatory thereof 
a copy of which certificate is hereto attached; 
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Now, therefore, I, Louis L. Emmerson, Secretary of State of the State of 
Illinois, by virtue of the powers and duties vested in me by law, do hereby certify 
that the said 

THE MATHEMATICAL ASSOCIATION OF AMERICA 
(INCORPORATED) 

is a legally organized corporation under the laws of this State. 

In Testimony Whereof I hereunto set my hand and cause to be affixed the 
Great Seal of the State of Illinois done at City of Springfield, this 8th day of 
September A.D. 1920 and of the Independence of the United States the one 
hundred and forty-fifth. 

Louis L. Emmerson, 

Secretary of State . 

[Great Seal 
of the State of 

Illinois] 

[Filed for Record September 10, 1920 in the office of the Recorder of Cook 
County, Illinois as Document No. 6935590.] 

MINUTES OF THE ORGANIZATION MEETING OF THE TRUSTEES OF THE MATHE- 
MATICAL ASSOCIATION OF AMERICA (INCORPORATED), HELD AT CHICAGO, 
ILLINOIS, ON THE 10TH DAY OF SEPTEMBER, A. D. 1920. 

There were present Messrs. Slaught, Hedrick and Cairns, being all of the Trustees acting 
by virtue of Application for Charter filed with the Secretary of State at Springfield, Illinois. 

The meeting was called to order by Mr. Slaught, who presided. Mr. Cairns acted as Secre- 
tary of the meeting and recorded the proceedings. 

Mr. Slaught reported that Application for Charter had been duly filed with the Secretary of 
State, that Certificate of Organization had thereon been issued by the Secretary of State and that 
such Certificate had been filed with, and on this 10th day of September, A. D. 1920, recorded 
in the office of, the Recorder of Deeds of Cook County, all in accordance with the laws of the 
State of Illinois; that the Association had, under the law, been fully organized and might now 
proceed to business. 

The Chairman announced that at a meeting of the members of The Mathematical Association 
of America, the unincorporated organization to which it is proposed to make this Association 
successor, held at Chicago, Illinois, September 6, 1920, a resolution had been adopted, authorizing 
the Officers and the members of the Council of that organization to do all acts and things neces- 
sary to be done to complete the organization of this Association, to transfer to it the property 
and business of the unincorporated organization, subject to its liabilities, and, so far as possible, 
to provide for the continuation of the Association’s business and affairs substantially along the 
lines prevailing in the unincorporated organization. 

The Chairman announced that, the first order of business was the election of a President and 
Secretary of the newly incorporated Association. 

Thereupon, on motion duly made, seconded and unanimously carried, it was resolved that 
until, and subject to, the legal effectuation of the amendment to the Articles of Association for the 
increase of Trustees, as contemplated and hereinafter set forth, Herbert E. Slaught and Wil- 
liam D. Cairns be, and hereby are, elected, respectively, President and Secretary of this Asso- 
ciation. , ! , • 

The Chairman announced that the next order of business was the adoption of By-Laws for 
the government of the Association and thereupon submitted a code of By-Laws which, was care- 
fully considered and, upon motion duly made, seconded and unanimously carried, adopted as the 
By-Laws of this Association. A copy of the By-Laws so submitted and adopted was ordered 
certified by the Chairman of the meeting and included in the records of this meeting. 
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S eC tioiTJtheTrt^°nf d A Uly madC ’ se ?™ ded and unanimously carried, it was resolved that 

coBroRATFD) be IS herehv f l °^ 0f T f E Association op America (In- 

corporated) be, and hereby is, changed and amended to read as follows: “The manaeement 

of the aforesaid Association shall be vested in a Board of Nineteen (19) Trustees ” * 

Officers of thiTVssodation h? “??’ T ded “*? unanim ously carried, it was resolved that the 
mcers ol tlub Association be, and hereby are, authorized and directed to do all acts and thines 

of theArticles^of Whilon of !° * f 0 "] ”? “ d aboUt makin ® ^Y effectual the amendment, 
o die assets itll! ,'! C ,° nSUmmation of the transfer to this Association 

t ie A bets, piopeitj, business and membership of the present unincorporated Association 

No further business being presented, the meeting was, on motion, duly adjourned, 

William D. Cairns, 

Approved: Secretary of the Meeting , 

Herbert E. Slaught, 

Chairman of the Meeting. 

BY-LAWS OF THE MATHEMATICAL ASSOCIATION OF AMERICA 
(INCORPORATED). 

Article I Name, Purpose and Corporate Seal. 

1. This organization shall be known as 

The Mathematical Association of America (Incorporated). 

in thn n e m sist in P ro . motia S the interests of mathematics in America, especially 

m the collegiate held, by holding meetings in any part of the United States or +iN 

fournalfhorh nd dlSCUSsio1 } of m f the matical papers, by the publication of mathematical papers 
j urnaL, books, monographs and reports, by conducting investigations for the purpose of im- 

wtih^h 1 ™ teacll ? ng ,? f mat ^ematics. by accumulating a mathematical library and by cooperating 
object ° rg " ons wh “ this may be desirable for attaining these or other slS 

3. The Corporate Seal of the Association shall have inscribed thereon the name of the 

Association and the words “Corporate Seal— Illinois.” L namo °‘ U,c 

Article II — Membership. 

fieW ° f COll6giate matheraatics ^ eligible for 

2, Any institution in which the Calculus is regularly taught shall be eligible for #»WHnn tn 

“zonal membership in the Association. Such JinJution^U have ^the pSge of 
sending a voting delegate to the meetings of the Association ^ ^ 

,w ,he *■* "■»- ”**» ■»„ 

4. Those who were admitted to membership in The Mathematical Association of America 

to 192 °’ ^ are in g ° 0d Standing as such hereby admitted 

Article III— -Board of Trustees and Officers. 

, nt i Dl andj management of the affairs and funds of the Association shall be vested in 

t ^°. d,rd of 1 ^ees. who shall be members of the Association. The Board of Trustees in the 
rst instance, shall consist of the three (3) persons named in the Certificate of Organization ’ It 
is contemplated that such Board of Trustees shaE, immediately after completing the organization 

oilo C? l C;d lrn f ( ' n T th i C ArtlCl t ° f A ™ tior b in the —r hereinafter pSfT, 
S I n B , of Trustees numbering Nineteen (19). Such Board of Nineteen ( 19 ) shall 
fW " '-u ‘ l 1 Tif ’ * wo ^ 2 ' lee-Presidents, a Secretary-Treasurer, tliree (3) members of the 
Committee on Publications and twelve (12) additional members. ° °* the 

the t ZAC ermS !?* ag f “ St respective names, the following shall, upon amendment of 
the Articles oi Association above mentioned, be the Officers and Trustees of the Association • 



Office. Name. 

President D. E. Smith 

Vice-President Helen A. Merrill 

Vice-President E. J. Wilczynski 

Secretary-Treasurer W. D. Cairns 

( W. A. Hurwitz, 

Committee on Publication \ H. E. Slaught, Manager, . 

[ R. C. Archibald, Editor in Chief 

{ Florian Cajori 
Elizabeth B. Cowley 
E. L. Dodd 
G. A. Miller 

{ L. P. Eisenhart 
B. F. Finkel 
E. V. Huntington 
E. H. Moore 
| R. D. Carmichael 

rp , E. R. Hedrick 

trustees \ Oswald Veblen 

I J. W. Young 


Trustees . 


Term ending with the 
Annual Meeting in 

December, 1920 or January, 1921 . 
December, 1920 or January, 1921. 
December, 1920 or January, 1921. 
December, 1920 or January, 1921. 

December, 1920 or January, 1921. 


December, 1920 or January, 1921. 


December, 1921 or January, 1922. 


December, 1922 or January, 1923. 
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3. The President and Vice-Presidents shall be elected by the Association’s members annually 
for a term of one year, and four members of the Board shall be elected, by the Association’s mem- 
bers annually for a term of three years. They shall be eligible for reelection, but not for more than 
two (2) consecutive terms. The Secretary-Treasurer, and the Committee on Publications, con- 
sisting of the Manager, the Editor and one other member, shall be appointed by the Board. All 
Trustees and Officers shall hold over until their respective successors are elected and qualify. 

4. The Board shall transact the official business of the Association and shall report its actions 
at the annual meeting of the Association and in the official journal. Any proposed action of the 
Board which makes or alters a question of policy shall be published in the official journal before 
final action has been taken, so that members of the Association may make known to the Board 
their individual views. 

5. The Board shall have authority to fill vacancies ad interim in any office, including vacancies 
in the Board and in the Committee on Publications. 

8. At all meetings of the Board of Trustees a quorum shall consist of not less than five (5) 
members and no business may be validly transacted at a meeting at which less than a quorum is 
present; provided that any meeting of the Board, whether or not a quorum be present, may be 
adjourned to a specified time and place by a majority of the members present without notice to 
the members at large other than announcement at such meeting. Informal action based on 
correspondence among the members of the Board, if ratified at a properly convened meeting 
of the Board, shall be as valid and effective as if originally authorized at such meeting. 

7. Two months before the date of the annual meeting all members shall be given an oppor- 
tunity to nominate by mail a candidate for each office to be elected by the members for the ensuing 
year. One month before the annual meeting the Board shall announce two candidates for each 
office to be filled by the members, one being the person who received the highest vote in the 
nominations and the other being selected by the Board from among the several nominees next in 
order. The election shall be by mail or in person and shall close on the day of the annual meeting. 

8. The President shall be the executive Officer of the Association, shall preside at all meetings 
of the Board of Trustees and at the annual meeting of the Association. He shall have the usual 
duties pertaining to his office and such other duties as may from time to time be devolved upon 
him by the Board of Trustees. 

9. The Vice-Presidents shall, in the absence of the President, have and exercise the powers 
of the President, their order being determined alphabetically. The Board of Trustees may 
devolve upon the Vice-Presidents such duties as may from time to time be determined. 

10. The Secretary-Treasurer shall have the usual duties pertaining to the office of Secretary 
and of Treasurer, including the custody of the records of the Association and of its Corporate 
Seal, the keeping of minutes of the meetings of the Board of Trustees and of the annual meeting 
and special meetings of members, the giving of due notice of all regular and special meetings of 
the Association and of the Board of Trustees and the supervision and safe-keeping of the funds 
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Board 


ol the Association. The Secretary-Treasurer shall also have the duty of seeing that whenever 
Ln^tees are elected, including the election of Trustees to fill vacancies, a Certlcate under he 
heal of the Association giving the names of those elected and the term of their office “mil be 

bTshni^bv^th^&CTefar^T^pqs 1 ^ 61 ° f f ?A 00k County ’ I1Iinois - Suoh Certificate shall 

be signed by the Secretary -Treasurer and verified by oath of the President. 

. lie Committee on Publications shall have supervision, subject to the control of the 

ird of Trustees, of the official journal and of all other publications of the Association. 

Article IV — Meetings. 

imv m 6 ,4 ssoci f ion f ali be . h eld annually, at such time and place as the Board 

may dnect. Special meetings of the Association may be called from time to time by, the Board of 

’ ° r T ll e the B ° ard ls not 111 session b y th e President of the Association,* to be held at 

£i. Tl ” - «» 

2. Ihe outgoing Board of Trustees shall hold a meeting immediately preceding the annual 

Tn^eP 1 n 6 , Tr iatl ° n + neXt ' S T Ceeding their eleCtion > aad membls ofThe mnv LZ of 
Iiustees shall hold a meeting and organize, by completing the Board, immediately succeeding 

the annual meeting of the Association at which the new members thereof were elected Further 
members of the Board”" 7 ^ ^ to at the Cal1 ° f the President or any three (3) 

3. Notice of any meeting of members of the Association shall be given by the Secretarv- 

rf tWR 1 at i le f m thi 5 ty da { S pnor to the date set for such meeting. Notice of all meetings 

ot the Board oi Trustees other than the regular meetings provided in Section 2 shall be o-ivpn to 
each member of the Board at least fifteen (15) days prior fo the date set therefor ^ 

b t ; A J me ® ber of the Association or of the Board of Trustees may waive notice with the 
bame effect as if due notice had been given him. 

ton) 0 ' A I a11 m j etm f *? f the Ass p ci ation a quorum shall consist of not less than twenty-five 
(25) members and no business may be validly transacted at a meeting at which less than a quorum 
is present; promded that, any meeting of the Association, whether or not a quorum be p“ 
may be adjourned to a specified time and place by a majority of the members present without 
notice to the members at large other than announcement at such meeting. 

6. Members may take part ancl vote in person or by proxy at all meetings of the Association. 

Article V — Sections. 

a JAW me “ bers f of tbis Association may petition the Board for authority to organize 
a . motion of the Association for the purpose of holding local meetings. The Board shall have 

power to specify the conditions under which such authority shall be granted. 

Sections 1 he Assooiatlon sha11 not be obligated to pay from its treasury any of the expenses of such 

Article VI— Official Organ. 

of thl' ^ - A f ociation sha11 P ublisb an official journal, which shall be sent free to all members 
of the Association in accordance with Article VII. 

o' B ° a f d , sba11 hav f f ] b control of the publication and sale of the official journal. 

tions ' TW^Lnll ^“k ^ 1 b ® uader tbe general management of the Committee on Publiea- 
Th ? aI1 als ° be appointed by the Board a body of Associate Editors who shall give 

Publications th * ° fhf ' laI ioUrnal and under the direction of the Committee on 

as mav hfort hflAm may' appoint any other committees and delegate to them such power 
a,fe rna A j in its judgment, seem desirable. 

Association^ m’nnl sha11 K X th k P / iee ° the °* ei f 1 i° urnal and of any other publications of the 

&KEW&XS8T ,h ' iouI “' *• ,M ,ot th “ «• 

Article VII — Dues. 

(52, rv « initiation fee of Two Dollar, 

nioTC ZASSiiSt “ mb " be p “" D *- (i4) ' a 
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3. The annual dues of each institutional member shall be Seven Dollars ($7), including two 
(2) subscriptions to the official journal. 

4. All dues shall be payable on the first of January of each year. Should the annual dues of 
any member remain unpaid beyond a reasonable time, his name shall be dropped from the list, 
after due notice. 

5. New members entering the Association after April 1 of any year shall have their dues 
pro rated for the balance of the year, except when they desire to receive the full current volume of 
the official journal. 

Article VIII — Amendments to the Articles of Association and By-Laws. 

1. The Articles of Association may be changed to provide for a Board of Nineteen (19) 
Trustees by vote of a majority of the Three (3) Trustees named in the original Articles. Subsequent 
changes, amendments or modifications, of the Articles of Association and any amendments to the 
By-Laws may be made at any annual meeting of the Association, or at any adjourned session 
thereof, or at any special meeting of the Association called for such purpose, by a two-thirds (2/3) 
vote of those present and entitled to vote; provided, that such amendment shall have been printed 
in the official journal at least one (1) month before the date of such meeting. 

2. No change in the Articles of Association shall have legal effect until a Certificate thereof, 
verified by oath of the President and under Seal of the Association, attested by the Secretary- 
Treasurer, shall be filed in the office of the Secretary of State of the State of Illinois and recorded 
in the office of the Recorder of Deeds for Cook County, Illinois. 

Article IX — Interpretation. 

1. “Board,” wherever used in these By-Laws, shall be taken to mean a Board of Trustees 
consisting of the Officers, the Committee on Publications and the Trustees elected as such, as 
provided in Article III. 

2. It being the intent that this Association continue as successor to the unincorporated The 
Mathematical Association of America, these By-Laws shall be construed liberally to that effect. 

The Undersigned, Chairman of the Organization Meeting of the Board of Trustees 
of The Mathematical Association of America (Incorporated), Hereby Certifies that the 
above is a full, true and correct copy of the code duly adopted at such meeting, held September 
10, 1920, as the By-Laws of said Association. 

Witness My Hand and the Corporate Seal, this 11th day of September, A. D. 1920. 

[corporate seal] Herbert E. Slaught, 

Chairman as aforesaid . 


THE “ DANGER AREA” CURVE 


By A. S. MERRILL, University of Montana. 

A moving object (ship) is a target for a projectile (torpedo) which travels 
horizontally under its own power. Certain limiting conditions under which the 
projectile would be fired, or launched, are known. It is desired to determine 
the boundary curve of the area of probable positions of the firing agent relative 
to the target, at the time of firing. 

Let the target, of length AB but of negligible width, be considered first as 
fixed in position. F or certain known conditions of probable error, the projectile 
has a range R if fired from a point in the perpendicular bisector of AB. Con- 
struct a circle of diameter R through A and B (Fig. 1). Suppose AB to be small 
in comparison with R. The middle point of AB is then approximately at if, 
the end point of the diameter ML perpendicular to AB , — sufficiently close to be 
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radii of lengths ranging at convenient intervals from 0 to R, strike arcs cutting 
the circle. From M toward K measure off distances equal to r/s times the lengths 
of these radii. Mark these points of division with the same symbols as the 
points of intersection of the corresponding arcs with the circle.' On drawing 
paper draw two parallel lines at a distance R from each other, as OY and XV 
of Fig. ,3. Place Fig. 2 over this drawing paper and, keeping MK and LQ co- 
incident with 01' and XV respectively, place the different division points of MK 
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successively over 0. At each position, punch through the two papers with a 
pin point at the two points of the circle marked correspondingly. Draw a 
smooth curve (dotted in Fig. 3) through the points thus marked on the drawing 

p paper. This is the required curve. 

j F The area within the curve of Fig. 
y| \ 3 is referred to as the “ danger 


area. 

It is evident that similar danger areas 
exist on both sides of AB, reflections 
of each other with respect to that line. 

The above device is due to an 
English mathematician, and was used 
in naval strategical study during the 
late war. It has been interesting to 
work out the equations of a curve 
which has such an application. Re- 
sults from two different simple meth- 
ods are given below. 

I. Let P be a point of the circle of 
Fig. 2 and the point determined from 
it in Fig. 3. Let Z LMP = 6. Then 
MP = ML cos 6 = R cos 9, and 

: R cos 6 sin 9 . 


origin, 


Rut MN = MP - cos 9 = R- cos 2 9 , 
parametric equations of the curve 


Hence we have the 


cos 9 = mx/R = (1 /R)^Rx, sin 9 = 

and then 

y ~ (: rjs ) JRx ± A&r 

is the equation of the curve. 

II. The curve of Fig. 3 is the locus of points 
curves of two families of circles. Of one of these 
same radius R/2, but their centers move along 
(Fig. 3) and midway between lines OY and XV i 
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nil\ vary from 0 to R, and the centers are alon 
ing curves. are at the same distance above 0, 
scond family is equal to sjr times this distance 
are then respectively: 


Subtracting (1) from (2) we have 


Substituting in (2) we obtain 

a? + [y — (rjs) Vftr ] 2 = Rx, 

V - (rjs) tJRx = ± - 

or ’ 

y - (r/s) -4 Rx ± V&r — x\ 
which is the equation already obtained in I. 

T / le g en< “ ral shape of this curve is evident from an inspection of this equation 
I he locus ot the equation 

y — (rjs) yRx 

is evidently the upper branch of the parabola 


-rT i iS f al f ° r P ° sitive values of * Iess tha » R> and is zero 
5 ~ R- *-he danger area curve is thus seen to be a loop lying be- 

;s x = 0 and x = R. The points of this loop are at the distance 
ve and below the points (x, y) of the upper branch of the parabola 
If the objective had been considered as moving in the opposite 
danger area loop would have borne the same relation to the lower 
same curve. The danger area on the opposite side of the objective 
sated to the parabola f = — (rjs) 2 ■ Rx. 
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<" are second time-derivatives. In the light of (1), we may put 


where x‘ 


is the angle between the 
Hence for (2), we may 


where a is the magnitude of the acceleration, and d 
normal to the curve and the direction of acceleration 
write, 

+ gf;>y + /,"/ 


I. For example, let f(x, y ) = a- 2 + y 2 - r, and let the acceleration be directed 
toward the center of the circle. (3) now becomes the familiar formula: 

a : ,2 +?/ 2 * 

(4) 7rrx=l = «> or a== r' 

Aar- + y 

II. For another example, let f(x, y) —■ b 2 x 2 + ary 2 — aW , and let the accelera- 
tion be directed toward one focus F of the ellipse. For this example, (3) is 

b 2 x'* + ah/ . 

(5) — : — = — a cos 6. 

K) ylbW+aY 

If r and r' be the focal distances from F and F' respectively to the particle at P, 
and v and y' be perpendiculars drawn from the foci to the tangent which has 
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P for its point of tangeney, elementary properties of the ellipse are that, 

' _ _ Ipp' __ 

\ r7 ~ 


„ V V 

cos 0 — — — = > 

r r 


h 


air 


rr Vrr' Va 2 — c 2 .r 2 + ah / ' 

And, since on the ellipse b 2 xx' + dhjij = 0 , the numerator in the first member 


of (5) has the value 
Hence (5) implies 
whence 


ftV* ah /' 2 
*/ 2 “ ^ • 


ibi) ’ 


( 62 ) y' 2 


1 0 *> 

b~axr 


v * 


a(a 4 y 2 + & 4 .r) arr' 


a 3 & 2 


or 

(7) 


ar 


rr 


which is a generalization of ( 4 ). 

By differentiating ( 61 ) as to time, and setting in the value of if from ( 62 ), 
we have, 


1 da 


xa 


0 t- (a 2 — x 2 ) “ 

2a dx ' a 


But the .r-component of acceleration is 


ae — x 


a — ex 

From the comparison of the last two equations, we have 

da e dx 


Whence the Newtonian law: 

(S) a 


2a a — ex 


k 2 


P 


(a — ex) 2 r * 


A comparison of (7) and ( 8 ) yields the following elegant form of the vis vim 
equation: 

,2 = t £ 

a r 


The above discussion of elliptical motion, with only the slightest modification 
is valid for hyperbolic and parabolic motion under a central force directed toward 
a focus. And the last equation is valid in all three cases without modification, 
r'/a having the limiting value 2 in the case of the parabola. 

III. For the path of a projectile, we may take a parabola of higher order and 
let 


j(x, y) — y — (c /0 + a-\x + a 2 x 2 + . . . + a n x n ) == y — <p(x). 
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Therefore, 


But since the total horizontal acceleration is the horizontal component of at, 
it follows that 


Now (9) and (10) can be written in the form v = F i(x) and a t = F»(x), 
where Fi and F 2 are power series. The method of inversion of series gives 

(11) F 2 -\a t ) = Fr\v). 

This entire discussion of the motion of a projectile is valid if the projectile is a 
finite sphere and also if the medium is not homogeneous. But the relation of a t 
to x depends on the character and condition of the medium. So, (11) has the 
nature of a law for the particular projectile if, and only if, the medium in which 
the flight occurred was equally resistant at all points in the observed path. 
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QUESTIONS ANI) DISCUSSIONS. 


Edited by W. A. Hurwitz, Cornell University, Ithaca, N. Y. 

REPLIES. 

34 . [1917, 134 , 341 ; 1920 , 114 , 301.] Given the mixed integral and functional equation 
rx-i* . h r / h ' 


= \ [/(o) + 4/(|) +m ] , 


to determine the function fix). This equation is of rather fundamental practical value as it has 
to do with the most general solid whose volume is given by the prismatoid formula. 


Reply by D. C. Gillespie, Cornell University. 


The formula is a case of Simpson’s Rule, where only two intervals are used. If fix) is a 
polynomial of degree not greater than three, this approximating formula overplays its role and 
evaluates the integral exactly. The function f{x) being assumed continuous, one might surmise 
that the formula would not evaluate the integral exactly, for all values of h, unless f(x) were a 
polynomial of degree three or less. The correctness of this surmise has not been demonstrated. 
In this note it is shown that if f(x) is continuous, O^x^b, and has six continuous derivatives , 
0 ~ a* = R < b, and the formula evaluates the integral for each value of h, 0 h h, then f(x) is a 
polynomial of degree not higher than three, 0 ^ x ^ b. 

Suppose first that a function g{x), continuous in ( 0 , b), satisfies the functional equation 


( 1 ) 

for 0 : 
(2) 


fo xn <r*)dx = \ { 4 ( I ) ’ "g ( \) + h”g(h) } 
\h^=b and n a positive integer. The mean value theorem yields 
h * +1 s .- A ./1 . _2 




0 < 6 < 1 . 


The function g(x) is continuous; hence, on dividing through by h n+l and taking the limit of both 
sides as h approaches zero, we obtain 


If g( 0) 4= 0 we have 


9 ( 0 ) 

n + 1 


1 

3 ’ 2r 


1 5(7(0) +h(0). 


1 


n -f 1 


■ i.JL + i 

3 2 n “ 1 ^ 6 * 


This equation is satisfied for n equal to 1 or 2 or 3 and for no other positive integral value of n. 
Hence, if n is to be greater than three, g(0) must be zero. 

We assume next g(Q) ~ 0 and again find an upper limit for n. Let h be a value of x for 
which \g(x) | assumes its upper limit in (0, b). Equation (2) may now be written 


(20 

or 


h n+1 


n + 1 


#) 


kn^n .±. a (h\+m\ 
" |_g 2'‘-> S \2 J + 6 J ’ 


o < e < i. 




A i 
|| 1 
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Equation (2') then can not be satisfied for n g: 6, unless, of course, g(x) is identically zero 
Suppose now that a function f(x) which satisfies the given equation 


is continuous in (0, b) and has six continuous derivatives in an interval (0, 17) in (0, b] 
Taylor expansion theorem applied for values of a; in (0, H) gives 


The quantity d is, to be sure, not a constant but a function of x; nevertheless / iv (6x) is a continuous 
function of x in (0, 77). Susbtituting in equation (3) for f(x) this expansion we obtain 


This equation, as we have already seen, requires that / lv (0) =0; 
way that /v(Q) — 0. Taking the sixth degree term in the expansion. 


If this expansion for f(x) is substituted in (3) there results 

r»x c fvi(6xy f _ h f A h 6 fvi(Bh-'2) , h a fvi(0k) ") 
Jo 6! dX “6 l 4 2« 61 + 6! f 


We have shown that this equation can hold only when j v \{Qx) is zero for all values of x in (0, H) . 
In the interval (0, H) then f(x) coincides with a cubic polynomial. 

In Questions and Discussions 1920, 302, it was pointed out- by the Editor that two con- 
tinuous functions satisfying equation (3) and coinciding in some interval from the origin to the 
right coincide throughout. Thus the result announced at the beginning is established. 

The theorem, just quoted and used in the proof, is capable of a slight extension; i.e., if a 
continuous function f(x) satisfies equation (3) and is zero for a^x^c where c > 2 a > 0, then 
it is zero throughout (0, b). For suppose c^h^2a, then 


Since, however, f(x) ~ 0, a ~ x c } as h increases from 2a to c the integral remains constant, 
hence /(0) ~ 0, Thus for c, 

f'‘f(x)dx =! v(^), 

and as the integral maintains from h — a to h ~ c a constant value, which we have seen must 
be zero, 


Continuing this process, we see that f(x) ~ 0, 0 ri x IS c. Then by the previously quoted remark 
of the Editor, fix) — 0 in the entire interval (0, b). 
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DISCUSSIONS. h 

As the first discussion this month we present a paper which was read at the n. 

last annual meeting of the Mathematical Association of America, as part of a 
program devoted to the consideration of the sort of training in mathematics 'j 

most useful for students specializing in fields in which mathematics finds frequent 
application. Professor Reed represents the point of view of the biometrist. His 
recommendations, briefly summarized, are: the usual courses in algebra, trigo- 
nometry, and analytic geometry; a short course in the calculus, emphasizing 
principles rather than technique; and a course in probability, with stress on 
statistical theory and the adjustment of curves to given data. It would seem, 
therefore, that the student of biometry will generally find ready at hand, in most 
of our colleges, courses agreeing reasonably well with the plan outlined by Pro- 
fessor Reed. Probably, too, the textbooks in elementary subjects are no longer 
so restricted in their treatment as Professor Reed implies. Few, if any, trigo- 
nometries of recent date, for example, fail to give applications to mechanics. 

The brevity of the course in calculus in Professor Reed's scheme should be 
considered rather carefully. Is a student of statistics to accept Stirling’s formula 
and the value of the probability integral on faith, or is he to receive demonstra- 
tions? The proofs, if given with logical precision, require more thorough treat- 
ment of the behavior of series and improper integrals than is usually found in 
even rather extensive first courses in calculus. 

In the second discussion, Mr. Webb outlines a treatment of complex numbers, 
including the definition of exponential and trigonometric functions and their 
relationship. His scheme is similar to that found in some textbooks in trigo- 
nometry; seldom, if ever, is so full a discussion included in the ordinary course 
in algebra. Two items in his outline call for special comment. No. 6 prescribes 
■“the customary development of e and of e x by the binomial theorem as the 
limits of (1 + 1 jn) n and (1 + ljn) nx as n = <».” This customary scheme in- 
volves either a scandalously inaccurate treatment of the double limit process 
(as in most textbooks on calculus) or a degree of logical precision scarcely within 
the reach even of the average college graduate. The question involved is much 
more delicate than that of mere convergence. Either the properties of uniform 
convergence, or else some equivalent special process to avoid this concept must 
be used. It would be desirable, if possible, to find some less difficult approach 
to the exponential function. No. 8 implies that there must exist some k such 
that cos 1 + i sin 1 = e\ Since the series for cos 6 and. sin 6 are determined on 
the hypothesis that such a k exists, and then by use of the series the value k = i 
is obtained, it is not easy to see how to avoid the hypothesis. 

Professor Bell points out that the method of proof known as mathematical 
induction is valid only by virtue of a distinct assumption, which he formulates 
very clearly thus: If a theorem is true for n — 1, and if its truth for n — 1 implies 
that it is true for n, then the theorem is true for all whole numbers . This discussion 
should be helpful to our readers, inasmuch as the necessity of this explicit as- 
sumption is not always clearly recognized by teachers. However, the author’s 





implication that the role of such an assumption is overlooked by specialists in 
the logic of mathematics seems to be unwarranted. Writers on the foundations 
of mathematics generally recognize that the validity of mathematical induction 
is the result of a pertinent hypothesis. A common alternative to Professor Bell’s 
form of statement is the following: In any set of positive integers there is a least 
integer . From this hypothesis, the other form of statement can be proved by 
considering the set of all numbers n (if any) for which the theorem under con- 
sideration is false. 

Poincare himself, in the sections of Science and Hypothesis criticized by 
Professor Bell, states that the principle of mathematical induction can not be 
obtained either from syllogisms based on the other fundamental axioms or from 
experience. For example 1 : “We may readily pass from one enunciation to 
another, and thus give ourselves the illusion of having proved that reasoning 
by recurrence is legitimate. But we shall always be brought to a full stop — we 
shall always come to an indemonstrable axiom, which will at bottom be but the 
proposition we had to prove translated into another language.” Russell has 
long regarded mathematical induction as a definition of the natural numbers: ? 
“ We define the natural numbers as those to which proofs by mathematical induc- 
tion can be applied.” Since the number system of elementary arithmetic and 
algebra contains no other integers except these “natural numbers,” it is in this 
special case only a matter of terminology to say which of the fundamental, 
hypotheses shall be called definitions rather than merely axioms . Many logicians 
would prefer to regard the whole set of fundamental hypotheses underlying any 
mathematical system as collectively defining the system. 

Professor DeCou gives an instance of a problem in maxima and minima arising 
in the printing office. The solution is simple; and in fact it may be shown by 
a slight alteration in notation that the problem belongs to the familiar type in 
which a sum of two variables is to be minimized while the product remains 
constant. It is published here on account of the value for the class room of 
problems arising from practical sources. How many similar instances may occur 
in trade, industry, and every day life, in which a little knowledge of mathe- 
matics would save, as Here, “an added cost of $100 to $200,” or an equivalent in 
energy or convenience? 

One detail of the problem suggests a further interesting question. As the 
calculus refuses to discriminate between integers, fractions, and irrationals, the 
formal solution of the problem generally gives an irrational result for the number 
of electrotypes needed. Professor DeCou says, “Of course only the nearest 
integral value of x is used.” It is fairly clear, since the relationship of C and 
x is represented graphically by a hyperbola, that the minimum C for integral 
x must be given by one of the two integers enclosing the value of x for which the 
actual minimum occurs. But it is not evident that of these two, the nearest 

In fact, this turns out not to be precisely correct. 


will give the value desired. 


1 Science arid Hypothesis , Part I, Chapter VI. 

2 Introduction to Mathematical Philosophy , Chapter III. 
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and our readers may be interested in verifying the true result. If V PR/ES = a, 
then a should be replaced by the next smaller integer n or the next greater 
integer n + 1, not according as a is less or greater than the arithmetic mean 
n + but according as a is less or greater than the geometric mean !n(n +1). 
For large values of n, the distinction between the two criteria is slight. Of 
course in any actual case it would be simple enough to substitute each of the 
two values in the expression for C in order to determine which was the better. 

I. The Mathematics of Biometry. 

By Lowell J. Reed, Johns Hopkins University, 
t (Read before the Mathematical Association of America, January 1, 1920.) 

I think w r e are all agreed that the program for this meeting of the Mathe- 
matical Association of America is as important as any that the Association has 
ever discussed. Any science that fails to ally itself with the other sciences must 
of necessity have a narrow development, and this is perhaps more true of mathe- 
matics, due to its wide application, than of any of the other sciences. It is to 
be hoped that the Program Committee will carry out its own suggestion that at 
some later meeting we consider the converse of the present question, that is, the 
contribution of other sciences to the development of mathematics. 

My own part in the present program is the discussion of the mathematics of 
biometry, and instead of presenting illustrations of the application of mathe- 
matics to this branch of biology I am going to outline what I consider to be the 
proper mathematical training for work in biometry. I wish first to call attention 
to the development of the present method of teaching mathematics. We have 
in the field of mathematics a number of branches that have been developed 
mainly as tools for the solution of practical problems. Thus, trigonometry has 
been developed mainly for the solution of problems in surveying; probability 
has been developed for games of chance. Now whenever this has been the case 
the teaching of the subject has been concentrated on this one particular applica- 
tion, to the exclusion of all others. In recent years the increasing use of mathe- 
matical methods in such sciences as chemistry, biology, etc., has led to an effort 
to broaden the teaching of mathematics by introducing new applications. The 
result has been a new group of textbooks under such titles as Calculus for Chem- 
ical Students/’ “Mathematics for Agricultural Students/ V etc. All of these 
texts seem to me to miss the point in that they imply that calculus for chemistry 
students is distinct from calculus for other groups. This I do not believe to be 
the case. If we consider the mathematical needs of a student in any one of the 
sciences w<e find them about as follows: First, he needs a foundation in algebra, 
trigonometry, analytic geometry, and calculus; and secondly, he needs to be 
trained to take a problem in his particular field and translate it into mathematical 
language. The latter need is the greater of the two, and it is the one that it is 
the more difficult to satisfy. 
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I now wish to present what seems to me to be the proper mathematical 
training for work in biometry; although the following courses are outlined with 
the needs of a student of biology in mind, I feel sure that they are the proper ones 
for students in any branch of science. The first year courses in mathematics 
should cover the three subjects, algebra, trigonometry, and analytic geometry. 
The course in algebra should be fully as complete as the one at present given and 
may occupy the first half of the year. Emphasis should be laid on problem 
solution with the idea of satisfying the second of the needs listed above. The 
course in trigonometry should give to the students a knowledge of the trigono- 
metric functions, showing their relations to each other and to the right-angled 
triangle; it should develop the relations that exist between the function of the 
angle and the sides of the general triangle, but it should not contain the usual 
extensive drill in the application of these formulas to the solution of triangles. 
The use of the Law of Sines and Law of Cosines in mechanics is fully as important 
as their use in solving triangles and the application is not obscured by a long com- 
putation, but one very seldom sees such applications in a textbook on trigo- 
nometry. The course in analytic geometry should give the methods of the 
subject with a fairly complete discussion of the straight line and circle, and a brief 
discussion of conics. In this course again there is an excellent opportunity to 
train students in the methods of expressing ideas in mathematical notation. 
To the first year’s work might well be added a short section on computation so 
that the students could become acquainted with the use of logarithms, and if 
possible learn to use some of the various calculating machines. 

The second year’s work should be divided into two parts. The first half year 
should be devoted to a course giving the elements of calculus, emphasizing prin- 
ciples and methods rather than the tricks of differentiation and integration. In 
the second half of the year the students should be divided into groups according 
to their interests, one group for those majoring in engineering, another for those 
majoring in the natural sciences, etc., the divisions formed being adjusted to suit 
the needs of the institution in question. Then the students in each group 
should be given work applying the preceding mathematics course to their respec- 
tive fields; The students majoring in different natural sciences should not in 
my opinion be further separated into distinct groups as they are all concerned 
with the same fundamental problem, that is, the analysis of observed data, and 
the course given to this group of students should train them in modern statistical 
methods of analysis. First, the subject of probability should be presented from its 
theoretical side. This should include the fundamental definitions and a discussion 
of probability theory leading to the normal curve. The meaning of the constants 
of the normal curve and the notion of probable error should be introduced at this 
point. The subject of probability should be followed by a discussion of the 
principle of moments, illustrations being drawn from mechanics. The treatment 
of this subject should lead naturally into a discussion of frequency distributions 
and correlation. The relationship of the first, second, and third moments to the 
mean, standard deviation, and the skewness of frequency distribution, should be 
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clearly brought out, mechanical illustrations being freely used. The correlation 
coefficient should be developed as a product moment with the mean of the 
variables taken as an origin. Following this the students should be taught the 
theory of curve fitting by the method of moments and this theory should be 
illustrated by examples in the derivation of empirical formulas. The method of 
fitting curves by least squares need not be presented as it is not so widely 
applicable as the method of moments. The student should also have impressed 
upon him the importance of the idea of probable error and should be trained to 
work out the probable error of all such constants as mean, standard deviation, 
coefficient of correlation, etc. 

The course just outlined would furnish a student in biometry with the proper 
mathematical foundation for his work; his mathematical needs are similar to 
those of the student of any natural science. One of the most common quotations 
among biometricians is that of Sir Francis Galton: “Until the phenomena, of 
any branch of knowledge have been submitted to measurement and number it 
cannot assume the status and dignity of a science/' and as we see more and more 
of the leading scientists taking this point of view it impresses upon us the growing 
importance of mathematics. The methods of teaching mathematics should 
develop accordingly; and if this present meeting succeeds in stimulating the 
teaching of mathematics to live up to its increased importance, it will indeed 
have been a success. 


II. Complex 'Numbers in Advanced Algebra. 

By H. E. Webb, Central High School, Newark, N. J. 

In many electrical laboratories it is desired that the workers have a certain 
familiarity with vectors, and in particular with the exponential notation e r& . 
Examination of texts in algebra most commonly used in schools fails to bring 
to light an elementary explanation of this notation. Certain texts in trigonom- 
etry give such an explanation, but usually in a rather intricate form, and without 
a clear statement as to what it is all about. The following brief outline is sug- 
gested as an addition to a course in advanced algebra for the fourth year in high 
school or the freshman year in college; in this it is desired to escape from ex- 
haustive analysis of various points which seemingly of necessity must be brought 
into any rationale of this notation. 

1 . The rules of combination of complex numbers to be presented as an arith- 
metic of number pairs, without reference to Ar gaud's diagram . 

2. The sine and cosine of real positive and negative numbers to be defined by 
reference to a unit circle, without mention of other trigonometric functions, 
leading only to the facts that in a circle of radius r the corresponding lines are 
r sin 6 and r cos 6 , and that sin 2 9 + cos 2 0=1 for all values of 6. 

3. The development of formulas for sin (x rh y) and cos (a* db y). 

4. The polar notation of a complex number, shown as follows: If a + ib Is 
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written Va 2 + b 2 ( j=== ==+i~ j==== ) , the real and imaginary coefficients 

\ \ff 2 + O' \rt- + O' / 

may be regarded as the sine and cosine of some number, since the sum of their 
squares is unity. For the present the number is shown geometrically as an arc 
of a unit circle, the real coefficient being chosen arbitrarily as a cosine. Hence 
a + ib may be written r(cos 9 + i sin 9) . 

5. DeMoivre’s theorem, as usually presented, attention being called to the 
fact that in the case of (cos 9 + i sin 6) n = cos n9 + i sin n9, the argument 
seems to possess the characteristics of a logarithm, where n is any rational number. 

6. The customary development of e and of <f by the binomial theorem, as the 
limits of (1 + 1 /ri) n and (1 + 1 jn) nx as n = oo. It is necessary at this point 
to make reference, of course, to convergencv of series. It is not necessary to 
exhaust this topic, for the simple reason that the exponential series 


looks to be convergent, since there is always a term beyond which the successive 
multipliers of the denominator exceed the corresponding multipliers of the 
numerator, for any value of ar. 

7. Since this series holds for all rational values of x, it will serve as a definition 
of the meaning in the case of an irrational exponent, and, as well, of an imaginary 
exponent, and also of a complex exponent, if e a -e ib is written e a+ib . In the latter 
case (a + ib) n would require to be developed by the binomial theorem. It is 
assumed explicitly, though not proved, that the laws of rational exponents 
extend to complex exponents of powers of e. 

8. Euler’s theorem, established as follows: 

Let cos 1 + i sin 1 = e k , where k is a complex number to be determined. 

Then cos 1 — i sin 1 = e~ k , since the product of these two equations, member 
for member, gives identity. 

By De Moivre’s theorem 

cos $ + i sin 9 = e 


whence 


Now if and e ke are developed into series by the definition of e- 
series added and halved, term for term, it follows that 


while 
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Dividing both members of the last equation by 6, 


^ 7 , m 2 1 m 

— K + “nr + it 


As 0 = G, (sin 0)/6 = 1, and since k is constant, 


Substitution of i foi Ic in the various formulas cited affords series development 
of cos 0 and i sin 6, in the first of which all terms are real, and in the second all 
imaginary; and also establishes the notation 

e te = cos 6 + i sin 0. 

9. If at this stage and not sooner the vector is defined the student will grasp 
perfectly the idea that such a directed line has two values, an algebraic value and 
an absolute value, which are different, in that its algebraic value depends upon 
its direction determined by the length of the arc of a unit circle described about 
the origin as a center. 

It is the experience of the writer that in secondary school classes this devel- 
opment requires about as many days as he has topics outlined above, and that 
certain difficulties relating to the mine of the ordinate are thereby avoided. A 
favorable opening is also provided for the teaching of hyperbolic functions, when 
this is desirable. 

III. Ox Proofs by Mathematical Induction. 

By E. T. Bell, University of Washington. 

1. The best way to cure oneself of a crotchet is to confide it to some sympa- 
thetic listener. 1 he crotchet in this note is one which has worried me since 
school days when I was induced to repeat the proof of the binomial theorem by 
mathematical induction. The same crotchet seems to trouble successive genera- 
tions of freshmen, for occasionally one has obstinacy enough to balk at the magic 
formula u and therefore the theorem is always true ” with which many authors 
conclude their proofs by recurrence. I hold that mathematical induction has 
no place in elementary teaching, particularly when such teaching strains at 
mathematical gnats, as in pseudo-rigorous presentations of the elementary 
theory of limits, the better to swallow logical camels such as some proofs of the 
binomial theorem or their equivalent quoted presently from Poincare. This is 
the crotchet. In short, elementary teaching would be more convincing if it 
left rigor to that logistics which was Poincare's hete noir. 

2. It would be difficult to find a balder statement of the logical vice which 
characterizes many proofs by mathematical induction in the current text books, 
than the following extract from Poincare's essay On the Nature of Mathematical 
Reasoning , in Science and Hypothesis (Halsted's translation, page 36, section IV). 
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Having considered three examples of “proof by recurrence, 
a false conclusion in each of them, Poincare says:. 

“ Here I stop this monotonous series of reasonings. Bin 
has the better brought out the procedure which is unifoi 
at each step. 

“This procedure is the demonstration by recurrence, 
theorem for n = 1; then we show that if it is true of n — 
thence conclude that it is true for all whole numbers.” 

It is only fair to state that in the next section (V) of his essay, Poincare gives 
an unobjectionable form of “this procedure,” which he calls, “mathematical 
reasoning par excellence.’ This, however, may have been an inadvertence, as 
the closing paragraph of the essay again exhibits the circularity of the reasoning 
in all its viciousness: 

“Observe finally that this induction is possible only if the same operation 
can be repeated indefinitely.” 

From this we should expect a rich crop of subtle fallacies when “this induc- 
tion” is applied to prove that a certain assemblage contains an infinity of mem- 
bers, or when it is used to demonstrate the universal truth of a proposition. 

3. To exhibit the logical defect in this “mathematical reasoning par excel- 
lence,” let us separate Poincare’s summary into its three constituents: 

(1) “ We first establish a theorem for n = 1 ; 

(2) “Then we show that if it is true of n — 1, it is true of n; 

(3) “ And thence (we) conclude that it is true for all whole numbers.” 

In (3) “thence,” if it means anything definite, must refer to (2) and (1). 
That is, the conclusion that the theorem is true for all whole numbers is to follow 
from (1) and (2) only . It does not so follow. In order to draw the conclusion 
(3), we need, either as a postulate, or, if it can be proved from simpler assump- 
tions, the proposition: 

(4) If a theorem is true for n — 1, and if its truth for n — 1 implies that it is 
true for n, then the theorem is true for all whole numbers. 

Without (4), all that (1) and (2) give is the means for step by step assertions 
that the theorem is true in successive cases. Thus, supposing (1) and (2) estab- 
lished, if it be required to see whether the theorem is true for n = 5, we must, for 
all that (1) and (2) prove, take the steps 1 to 2, 2 to 3, 3 to 4, 4 to 5, omitting 
none. Or, again, if (1) and (2) are established, and we wish to know whether the 
theorem is true for n = 9 9 °, say, we must take 9 9 ° — 1 steps in order to find out, 
for neither (1) nor (2) permits us to take more than one step at a time. In this 
case we might never gratify our curiosity, and the truth or falsity of the theorem 
for n = 9 99 would remain as inaccessible to our knowledge as is the other side 
of the moon. Nor could we assert that the theorem most probably is true for this 
value of n, for we cannot predicate probabilities in the absence of data. Our 
belief that the theorem is true for this value of n might be strong; but belief 
belongs to the realm of emotional experiences, and is seldom conspicuous for 
the reasonableness of its tenets. Until (4) or its equivalent is proved or admitted 


"We first establish a 
1, it is true of n, and 


i 
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as a postulate, it would seem to be advisable to banish such phrases as “ all whole 
numbers,” and “the same operation can be repeated indefinitely/' from ele- 
mentary texts which make pretensions to rigor. 

4. If reasoning by recurrence is, as ‘Poincare claims, mathematical reasoning 
par excellence , and if the objections put forth in § 3 are not groundless, it would 
seein to follow that mathematics is like any other science in that the conclusions 
which it legitimately draws are no more “general” or “universal” than those 
of other sciences. This contradicts what seems to be a current valuation of 
mathematical truth in the minds of laymen and some others who hold that 
mathematics has a timeless, eternal aspect, independent of all the empiricism 
which characterizes the conclusions of physical sciences. 

There is one way of escape which is so obvious that it need only be pointed 
out. We can beat the mathematical devil round the logical bush by saying that 
(4) of § 3 is the rule, or law, of inference. But it would be a wise logician indeed 
who recognized (4) as one of his legitimate children. For where is either a proof 
of it or its explicit statement as a postulate of logic to be found? 


IV. A Practical Printer’s Problem in Maxima and Minima. 

By Edgar E. DeCott, University of Oregon. 

Dean Eric W. Allen, of the School of Journalism of the University of Oregon, 
presents a very interesting problem of frequent occurrence to the practical 
printer. The printer’s only method of solution is by trial and error; and he states 
that on a large job of printing an added cost of $100 or $200 is often incurred by 
inability to solve the problem. 

The conditions of the problem are as follows: 200,000 (P) prints are required; 
1200 OS) prints per hour is the speed of the press; $2.00 (R) per hour is the cost 
of running the press; 55 cents (E) each is the cost of the extra electrotypes, 
needed after the type is once set up. Required the number of electrotypes (a) 
that should be used to secure the minimum cost (C). 

The problem is evidently one in determining the minimum value of C by the 
use of the differential calculus. The particular ease takes the form, 


0 (iu cents) = ”1200(1 + W ^ ^ " 3(a-+l) T 

where x represents the number of electrotypes. Differentiating 

dC 100,000 1 . _ n 

dx 3 (x + 1)“ 

for minimum value of C. Hence 


200,000 X 200 


+ 55 a 


100,000 


-(- 55.r 
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In other words, the most economical number of electrotypes to use for this 
is 24. Of course only the nearest integral value of x is used. 

The general problem is stated thus: 


for a minimum. 
From which 


This gives a formula involving only the arithmetical work of finding the square 
root to determine the number of electrotypes needed in any given case, and one 
of easy application by any practical printer. 
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REVIEWS. 

Differential Equations . By H. Bateman. London, Longmans, Green and Co., 

1918. 8 vo. 11 + 306 pp. Price 16 shillings. 

The study of elementary methods of integrating differential equations is one 
which is taken up in many American colleges in a course following the integral 
calculus, or sometim.es as a part of that course. When properly taught, it is a 
subject admirably adapted to developing in the student a skillful technique in 
using his calculus, a thing which he will find most helpful in his later work. 
Many students coming from calculus are woefully weak in many parts of the 
work which they have studied and “passed/ 5 so if such students are to go on to 
differential equations the beginning, at least, must be easy. They will then 
have some chance to develop and show their real ability. However, the manipula- 
tive side of the study must not be over-emphasized, for the extensive theoretical 
parts must be suitably developed. Moreover, there is far more opportunity for 
geometrical discussions than is generally given. 

Since the time of Boole many text books on elementary differential equations 
have appeared in England and America. The general plan of all these books has, 
however, been much the same. Differential equations were classified into 
certain “ standard forms/ 5 and, after having discussed the methods to be used 
in integrating these type forms, problems were given falling more or less closely 
under them. The number of real “clothed problems’ 5 was usually small. The 
book here under review” is entirely different both in arrangement and content from 
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the earlier books. This is especially true in the first four chapters. To quote 
from the preface: “The order in which the material has been arranged is slightly 
different from that which is usually adopted. Instead of beginning with the 
standard forms of equations which can be solved very easily, I have devoted the 
second chapter to integrating factors, and the third to the method of transforma- 
tions/ 5 

When one comes to examine those changes in arrangement they appear to be 
considerable in the early chapters. The book has eleven chapters as follows: 
I. Differential equations and their solutions. II. Integrating factors. III. 
Transformations. IV. Geometrical applications. V. Differential equations, 
with, particular solutions of a specified type. VI. Partial differential equations. 
VII. Total differential equations. VIII. Partial differential equations of the 
second order. IX. Integration in series. X. The solution of linear differential 
equations by means of definite integrals. XI. The mechanical integration of 
differential equations. At the end there are eight pages of miscellaneous ex- 
amples, and an index. 

With this list of chapter headings before him, let the reader ask himself 
where he would look for some topic with which he is familiar. Take, for instance, 
the general linear equation with constant coefficients. The index does not help, 
but a process of elimination leads one to look in the table of contents under 
Chapters II and III. Search there fails to give an exact reference, but linear 
second order equations are treated on p. 28 of Chapter II. Eight pages later 
we find the general linear equation with constant coefficients. However, the 
author does not treat it by means of an integrating factor, but by the symbolic 
method. 

The question of the arrangement of the subject matter is of course extremely 
important. If a new arrangement is better than the old one, such comments 
as the foregoing would mean little. The author’s plan in the first four chapters 
seems to be to classify his equations according to the methods used in discussing 
them,- but he abandons this plan in the later chapters. The older plan classified 
differential equations according to their form, and integrated them by any avail- 
able method. This older plan has one great advantage over the author’s method, 
for it gives the student a classification of the equations themselves. When an 
ordinary differential equation is proposed for solution, the plan of attack is to 
discover which one of many methods is to be used. For this purpose some method 
of classification must be followed, and the most obvious classification is first 
according to order, and then by the form of the equation. If then the text book 
follows this same classification the student will be more ready to use it in attacking 
an unsolved equation. On the other hand the author’s plan has the obvious 
advantage arising from the application of somewhat similar methods to equations 
of widely different forms. It leads to some curious results. Thus we find dis- 
continuous solutions of linear equations with constant coefficients and a dis- 
cussion of the general theory of a simultaneous system of n linear equations 
coming before such simple matters as the integrating factor of an equation of the 
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first order and degree, and the solution of the homogeneous equation of the 
first order. Such reversals of difficulty are frequent throughout the book If 
Chapters II and III were interchanged they would be easier for the student 
However, the author has small regard for the student’s ease. Formidable com" 
putations occur frequently. Perhaps this conduces to that manipulative skill 
winch the reviewer advocated in the beginning. 

The book contains a large amount of valuable material, both in the text 
and m the problems. In the text, under ordinary differential equations, the dis- 
cussion of linear equations and simultaneous systems of linear equations is 
especially complete. The author makes many interesting applications of these 
results to the discussion of problems in electricity, radioactivity, and dynamical 
systems. Many of these involve far more extensive investigations of the supple- 
mentary conditions than are given in the older texts, and some of them involve 
discontinuous solutions. Among the problems for the student to solve are many 
more of the same kind. - y 

In Chapter V we find discussions of Euler's equation, the hvpergeometric 

rrtnter TY S aildLe f nd ™’ s equ T a *j ons - These e< 3 uations further treated 
fnr?h! r IX c dX - , In Chapter IX - are also § iven Cauchy’s existence theory 
toi the ordinary first order equation, the method of successive approximations for 

iX : “ d RUnge>S met ! 10 , d ° f ap P™ ate s °f ution ; certain convergenc" 
oft? r + le mear equatl0n of the second order > and for a simultaneous system 
of two first order equations. Here also we find a discussion of some of the exoan 
sion problems of physical mathematics. P 

Li Chapter X we find a satisfactory account of the method of solving linear 

of ^ FT* ° f . definite inte S rals ’ and the Green’s function 

of a Iineai partial differential equation with assigned boundary conditions 

first order ? ,° n Pai ' tial differential Equations of the 

hist ouler. Ihe whole treatment of this chapter is unsatisfactory. It strikes 

t e leader as being one mass of formulas (e.q., pp. 132, 133). That this is un 

SnsSLVZT ! ting " “ th » r *-« *2 — !I 

wfaces nnd f rh beautiful geometrical relations between the various integral 
true tl si i the characteristic strips, as developed, for example, by Lied It is 
istic ril rf 01 ' den T eS t le dlfferentiaI equations which define the character- 
SC uT y T th f resdt Tlle fact that the integral surface is 
(lete nfirnd w l ;,!; ? making it pass through a given curve, but fails to be 

C wl In i ! ° n !l Whe I n 1 ?, at Cun ' e is a characteristic curve, is unnoticed, 
in suclAn eon S dlfferentiaI equations. In transforming variables 
results of his o^ & ““ * 8 « wbo,ic method and “Educes some 

ciiffemMlTenTS ° P 7 S + /' ith a discassion «f the homogeneous linear partial 
differential equation of the second order. This is followed by extensive applica- 

° rrfre> 






The Theory of Determinants in the Historical Order of Development. By Thomas 

Muir. Volume 3, the period 1861 to 1880. London, Macmillan, 1920. 

8vo. 26 + 503 pp. Price 35 shillings. 

The first edition of the first volume of this work was reprinted in book form, 
in 1890, from the Proceedings oj the Royal Society oj Edinburgh ; a second edition, 
with over 200 pages of additional material, appeared in 1906, and covered the 
history of general and special determinants up to 1841. The second volume 
(1911) made a similar survey for the period 1841 to 1860. The third volume 
under review covers an additional twenty year period. In June, 1918, the manu- 
script of a fourth volume bringing the record up to the end of the nineteenth 
century was nearly complete. Mathematicians must ever be grateful to Sir 
Thomas for his monumental work which is designed to contain a complete record 
of published results in connection with the theory of determinants. 

The material is admirably arranged and indexed so that it is possible readily 
to trace the contributions to the theory of any individual, or the chronological 
development of any special type of determinants. For example chapter 14 in 
volume 2 and chapter 15 in volume 3 contain the history of cireulants from the 
first paper of Catalan in 1S46 to the last of Gegenbaur in 1880; skew determinants 
may be traced in a similar way in the fourteenth, ninth and tenth chapters of 
volumes 1, 2 and 3 respectively. Although a three page chapter is devoted to 
“cubic and n-dimensional determinants up to 1880” and various titles are 
listed, practically as in the article of 1900 by Professors Iledrick and Cairns, 1 
the contents of the papers are not analyzed as in the other chapters because the 
work in question is a survey of determinants as ordinarily defined, and not of 
their generalizations. 

The titles of the chapters are as follows — I: “Determinants in general, from 1860 to 1880,” 
1-82; II: “Determinants and linear equations, from 1861 to 1878,” 83-93; III: “Axisymmetric 

1 ‘‘On three dimensional determinants . J ’ Annals of Mathematics, second series. foL 1. nn. 
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tions to important physical problems,, including wave propagation, Maxwell’s 
equations, theory of electrons, Laplace’s equation and harmonic equations. 

( ^ ie | as ^ chapter describes various mechanical contrivances for solving certain 
differential equations of special forms. Several of these are due to E. Pascal, 
who has devised a number of instruments for this purpose. 

Tin oughoiit the book there are many typographical errors. Most of them 
are easily corrected by the reader, but at least one of them has caused trouble 
to an unwary instructor. 

Phe review er feels that the book will be difficult reading for a student beginning 
the study of differential equations*, but that can be determined only by trying it 
out with a class. The book will surely prove to be a valuable addition to the 
library of the worker in mathematical physics. 

rT TT Charles L. Bouton. 

Harvard University, 

June , 1920. 
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determinants, from 1846 to 1879,” 94-122; IV: “Symmetric determinants that are not axisym- 
metric, from 1862 to 1879,” 123-131; V: “Alternants from 1860 to 1879,” 132-175; VI: “Com- 
pound determinants from 1862 to 1880,” 176-207; VII: “Recurrents from 185S to 1S79,” 20S- 
247; VIII: “Wronskians from 1862 to 1874,” 248-256; IX: “Jacobians from 1S62 to 1877,” 
257-271; X: “Skew determinants and Pfaffians from 1862 to 1880,” 272-283; XI: “Orthogo- 
nants from 1855 to 1879, 2S4-308; XII: “Persymmetric determinants from 1836 to 1879,” 
309-326; XIII: “Bigradients from 1859 to 1880,” 327-362; XIV: “Hessians, from 1862 to 
1879,” 363-371; XV: “ Circulants, from 1861 to 1880,” 372-392; XVI: “Continuants from 1850 
to 1880,” 393-422; XVII: “Multilineants up to 1877,” 423-428; XVIII: “Cubic and ^-dimen- 
sional determinants up to 1880,” 429-431; XIX: “Bordered determinants up to 1880,” 432-446; 
XX: “Determinants whose elements are combinatory numbers up to 1SS0,” 447-462; XXI: 
“Zero-axial determinants up to 1888,” 463-468; XXII: “The less common special forms from 
1839 to 1880,” 469-496; “List of authors,” 497-503. 

R. C. Archibald. 

College Teaching. Studies in Methods of Teaching in the College . Edited by 

Paul Iylapper with an Introduction by N. M. Butler. Yonkers-on-Huckon, 

New York, World Book Co., 1920. 16 + 5S3 pp. 

This book contains twenty-eight chapters by as many different authors. 
Chapter VIII (pages 161-182) on “The Teaching of Mathematics” is by G. A. 
Miller. The sub-headings of the chapter are as follows: Recent changes and 
some of their sources; Influence of researches in mathematics on methods of 
teaching; Range of subjects and preparation of students; Variety of college 
courses in mathematics; History of college mathematics; Relation of mathe- 
matics in secondary school and college; Aims of college mathematics: methods of 
teaching; Advanced work in college mathematics; Mathematics and technical 
education; Preparation of the college teacher of mathematics; The mathematical 
text-book. 

The Teaching of Arithmetic. By John C. Stone. Chicago, Benj. H. Sanborn 

& Company, 1918. 262 pp. Price $1.32. 

This presents for teachers, supervisors, and those preparing to teach, “a 
discussion of the aims and purposes of a course in arithmetic and of the methods 
of presenting each topic that should find a place in our elementary schools.” 
The final chapter, on “Measuring results,” gives an account of the standard 
arithmetic tests developed during the last twenty years. 

NOTES. 

In T. Ziehen, Lehrbuch der Logik auf positivistischer Grundlage mit Beriick- 
sichiigung der Geschichte der Logik , (Bonn, A. Marues & E. Webers Verlag, 
1920), are discussed: “Die mathematische (symbolistisehe) Logik” pp. 227-236 
including a bibliography of about 35 authors; “Mathematische Grimdlegung 
der Logik,” pp. 410-416. 

A new list of the members of the Mathematical Association (England) was 
published in April, 1920. It contains the names of 9 “‘honorary members,” 
of 747 “ordinary members”, and of 83 “associates” of the London, Yorkshire, 
North Wales, and Sydney (New South Wales) Branches. 
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Librarians should not be confused by the fact that the last year (October, 
191 9-&eptember, 1920) of Revue de Matherriat iques Special.es is marked “30e 
ann6e.” While the first year of publication was 1890-91, there was no issue 
between September, 1914 and October, 1919. As the publisher (Vuibert, Paris) 
acknowledges: “Les 25e, 26e, 27e, 28e, 29e annees manquent done a la collection." 

dhe sixth quarto volume of the sumptuous edition of Tyckonis Brahe Dani 
Opera Omnia, now being issued under the auspices of the Danish Society of 
Language and Literature (Danske Sprog- og Litteratur-Selskab), was published 
just a year ago. The editor, J. L. E. Dreyer, who edited also The Scientific 
Papers of Sir William Herschel (1912), was director of the Observatory at Armagh. 
Ireland, 1882-1916. 

A marble monument to Tartaglia (1499?-1557) was unveiled at Brescia, his 
birthplace, on November 10, 1918. “L’Ateneo” of Brescia published an “ele- 
gante opuscolo, riccamente illustrate,” entitled Scoprendosi il Monumento a 
Nicolo Tartaglia, and containing short articles by seven different authors. Among 
them are: “L. da Vinci e N. Tartaglia” by A. Favaro; “Nicolo Tartaglia e 
Parte della guerra” by G. Loria. 

The following publications have appeared during the past four months: 
Archimedes (Pioneers of Progress Series), by T. L. Heati-i (London, S.P.C.Iv. 
Price 2 s.); Some Famous Problems of the Theory of Numbers and in particular 
Waring’ 8 Problem. An inaugural lecture delivered before the University of Oxford, 
by G. H. Hardy (Oxford, Clarendon Press. Price 1 s. 6 d.); An Introduction to 
String Figures. A neic Amusement for Everybody, by W. W. Rouse Ball (Cam- 
bridge, W. Heffer and Sons. Price 2 s.); An Introduction to Combinatory 
Analysis, by P. A. MacMahon (Cambridge University Press. Price 7 s. 6 d.) ; 
Teachers’ Manual, Second Course in Algebra, by W. B. Ford and C. Ammerman 
(New Aork, Macmillan. 5-1-247 pages. Price $1.20); Elementary Functions- 
and Applications, by A. S. Gale and C. W. Watkeys (New York, Henry Holt 
and Co. 20 +436 pages. Price $2.60). 

There is much current discussion of “research.” The address delivered on 
November 8, 1919, by Professor J. C. Fields, of the University of Toronto, as 
president of the Royal Canadian Institute, has been recently issued in pamphlet 
form (27 pages). It is entitled “Universities, research and brain waste.” — In 
the Scientific Monthly, July, 1920, Dr. J. R. Angell deals with the conception of 
research, the distribution of research functions, personnel, training research men, 
organization and cooperation in research, and organization of the National 
Research Council, in “The organization of research.” — A recent address on 
“The college teacher and research,” by Professor LeRov D. Weld, of Coe College, 
was published in Science for July 16, 1920. — Professor Paul Appell in an inter- 
view ( Temps, May 22, 1920) defined instruction in the secondary schools and 
universities: “le premier, e’est la, ou on apprend a apprendre, le second, e’est 
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The Government Printing Office, Washington, D. C., has only recently dis- 
tributed to libraries: Aeronautics, Third Annual Report of the National Advisory 
Committee for Aeronautics 1917, which was published in 1918. It is a volume of 
nearly five hundred royal octavo pages and many plates, and contains twenty- 
three reports. Report 21, “Theory of an airplane encountering gusts, IX” by 
Professor R. B. Wilson, of Massachusetts Institute of Technology, occupies 
pages 403-431, and is in continuation of his report published in the first annual 
report of the Committee. 

“ In speaking of time as a fourth dimension to space, have not our mathematicians been guilty 
of a carelessness in language which they would be the last to tolerate in symbols? They are always 
careful to associate (x, y, z) not with i but with cl, where c is the velocity of light. The fourth di- 
m mension is not time at all, but distance travelled, otherwise these same mathematicians would say 

||i its dimensions were wrong. Or if it is preferred to use time, then we must divide (x, y , z) by c, 

|j which comes to measuring distances in light-years before we can associate them with time. 

'$ “ A -further protest against the rather unnecessary mystification of the layman may not carry 

quite so much weight; but all the same let it be made. Is it vital to use imaginary time in our 
language and our thoughts? As a piece of mathematical mechanism it may be useful to treat a 
hyperbola x 2 — y 2 = 1, as a particular case of a circle x 2 + V 1 = I; but it is surely straining our 
powers of conception needlessly to talk of the hyperbola as a particular case of the circle, except 
for the purpose of obtaining results quickly by the methods of projective geometry. The ‘rigid 
body rotation * invoked for the transformation of dx 2 -j- dif + dz 2 — c 2 dt 2 calls up a false image in 
some of our minds: it is really a simple distortion with which we have to do, and coukl not this be 
mentioned in a cautionary way?” — From The Observatory, April, 1920, volume 43, page 171. 

ARTICLES IN CURRENT PERIODICALS. 

American Journal of Science, volume 49, May, 1920: ‘‘The mathematics of isostasy” 
I by I. C. Chamberlain, 311-318, II by W. D. MacMillan, 318-323. 

Journal of the Indian Mathematical Society, volume 11, no. 6, December, 1919 
(published May, 1920): “International Congress of Mathematicians,” 201-202; “Computation 
of the ephemeris of a planet and a comet” by R. N. Apte, 203-218; “An extension of Feuerbach’s 
theorem” by M. Bhimasena Rao, 219-227; “To find a cube the sum of whose divisors is a perfect 
square” by N. B. Mitra, 228-229; Note on a continued fraction by K. B. Madhava, 230-234; 
“Astronomical notes,” 235-236; Problems and solutions, 237-240. 

Journal of the Washington Academy of Sciences, volume 10, no. 2, Jan. 19, 1920: 
“A trigonometric computer” by F. E. Wright, 29-31.— No. 7, April 4: “A graphical method for 
plotting reciprocals” by F. E. Wright, 185-188. 

Mathematical Gazette, volume 10, May, 1920: “The graphical treatment of differen- 
tial equations” (continued) by S. Brodetsky, 49-60; “Ratio and proportion” by D. K. Picken, 
60-62; “Gleanings from far andnear,” 62, 74; “Geocentric parallax” by A. A. Krishnaswami 
Aivangar, 63-64; “A graphical treatment of simple harmonic motion” by W. G. Bickley, 64-65; 
“A trigonometrical lucubration” by R. F. Muirhead, 66-68; “Some incidental writings by De 
Morgan” (continued), 69-74; Review by J. M. Child of W. N. Rose’s Mathematics for Engineers 
(London, 1920), 75-76; Review by A. Dakin of C. de la Vallee Poussin’s Legons sur V approxima- 
tion desfonctions d’une variable rSelle (Paris, 1919), 76-77; Review by G. H. Hardy of Petrovitch’s 
Les spectres numeriques (Paris, 1919), and J. L. S. Hatton’s Theory of the Imaginary in Geometry , 
77-79; “ Books received, contents of journals, etc.,” i-iv. 

Messenger of Mathematics, volume 49, no. 5, September, 1919: “On some series 
whose nth term involves the number of classes of binary quadratics of determinant — n” by 
L. J. Mordell, 65-72; “A note on a theorem of Riemann’s” by Grace C. Young, 73-78; “The 
twelve elliptic functions related to sixteen doubly periodic functions of the second kind” by E. T. 
Bell, 78-80 — October: “The twelve elliptic functions related to sixteen doubly periodic functions 
of the second kind” (concluded) by E. T. Bell, 82-84; “Notes on some points in the integral 
calculus (lii)” by G. H. Hardy, 85-90; “A new integral equation satisfied by the solution of a 
certain linear differential equation, which occurs in the theory of electrical oscillations and of the 
tides” by E. G. C. Poole. 91-96. 
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NATURE, volume 105, May 13, 1920: “Differential geometry” [review of R. H. Fowler’s 
The Elementary Differential Geometry of Plane Curves (Cambridge, 1920)] by G. B. M[athews], 
321—322 — May 20: “Relativity and Geometry” [review of E. Freundlicli’s The Foundations of 
Einstein’s Theory of Gravitation, translated by H. L. Brose (Cambridge, 1920)] by E. Cunningham, 
350-351; “A new method for approximate evaluation of definite integrals between finite limits” 

by A. F. Dufton, 354-355 [“An approximate evaluation of f‘ F{x)dx is •••’!/•'(,•,) -j- FL>) 

0 

+ P(ru) + F (to) r j ]. June 3: “A new method for approximate evaluation of definite integrals 
between finite limits’ 7 by C. F. Merchant, 422 [“The subject has a particular interest for naval 
architects, inasmuch as the^ majority of calculations relative to displacement, stability, strength, 
etc., of ships involve the finding of areas and volumes bounded by curved lines and surfaces. 

The particular rule enunciated by Mr. A. F. Dufton in Nature of May 20 has been in use 
at this [Royal Naval] College for some years, and gives very accurate results in obtaining areas 
and volumes, and also, by a further application, the positions of their centers of gravity .... 

An interesting paper dealing with this subject and giving a great variety of rules for approxi- 
mate integration was read at the Institution of Naval Architects in 1908 (Trans. I. N. A Vol. 1) 
by Sir W. S. Abell entitled “Two notes on ship calculations.”] 

La Nature, volume 48, May 8, 1920: “Un nouvel appareil enregistreur pour l’etude des 
lois de la dynamique et la composition des mouvements vibratoires” by Paul Bud, 230-234 — 
May 15: “Le centenaire de la machine a ealculer industrielle ” by L. Reverehon, 249-252; “II 
v a quinze ans (27 aout 1904) La Nature donnait un important et substantiel article de M. Maurice 
d’Ocagne sur les machines a ealculer. L’auteur passait successivement en revue les additionneurs 
avec ou sans touches, les appareils a multiplier par additions successives et par application du 
prineipe des tables de Pythagore, les machines a differences specialement employees a la con- 
struction des tables et les machines algebriques et analytiques dont quelques unes sont extra, ordi- 
nairement eompliqnees. 

On pouvait lire dans cet article les lignes suivantes: ‘C’est au financier alsacien Thomas, de 
Colmar, que revient sans conteste le tres grand merite d’avoir realisd la premiere machine a 
multiplier et a diviser rapide, robuste et fonctionnant en toute sftrete. C’est en 1820 que Thomas 
crea son Arithmometre dont depuis lors, le type n’a cesse de se perfectionner sous la direction du 
constructeur Payen. Tres repandu dans les grands etablissements financiers, il a fourni une 
carriere qui a depasse aujourd’hui trois quarts de sieele, attestant de hautes qualites pratiques.’ ” 
The article contains a portrait of Thomas, of Blaise Pascal, “inventeur de la premiere machine ft 
ealculer,” and of Leon Bailee, “a 19 ans, manipulant une machine a ealculer.”] 

NOUVELLES Annales be Mathematiques, volume 79, February, 1920: “Bur le maxi- 
mum et le minimum des fonetions de deux variables” by G. Yaliron, 41-50; “Equation angulaire 
d’un conoide droit. Apphcation au cylindroide envisage dans ses rapports aver; la distribution 
des courbures autour d’un point d’une surface” by M. d’Ocagne, 51-55; “Sur les contacts 
des spheres tangentes a quatre plans” by Y. Thbbault, 55-59;” A propos de la transforma- 
tion par tangentes orthogonales” by F. Balitrand, 59-60; “Certificats de calcul differentiel 
et integral,” 60-73 ; “Chronique,” and “Questions,” 76-80 — March : “Expose elementaire d’une 
thborie rigoureuse des liaisons finies unilatdrales” by E. Delassus, 81-93; “Sur les polygones 
harmoniques d’un nombre pair de cotes et sur certains eercles du triangle” by V. Tliebault, 
94-100; “Sur les tangentes aux trajectoires des sommets d’un triangle qui se deforme dans un 
plan,” by R. Goormaghtigh, 100-102; “Chronique,” 103-105; “Certificats de calcul differentiel 
et integral” 105-117; “Questions,” 117-120— April: “Sur l’application de la loi de Gauss a la 
position probable d’un point dans le plan ou dans 1’espace” by J. Haag, 121-142; “Sur un 
theorem e de Cornu relatif aux eaustiques” by T. Lemoyne, 142-145; “Chronique,” 145-147; 
“ Bibliographic,” “Certificat, d ’astronomic,” “Certificat de phvsique mathematique,” “ Questions,” 
147-160. 

Proceedings of the London Mathematical Society, series 2, Vol. 19, part 1, June, 
1920: “Groups involving three and only three operators which are square” by G. A. Miller, 51-56. 

Proceedings of the National Academy of Sciences, volume 6, no, 4, April, 1920: 
“The starting of a ship” by J. K. Whittemore, 182-1S5; “A thermodynamic study of electro- 
lytic solutions” by F. L. Hitchcock, 186-197; “Functionals invariant under one-parameter con- 
tinuous groups of transformations in the space of continuous functions” by I. A. Barnett, 200-204. 

Retoe be l’Enseignement des Sciences, volume 14, January-February, 1920: “Elimi- 
nation d’une ineonnue entre plusieurs equations” by M. Stuyvaert, 1-6; “Apropos de la notion 


424 


RECENTt PUBLICATIONS. 


[Nov., 


d J aire veetorielle d’un contour gauche” by G. Bouligand, 6-9; “La transformation apsidale et le 
probleme de Monge” by F. Meyer, 9-14; Sur le volume engendre par un triangle en tournant 
autour d’un axe” by J. Juhel-Rdnoy, 14-17; “Resolution graphique de l’equation a cos x + 
bsinx = c ” by H. Girard, 17—20; “Ecole Normale Superieure (1919), concours special,” “Ecole 
Polytechnique* (1919), concours special,” etc. 29-48. 

revue de Mathematiques SPECIALES, volume 13, no. 6, March, 1920: “Resolution de 
liquation du 3e degre” by P. Maurice, 129-131; [solutions of problems in analytic and descriptive 
geometry], 131-139, 141-149; [Questions proposed in oral examinations at the Ecole Polytech- 
nique, Ecole Centrale, etc.], 139-140, 149-152— No. 7, April: “Resolution de l’equation du 3e 
degre” (conclusion) by P. Maurice, 153-155; [Solutions of problems in algebra and analytic 
geometry], 155-162, 167-173— No. 8, May: “Note sur les determinants” by E. Pouget, 177-183; 
Questions, Ecole Normale Superieure et Bourses de Licence, concours special pour les demobilises 
de 1919,” 184-187; [Solutions of problems in algebra and analysis, analytic and descriptive 
geometry], 187-196. 

Revue generate des Sciences, volume 31, April 15, 1920: “Les bases de la theorie 
de la relativity” by E. Guillaume, 200-210 — May 15: [description of F. E. Wright’s [April] 
article in the Journal of the Washington Academy of Sciences, see above], 266; Review by E. Cartan 
of Veblen and Young’s Projective Geometry (Boston, 1916-17), 286. 

Revue Scientifique, volume 58, April 24, 1920: “Le bicentenaire de John Flamsteed” 
by E. Doublet, 237-240. 

School Science and Mathematics, volume 20, no. 5, May, 1920: “Calculation by 
geometry of astronomical distances” by J. V. Collins, 416-418; “The character of the roots of a 
quadratic equation” by R. E. Moritz, 433-434; “Plus and minus signs in algebra” by J. A, 
Nyberg, 435-437 ; “The claims of mathematics as a factor in education ” by C. N. Moore, 438-442; 
“Some applications of the project method in high school mathematics” by Edith S. Eaton, 443- 
447; “The math quest” by Helen Whitaker, 457-459; “The Theorem of Nicomachus” by O. 
Schmiedel, 462-465; Problem department, 465-467 — No. 6, June: “Talk on logarithms and 
slide rules ” by F. Cajori, 527-530; “Freshman college mathematics ” by E. E. Watson [Chairman 
of a committee of the Iowa Association of Mathematics Teachers], 531-538; “Time, rate and 
distance problems” by J. A. Nyberg, 539-544; “Some applications of the various forms of zero 
and unity” by R. Morris, 544-548; Problem department, 554-556. 

SCIENTIA, volume 27, February, 1920 : Review by G. Loria of T. R. Running’s Empirical 
Formulas (New York, 1917), 159-161. 

SEFIAD, Brown University, volume 20, May, 1920: “Mathematical nightmare” by Marion 
E. Stark, 32-33 [First two of five stanzas: 

“Quite oft when I slumber by night-time, 

But not when I slumber by day, 

I find myself deep in a woodland 
Where tiny lost triangles stray. 

Hyperboloids, one or two-sheeted, 

Like ghosts flit about me in pairs; 

A catenoid mews in the branches, 

And helices creep from their lairs.”] 

Texas Mathematics Teachers’ Bulletin, volume 5, no. 3, May 10, 1920: “Looking 
forward,” by J. W. Calhoun, 5-7; “A proposed statistical study of high school grades” by E. L. 
Dodd, 8-10; “The teaching of elementary algebra” by PI. J. Ettlinger, 11-13; “Mathematics 
in the [University of Texas] summer school,” 14-18; “The reorganization of the first courses in 
secondary school mathematics,” 19-33 [a preliminary report by the National Committee of Mathe- 
matical Requirements including a letter by J. W. Young]; “The straight edge,” 34. 

Unterrichtsblatter fur Mathematik unb Naturwissenschaften, volume 20, 
nos. 1-2, February, 1920: “Ueber die Yerwendung der Logarithmentafel im Schulunterrieht ” by 
R. Neuendorff, 12-13; “Reziehungen zwischen dem Dreieek, seinem Ankreis- und Fusspunkt- 
dreieck und ihre Anwendung zur Herleitung _von F ormein fu r die trigo nometri sch en Funktion en 
der Dreieekswinkel” by S. Fruhling, 13-18; “Ueber das einem gegebenen Kreissegment ein- 
geschriebene grosste Rechteck und sein raumliches Analogen ” by W. Gaedecke, 18-20. 

Zeitschrift fur mathematischen und naturwissenschaftlichen Unterricht, 
volume 51, nos. 2-3, March 30, 1920: “Eine neue Definition der stetigen Teilung” by O. Zander , 
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41-45; “Die Perspektivitat im geometrisclien Unterricht der Oil” by M. Enders, 46-51; “Die 
Ivegelscknitte als ICreisprojektion ” by J. Arneberg, 52—57; “Die Exponentiaslfunktiori im Unter- 
richt” by E. Gotting, 5S-62; “Kleine Mitteilungen 62-65; “Aufgaben-repertorium,” 65-71; 
“ Biicher Besprechungen,” 71-87 [not all of the books are mathematical.] 
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Edited by U. G. Mitchell, University of Kansas, Lawrence. 

CLUB ACTIVITIES. 

The attention of our readers is called to the fact that among the clubs reported 
this month are two which have not before been listed by the Department. One 
of these, “The Pascal Circle” of Trinity College, Washington, D. C., has been 
organized for four years. The other, “The Square” of Washington Square 
College, New Y ork University, is, so far as the writer is aware, the most recently 
organized club having begun its activities in February of this year. 

Mathematics Club of Columbia University, New York, N. Y. 

[1918, 227-228; 1919, 262.] 

Officers 1919-1920: President, Joseph Feldt ’21; vice-president, Barclay V. 
Heuill ’21; secretary, Albert E. Meder, Jr., ’22; faculty adviser, Professor Lewis 
P. Siceloff. These officers constituted the program committee. 

The average attendance at meetings during the year was twenty-five. The 
programs were as follows: 

October 31, 1919: “Geometric inversions” by Albert E. Meder *22. 

November 21 : “ Cardinal numbers ” by Joseph Feldt ’21. 

December 5: “The catenary and the suspension bridge” by Barclay V. Heuill ’21. 
December 17: “The Newtonian theory” by Israel Ivoral ’20. 

January 9, 1920: “What is a point?” by Professor Cassius J. Keyser. 

February 13: “The history of mathematics in Columbia University” by Pro- 
fessor Thomas S. Fiske, chairman of the department of mathematics. 
February 27: “How tables of logarithms are made” by Edward II. Reimer ’22. 
March 12: “The Einstein theory” by Doctor Kenneth W. Lamson of Barnard 
College. 

March 26: “Origins of the calculus” by Oscar Bodansky ’22. 

April 9: “Famous problems in the history of mathematics” by Professor David 
Eugene Smith, president of the Mathematical Association of America. 

April 21: “The number 7r” by Frank Frink, Jr., ’22. 

May 7: “The geometry of the cubic equation” by Professor Henry B. Mitchell. 

The Pascal Circle, Trinity College, Washington, D. C. 

An undergraduate Mathematics Club was organized at Trinity College, 
Washington, D. C., under the name of the “Pascal Circle,” in 1916, to give 
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students of mathematics an insight into the problems of current magazines 
and to study the principles underlying mathematical recreations. The Circle 
had twenty-two names on its roll that year and held fortnightly meetings. The 
club has' improved each year in numbers, spirit and aims. During 1919-20 it 
had about thirty-five members and included on its program papers on the history 
of mathematics. The meetings have been informal in character and enlivened 
by discussions on present day topics or mathematical puzzles and recreations of 
interest. 

The officers of the Circle for the year 1919-20 were: President, Mary C. 
Duncan ’20; vice-president, Margaret M. Walsh ’21; Secretary-treasurer, Julia 
Thomas ’22; faculty adviser and honorary president, Professor Marie C. 
Mangold. 

October, 1919: The initial meeting was devoted to the reception of new members 
and to a short interpretation of the constitution of the Circle by the president. 
At this meeting it was decided to have special pins for the society and all 
members were invited to submit designs. 

November: “Blaise Pascal” by Mary C. Duncan ’20. The speaker explained 
why the mathematical club of Trinity College chose the name of “Pascal 
Circle.” The mathematical principle underlying “magic number cards” was 
discussed by the club. 

December : “ The history of arithmetic ” by Margaret Walsh ’21 . Designs of pins 
were submitted and that of Margaret Sheehan ’19 was accepted. The pin is 
of black enamel with gold edge and gold letters. It is in the form of a Pascal 
triangle bearing the Greek letters ttk representing the initial letters of 
“Pascal” Trinity College. 

February, 1920: “The History of Geometry” by Professor Marie C. Mangold. 
March: “A psychological test” by Margaret Sheehan T9: “A psychological 
problem” by Marguerite Hopper ’22. 

At a second meeting in this month a paper was read on “The history of 
algebra” by Julia Thomas ’22 and the formation of magic squares was dis- 
cussed and explained by various members of the dub. 

April: “Women who have played a part in the history of mathematics” by 
Margaret Grotty ’21. 

May: “The church and mathematics” by Catherine Manion ’20. 

The last meeting of the year was a social meeting. 


The Square, Washington Square College, New York University, N. Y. 

The Mathematics Club of Washington Square College was organized February 
lb, 1920, and named the “Square.” For the present it was decided not to limit 
the membership to advanced students and as a consequence a great deal of 
interest has been shown by freshmen. 

The officers for 1920 were: President, Sophie Epstein ’23; secretary-treasurer, 
Rose Beckenstein ’23; faculty adviser, Assistant Professor Earnest J. Oglesby. 
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The average attendance has been about fifteen. Meetings are held twice each 

month during the academic year. 

The following programs were given during the first half of 1920: 

February 18, 1920: Organization. 

February 26: “ Magic squares ’ 5 by Sophie Epstein ’23. 

March 11: “Flatland” by Bertha Turetzky ’23. 

March 25: “ Mathematics of warfare” by Isadore Jacobs ’23. 

April 9: “II” by Elias Gastman ’23. 

April 21: “.Card tricks” by Isadore Saperstein ’23. 

May 5: “The duplication of the cube” by Winifred Jacobs ’23. 

The Mathematics Club of Yassar College, Poughkeepsie, N. Y. 
[1918, 136, 456; 1919, 264; 1920, 78-79.] 

The descriptions of the meetings held during 1919-20 were furnished by the 

secretary, Miss Elizabeth Larsen. 

October 28, 1919: This first meeting was a Welcome Picnic to the new members 
of the club. “Hot-dogs,” cider and doughnuts were consumed around a 
bon-fire. Cards were circulated having fortunes written on them with 
invisible ink, in the form of milk, which became legible upon being held over 
the fire. Mathematical charades were acted out by members as part of the 
evening’s amusements. 

November 18: This was the first regular meeting of the year and a new plan 
was presented for conducting the meetings. A different committee was to 
be appointed to take charge of the program of each meeting. The aim of 
this scheme was to divide the work and so enlist the interest of a larger number 
of members. Also, a mathematical contest of problems was announced. 
Each month problems were to be presented to the club and at the end of the 
year a prize of $5 was to be awarded to the person solving the greatest number. 
The subject of the meeting was “The relation of mathematics to science.” 
Talks were given showing the part played by mathematics in physics and 
chemistry. 

December 9: The subject for discussion was “Mathematics and art.” It was 
explained how certain mathematical ideas and principles were present in 
nature, and the principle of symmetry, the law of order and the existence 
of a definite proportion known as “the golden section” were illustrated. 

January 15, 1920: The subjects for discussion were “The squaring of the circle” 
and “The duplication of the cube.” 

February 19: Election of officers and social meeting. Officers elected for the 
second semester were* : President, Mildred Booth ’20; vice-president, Amy 
Davison ’21; secretary-treasurer, Elizabeth Larsen ’20; faculty member of 
the executive committee, Professor Elizabeth B. Cowley ; student member of 
executive committee, Helen Lewis ’20. 

The entertainment program consisted in guessing the pictures of leading 
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mathematicians and listening to delightful talks on Descartes, Newton and 
Euclid as seen in an interview. 

March 18: Subjects for discussion were “ Cranks and their follies 5 ’ and “The 
eternal triangle. 55 Part of the hour was spent in solving problems, a prize 
being awarded for the greatest number of correct solutions. After the 
business meeting refreshments were served. 

April 27: The subject discussed was “The circle 55 including the nine-point circle 
and the problem of Apollonius, to construct a circle tangent to each of three 
given circles. A lighter supplement was added to the purely instructive part 
of the program bv the reading of one of Stephen Leacock’s essays entitled 
“An interview with our greatest scientist. 55 

May 27: Spring picnic. The five-dollar prize for the greatest number of solu- 
tions to the problems presented during the year was awarded by Professor 
Cowley. Various members of the club had composed mathematical parodies 
of well-known songs and the entertainment feature of the meeting consisted 
in the singing of these parodies. 


PROBLEMS AND SOLUTIONS. 

Edited by B. F. Finkel and Otto Dunkel. 

Send all communications about problems and solutions to B. F FINKEL, Springfield, Mo. 

PROBLEMS FOR SOLUTION. 

[MB. The editorial work of this department would be greatly facilitated if, on sending in 
problems, the proposers would also enclose their solutions — when they ham them. If a problem 
proposed is not original the proposer is requested invariably to state the fact and to give an exact 
reference to the source.] 

2858. Proposed by c. p. SOUSLEY, Pennsylvania State College. 

A boy can split wood as fast as his father can saw, and the father can split twice as fast as 
the son can saw. How should the money received for their labor be divided? 

2859. Proposed by L. s. dedebick, U. S. Naval Academy. 

Derive an expression for the limit of error in evaluating a definite integral by Simpson’s 


A i rust rum ot a right circular cone has a volume v. The lateral area added to the lesser 
base is a sum which is a minimum. Determine the dimensions of the frustrum in terms of v. 

2861. Proposed by B. F. finkel, Drury College. 

Obtain by plane geometry, i.e., without use of calculus, a construction for finding points on 
the envelope of a system of circles whose diameters are chords of a fixed circle passing through a 
given point on it. Also determine geometrically the nature of the locus. 

2862. Proposed by J. L. RILEY, Stephensville, Texas. 

Show that the whole area commanded by a gun on a hillside is an ellipse whose focus is at 
the gun, whose eccentricity is the sine of the inclination of the hill to the horizon, and whose 
semi-iatus rectum is twice the greatest height to which the gun could send a ball. 
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SOLUTIONS. 

129 (Average and probabilities) [1902, 148 ; 1903 , 81 ]. Proposed by J. K. ELL WOOD, 
Pittsburg, Pa. 

A and B play with two dice, A throwing. If he throws 7 or 11, he wins; if he throws 3, or 
two aces, or two sixes, B wins. But if he throws 4, 5, 6, S, 9, or 10, he continues throwing to 
duplicate this throw, in which event he wins; if in throwing, however, lie throws 7, B wins. What 
is the expectancy of each? [This is the regulation “crap” game, B being the banker.] 

155 (Average and probabilities) [1905, 76], Proposed by IS. B. WILSON, Yale University. 

The game of craps is played with two dice. If the player throws 7 or 11 on the first throw 
he wins. If he throws 12, 2, or 3 he loses. If the player throws any other number, that is to say, 
4, 5, 6, 8, 9, 10, he is obliged to continue throwing until he throws that number again or until he 
throws 7. If he succeeds in throwing his first throw before he does 7, he wins — otherwise he loses. 
Required the odds against him. (Note that he can continue throwing indefinitely without 
getting either his original throw or the 7). 

Note by R. C. Archibald, Brown University. 

The answers to these problems may be found in the article by Mr. Bancroft H. Brown 
(“Probabilities in the game of ‘shooting craps’”) in this Monthly, 1919 , 351-352; see also 1920 1 
166-167. 

2752 [1919, 72]. Proposed by the late R. E. MOORE. 

00 

Test for convergence, the series a n , in which 

91=1 


1-3-5 ••• (2ra — 1) Y 
a, ‘ L 2-4-6 •• • 2 n J 


I. Solution by P. J. da Cunha, University of Lisbon. 

On sait que lorsque le rapport a n /a n +i est developpable suivant les puissances entires de 
1 jn, il est tres facile de decider, dans tous les cas, s’il y a ou non convergence. En effet, si V on 
pose, en s’arr&tant aux termes du second ordre, 

&n . P _L w 

~ a: H r 

a»+i n n 2 


6 n rest ant fini pour n - oo, il y a: 

Divergence si a < 1 ou a = 1 et (3 g 1 ; 

Convergence si a > 1 ou a — 1 et (3 > 1 

(Jordan, Cours cV Analyse, troisieme edition, tome 1, page 313.) 

Cela pose, en appliquant la regie a la serie donnee, nous avons 

1 4. £ J: 

„ / ■ I a Vo 4 I . O*. • I A 1 m 1 nn'l 


an = / 2 n + 2 \ 2 

hi+i \ 2 ft + 1 / 


ou, finalement 


. T . 

4n 2 + 4 ft + 1 


n ' 4ft 2 


Comme nous trouvons a ~ 1, (3 = 1, la serie eonsideree est divergente. 


II. Solution by Otto Dunkel, Washington University. 

A proof of the same nature as that of Professor Cunha but requiring only elementary facts 
is as follows. 

Omit the first factor (J) 2 of each term and consider the series whose general term is 


Since 







warn 
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Similarly, the second integral comes from 


, i. i , , i 

+ - + ? + ••• +j-x)j z - 


After integration, the first and last terms, give 


i( 2 r-l)r & T ~ l f 2r — 1 v 

The result given is obtained by starting with the central terms. 


2 1^/2 0 

• — ~z sin ( 2 r — 1 )^ = ± 3 — . 

r — 1 Jo 2r - 1 


(■+;)?• 


Also solved similarly by P. J. da Cttnha, William Hekberg, and H. L. 
Olson. 


2759 [1919, 124], Proposed by J. i. RILEY, Stephenyille, Texas. 
Solve the simultaneous functional equations 

<Kx + y) = m + ’ 

, .a titi-tiy) 


+ y ) = 


1 - <l>(x)<t>(y) * 


I. Solution by C. F. Gummer, Kingston, Ont. 

When y — 0 the equations show that either t/^x) — 0, or 4>(0) =0 and ^(0) = 1. In the 
former case, <f>(x) is constant. In the latter, the first equation gives 

<t>(x + y) - <t>(x) = <f>(y) - <ft(0) t $(x) . 

y y 1 - <f>(x)<t>(y) ’ 

so that, if we assume that <£'(0) exists and equals a, we deduce that 

4>'(x) * m/4x). 

If further ^'(0) exists and equals 6, the second equation gives 

Vix). = {a$(s) + b\$(x). 

Eliminating ^(.r) between the last two equations, and writing X(x) = a^(x) -f 6, we get 

X"(x) - IWI'W; 

and on integration, since X (0) = b and X'(0) — a 2 , 

X(x) = 24 tan (Ax -f 5), 

where V2a 2 — b 2 - 2 A and 6 = 2 A tan B. 

Hence 

, . rr sin Ax ,, N cos 2 B 

^ * c ~~ ^ cos (Ax J- B) I ^ cos 2 (Ax + B) 

This solution, however, fails to satisfy the functional equations unless A = 0. Hence the only 
solutions admitting derivatives for x — 0 are 

(x) . = c, \p (x) = 0 and <£(x) = 0, ${x) = 1. 

It is apparent that 4>{x) — 0, ip(x) = a* is a solution. 

Possibly the proposer intended to square the denominator on the right of the second equa- 
tion. With this change and similar work w r e get, assuming and ^'(Q) to exist, either 

' tp{x) = c, *Kx) * 0 
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both satisfying the equations. 


cos (.4a; -f B) ’ 


4>(x) = 


cos 3 {Ax + B) ’ 


t(x + y ) 


II. Solution by A. A. Bennett, Baltimore, Md. 

Unlike algebraic equations, the first is sufficient to determine both <j> and \jj, and the “-eneral 
solution of this first equation will be obtained. The second equation as given is inconsistent 
with the first except for the trivial solutions, $ = 0, 4 , = a*. 2 The equations intended were,' 

a> ^ +s) . <w + r *igw_, 

(3) 

where the second now serves merely to specialize one of the parameters in the solution of (1) 
From the symmetry of (1), we have 

} + 1 - 4>{x)4>{y) ^ J) + 1 - <Kx)<f,iy) 4 

Excluding, for this discussion, the case <t>(x) ^ 0, this reduces to 

tM _ A(x) i _ tM A.fiA 1 
<Kx) <#>(x) <t>(y) ^y) , 

hence, each member is a constant, say 2c, and 

$(%) ==14- 2ccf>(x) 4- <£ 2 0c). 

Equation (2) serves merely to determine c as equal to zero. 2 

To obtain the general solution, let us first obtain a suggestive form by examining only con- 
with a continuous derivative at the origin. From (1) by putting y = 0, one 
nas - 0; hence, for y approaching zero will have a finite limit, and [cb(x 4- v) - 6(x)]fv 
approaches 6 (a;) for y approaching zero. Now (1) may be written 

+ v) - <t>{x) = tfjj) t(x) 
y y l — <t>(x)<t>(y) 4 

Letting y approach zero, tliis gives 

and, therefore, *'(*)= *'(0)*(x) or «*(*), 

= a[l 4" 2c<f>(x) 4- h 
Integrating, we have, as is at once verified 

J ™ ^1 ~ tan [ckeV I — c 2 4~ arc sin c] — c 
\ \p(x) — (1 — c 2 ) see 2 [a;c Vi ~ c 2 4- arc sin c] 

as the most general solution satisfying the continuity conditions indicated. For c 2 > 1 the 

SEt 1D ?- a f ma W terms b " fc a real soIution in logarithmic form may be given as is 

customary m differential equations. These are, however, algebraically equivalent. 

Io obtain the most general solution where $ is not identically zero, put 

4>{x) = VI — c 2 tan [oVl — c 2 /( a-) + are sin c] — c 

iedE; iVfff. d f er f^ es „^) « (1 - f) sec 3 [a Vl~— "c 2 -f(x) + arc sin cj. Equation (1) now 
■cmriW * A it ^ _ + a ^ 4 Thls 1S Cauch y’ s &st functional equation of which the 

™ solutions are af(x) = ax except for a change of parameter, and of which the dis- 

continuous solutions are all known for purposes of functional equations. For c = 0, the case 

probably 6 Solution = °° nst -> V'O®) — 0, is overlooked. — E ditors. 

2 The reasoning here calls for the emendation in footnote 1— Editors. 
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when both (1) and (2) are satisfied, one has 

4>(x) = tan ax, ^(x) ~ see 2 ax, 

which is the most general continuous solution, [also ${x) ss 0 and $(x) = const. — Eds.]. 

Also solved by Elijah Swift; partial solutions by E. B. Escott, and ILL. 
Olson. 

2763 [1919, 170] Proposed by C. N. SCHMALL, New York City. 

Show that the equation ky — 2ft l % 2 % + x 2 - 0, where k is a variable parameter, represents 
a family of parabolas passing through a fixed point, and all having the same areas comprised 
between the curve and the x-axis.' 

Show, also, that the envelope of the family is the rectangular hyperbola whose equation is 
xy = 2 5 a 2 /3 3 . 

Solution by P. J. da Cuniia, University of Lisbon. 

* 

II est evident que Pequation donnee represente une famille de paraboles, et que t-outes ces 
courbes jouissent de la propriety de passer par Porigine. L’abscisse du second point d ’inter- 
section de chacune ties paraboles et de l’axe des x est 2/S% 2 / 3 , de sorte que Paire comprise en- 
tre la courbe et le meme axe est 


k l W !z x/ 


Finalement, Pequation de Penveloppe subtenant par la r&gle connue, Vest a dire, en eliminant k 
entre liquation donnee et celle-ci: y — 2Ar 2 / 3 a 2 %/3 - 0, nous tombons sur Pequation 


After giving this same solution H. H. Downing, University of Kentucky, notes 
that the locus of the vertices of the parabolas is the equilateral hyperbola, x y = ar. 

The problem was also solved by C. A. Barnhart, A. M. Harding, William 
Herberg, William Hoover, Arthur Pelletier, and J. B. Reynolds. 

2766 11919, 171]. Proposed by N. P. P ANDY A, Amreli, India. 

Is it possible to find a harmonic series whose terms are positive integers such that the product 
of the first, second, seventh, and eighth terms is equal to the product of the third, fourth, fifth, 
and sixth terms? 


Solution by A. M. Harding, University of Arkansas 

Amy harmonic series of eight terms may be written in the form 


1+2 ak', ' 1+7 ah’ 

If it is possible to find an harmonic series satisfying the 


where a and k are constants, a =j= 0, 
conditions of the problem, then 


1 + ak 1 + Qak 1 + 7ak 1 + 2 ak 1 + 3 ale 1 + 4 ak 1 + oak 
That is, since a + '0, 

(1 + ak) (1 + 6a&)(l + 7 ak) = (1 + 2ak) (1 + Zak) (1 + 4ak')(l + 5 ak), 
or 

16a 2 /c 2 + 112a 3 ft 3 + 120a 4 & 4 « 0. 
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Supposing k 4= 0 and dividing by 8a 2 k 2 , we have 


whence 


2 + liak + 15a 2 /; 2 = 0; 


• 7 ± V19 
15 


1 - j - clIz 


8 -fc Vl9 


a . __ 15a 

1 + ak s ± V19 ‘ 


That is, if a is a positive integer, the second term of the series is irrational. Hence, the only series 
which satisfies the condition of the problem is one for which k = 0; that is, a series in which the 
terms are all eqnal. 

Also solved by II. L. Olson and Aktiiur Pelletier. 

2779 [1919, 268]. Proposed by J. L. RILEY, Junior Agricultural and Mechanics College 
Stephensville, Texas. “ ’ 

A parabola is placed with its axis horizontal; find the straight line of shortest descent from 
the curve to the focus. 

I. Solution by A. M. Harding, University of Arkansas. 

Construct a circle tangent to the axis of the parabola at F and tangent 
to the parabola at P l . The time of descent down all chords of this circle F 

which pass through F is the same, so that the time down PF is the same 
as the time down any other chord QF, and is, therefore, less than the time ) 

down the focal radius Q'F. —dr - — — ~v 


II. Solution by H. S. Uhler, Yale University. 



___ P — distance from vertex to focus, g s acceleration due to gravity, 
f Z yistancefrom an Y Point (x, y) on the parabola and in the first quadrant to the focus (p 0) 

^ - tune of descent, and 7 - angle which the straight line makes with the positive direction of 
the axis of x. From kinematics, s ~ %at 2 and a « g sin 7; hence, 


iliSi 


I § 


The polar equation of the parabola, with the pole at the focus, is 

, _ 2 p _ 2p(l + cos 7) 


Hence, from (1) and (2), 
Differentiating, 


1 — cos 7 sin 2 7 

_£ t « __ 1+ cos 7 
sin 3 7 


therefore, 
so that 


FL . pfL — _~L s H l2 _7_ — 3(1 -f- cos 7) cos 7 
&P dy sin 4 7 ~ 

2 cos 2 7 + 3 cos 7 + 1 =0 

cos 7 = — 1 or cos .7 = — J. 


- constri ? ct,lon iS P° ssi ble and if the tangent at P meets the axis in T, TP = TF 

eq x a ( ,l i n / f the P ar f bol a being = 4px. Hence to get the coordinates of P wo 
, (f + V) 1 = 40 + 4px or * = Ip. It follows that the triangle TPF is an equilateral triangle, 
each side equal to ip. The coordinates of the center of the circle will be p, 4p/3\3, and 'its 

tianof° t ho TV, rTY y ~ \ = 0- we eliminate x or y from this equation and the equa- 

^ , a U ( or resulting equation two equal roots corresponding to p, 

an imnort T lex T° ots > . sho f m g that the circle must he entirely within the parabola— which is 
Editors * * conslderatlon m connection with Professor Harding’s discussion of the problem.— 
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An examination of the factored form of the derivative shows that y = 120° gives a minimum. 
Incidentally, 




Also solved by T. M. Blakslee, R. A. Johnson, H, L. Olson, Arthur 
Pelletier, S. W. Reaves, J. B. Reynolds, and Elijah Swift. 

2794 [1919 458]. Proposed by B. . 1 . BROWN, Kansas City, Mo. 

Find the value of x e * - 4 - x* x when x == 0 and when I. C. S. 1902, 


Solution by Paul Capron, U. S. Naval Academy. 

A bC is taken to mean A (hC) , 

(i) When x = 0, it is well known that e x == x x == 1; 

(log ^) n_1 . 


n . (log x) 

x (log x) n — - 


1/x “ " ' 1/x 

e x _ X x ^ Q ^ e x ;r a(X + log X) 


log y = (e* — x+ log x = 


Hence, as x = 0, y = 1. 
(ii) When x = «=, 


hence, ' 


y — x a + x x = a:*'" - * . 


1/log x 0 


x(logx) 2 

== — xe*(logx ) 2 + x*(x(log x ) 2 + x(logx ) 3 === 1.0 + 1 ( 0 + 0 ) — 0 . 




with the notation of (i), log y ~ (e x ~ x x ) log x == ( — «>)(+ so) ~ — =c, or y = 0. 

2795 [1919, 458]. Proposed by C. N. SCHMALL, New York City. 

A square is described touching the ellipse, x 2 /a 2 + if/bP ~ 1, at the ends of its minor axis 
a second ellipse is drawn circumscribing the square and tangent to the given ellipse at the ends 
of the major axis. The new ellipse is treated as the first and the process is continued until there 
are n n ew el lipses. Show that the last ellipse is a circle if the eccentricity of the original ellipse 
is Vw/(w + 1). 

Solution by Gertrude I. McCain, Oxford, Ohio. 

If x f , y' be the coordinates of a comer of the first square, then each equals b; and, lying 
the second ellipse, 

a- + bf ’ 

where hi is the minor axis of the first circumscribed ellipse. Substituting b for x r and y f and solving 
for hr, 

Similarly, 

b 2 2 
and 


a 2 b 2 

: a 2 — 6 2 * 

arhf __ Orb 2 
¥~~bi 2 “ a 2 "- W ’ 


1, 2 sat 
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q2 _ Yh (ft —— £)2 

If - --3— = , then % = — -p Substituting this value of », 6 n 2 = a 2 . Hence, the 

last ellipse is a circle. 

Also solved by Norman Anning, Grace JVL Bareis, Paul Capron, H. 0 . 
Hanson, Olive C. Hazlett, E. J. Oglesby, H. L. Olson, Arthur Pelletier, 
J. L. Riley, C. P. Sousley, Elijah Swift, and H. S. Uhler. 


NOTES AND NEWS. 

It is hoped that readers of the MONTHLY WILL cooperate in contributing 

TO THE GENERAL INTEREST OF THIS DEPARTMENT BY SENDING ITEMS TO THE EDITOR- 
IN-CHIEF. 

Mr. L. M. Graves of Chicago, has been appointed instructor in mathematics 
at Washington University. 

Miss Louisa M. Webster, associate professor of mathematics at Hunter 
College, has been appointed principal of the Hunter College High School. 

Air. H. L. Olson, of the University of Wisconsin, has been appointed in- 
structor in mathematics at the University of Michigan. 

At the University of Nebraska, Dr. T. A. Pierce has been promoted to an 
assistant-professorship of mathematics; Mr. W. M. Bond and Air. C. R. Sherer 
have been appointed instructors, and Aiiss C. Rummons assistant instructor. 

Air. Oscar Schmiedel has been appointed professor of mathematics at 
Nebraska Wesleyan University. 

H. S. Myers,. for four years professor of mathematics at Huron (S. D.) 
College, has taken a similar position at Southwestern College, Winfield, Kansas. 

Professor Solomon Lefsciletz of the University of Kansas will be absent on 
leave during this academic year most of which he will spend in Europe. 

Professor Harriet Glazier of Western College for Women has been given an 
extended leave of absence for a second year and will spend the year at Southern 
Branch of the University of California, filling the vacancy caused by the absence 
for the year of Professor Myrtle Collier. 

At the University of Texas Aiiss Anna Mulligan and Aiiss Helma Holmes . 
have been appointed instructors, and Air. Claude Bailey, tutor, in mathematics. 

Mr. 0. C. Collins, of Oxford U niversity, England, has been appointed 
instructor in mathematics at the University of Nebraska. 

Mr. C. E. Harrington, M. E. (Cornell), has been appointed as an instructor 
in mathematics at the University of Buffalo. 

Professor E. H. Thomas of Tabor College has been appointed professor of 
physics at Southeast Missouri State Teachers College. 

Air. J. B. Rosenbach, last year at the University of Illinois, has been ap- 
pointed to an instructorship in mathematics at the Carnegie Institute of Tech- 
nology. During the summer vacation Air. Rosenbach was employed in the 
valuation department of the Atchison, Topeka and Santa Fe Railway. 
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Miss C la ei bel Kendall of the University of Colorado will spend her year’s 
leave of absence at the University of Chicago as Fellow in mathematics, her place 
being supplied by W. H. Hill of Greeley (Colo.) High School. 

Dr. E. G. Bill has been promoted to a full professorship of mathematics at 
Dartmouth College. 

Dr. O. J. Ramler has been promoted to be associate professor of mathematics 
at the Catholic University of America. 

Mr. F. V. Morley, of Johns Hopkins University, has left for study at Oxford 
University where he enters as a Rhodes Scholar. 

Dr. Daniel Buchanan, professor of astronomy and mathematics at Queen’s 
University, has been appointed professor of mathematics and head of the depart- 
ment at the University of British Columbia, 

In the department of mathematics at the University of Minnesota Associate 
Professor R. W. Brink [1920, 382], who has been lecturer at the University of 
Edinburgh during 1919-20, has resumed his work. Mr. C. M. Jensen, of the 
University of Minnesota, and Miss Ruth Askeland, of Hamline College, have 
been appointed teaching fellows; and Miss Elizabeth Carlson, of the Univer- 
sity of Minnesota, a teaching assistant. 

At the University of Wyoming Professor C. B. Ridgaway is retiring after 
twenty-four years’ service; Professor C. E. Stromquist has been made head of 
the department; A. R. Feiin of Kansas Agricultural. College has been made 
associate professor of mathematics, and Lucy A. Feddersen has been appointed 
instructor in mathematics in the University High School. 

At the University of Pennsylvania Assistant Professor F. II. S afford has 
been promoted to a full professorship of mathematics; Dr. R. A. Arms has 
resigned his instructorship to accept a professorship at Pennsylvania College; 
and Mr. H. M. German and R. W. Hartley have been appointed instructors in 
mathematics. 

At the University of Alberta, Lecturer George Robinson has been appointed 
assistant to Professor E. T. Whittaker in his mathematical laboratory in 
Edinburgh; Mr. T. II. Milne, of the department of physics at the University 
of Toronto has been appointed lecturer in mathematics; Mrs. E. T. Mitchell, 
of the University of Alberta, has been appointed instructor. 

At the University of California, Dr. A. R. Williams, for three years instructor 
In the Shipping Board at Portland, Oregon, and Dr. C. D, Shane have been 
appointed instructors; Mrs. A. D. B. Shane, Ph.I)., Miss Nina Alderton, Miss . 
G. M. Campbell, and Messrs. P. II. Daus, B. C. Wong, Victor Steed and 
J. P. Pobanz have been appointed assistants. 

At the University of Saskatchewan, Professor L. L. Dines f 1919, 84] is 
acting head of the department of mathematics while Professor G. II. Ling is 
spending a year in Europe. Dr. I. A. Barnett has been appointed assistant pro- 
fessor of mathematics, having been released from his acceptance of an instructor- 
ship at the University of Illinois [1920, 190]. 

In the department of mathematics at the University of Illinois, Associate 
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Professor R. D. Carmichael has been promoted to be a professor and Drs. L. 
L. Steimley and C. F. Green have been advanced from assistantships to in- 
structorships; Drs. R. Margaret Turner and Margaret Haseman, of Bryn 
Mawr, have been appointed instructors; Associate Professor E. R. Smith, of 
Pennsylvania State College, has leave of absence for a year to serve as an associate; 
Messrs. J. W. Wagner, of Baldwin Wallace College, H. A. Bender, instructor in 
Muskingum College, L. H. McFarlane, of the University of Missouri, R. F. 
Graesser and J. W. Hearst, of the University of Illinois, and Mrs. Fenner 
Stickney, of the University of California, have been appointed assistants. 

Dr. Dinar Hille, of the University of Stockholm, is studying mathematics 
at Harvard University as a fellow of the Swedish- American Foundation. 

Eric Doolittle, professor of astronomy in the University of Pennsylvania 
and director of the Flower Observatory since 1912, died on September 21, 1920, 
aged sixty-one years. He was instructor in astronomy at the University of 
Pennsylvania 1896-1904, and assistant professor 1904-1912. We have already 
referred [1919, 178] to the death of his father, Professor C. L. Doolittle, his 
predecessor as director of the Flower Observatory. 

T. R. Davies, assistant professor of mathematics at McGill University since 
1909, died on August 19, 1920, aged fifty-six years. He was born in England and 
graduated at the University of Cambridge. For several years he was head- 
master of Abingdon school, Montreal. In 1907 he was appointed lecturer in 
mathematics at McGill. 

K. H. Struve, director of the Berlin-Babelsberg Observatory, and professor 
of astronomy in the University of Berlin since 1904, died August 12, 1920, aged 
sixty-six years. Professor Struve was a Russian by birth. His father O. W. 
Struve (1819-1905) and grandfather F. G. W. Struve (1793-1864) were also 
astronomers— working for many years in Russian observatories. 

Sir J. N. Lockyer died August 16, 1920, aged eighty-four years. He was the 
founder of Nature , director of the Hill Observatory, Salcombe Regis, Sidmouth, 
England, and late director of the solar physics observatory, South Kensington, 
1885-1913. For sketches of his life and work see Nature , August 19, 26, and 
September 2, 1920. 

Dr. Giovanni Celoria, director of the observatory of Brera, Milan, since 
1900, and author of numerous books and papers on astronomical subjects, died 
August 17, 1920, aged 78 years. 

Dr. P. G. H. Bachmann, professor at the University of Munster from 1875 
till made professor emeritus in 1900, died on March 31, 1920, aged eighty-three 
years. He wrote many books and papers in the field of theory of numbers, and 
was the author of the sections on “Analytische Zahlentheorie/ , 1900, and “Nied- 
ere Zahlentheorie,” 1900 (French editions 1906-1910), in the Encyklopadie der 
mathematischen Wissenschaften. His most recent book was Das F ermatproblem 
in seiner bisherigen Entwickliing , 1919. Among his earlier works were the fol- 
lowing; Die Lehre wn der Kreistheilung und Hire Beziehung zur Zahlentheorie , 
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1872 (translated into Italian); Die Elemenie der Zahlentheorie, 1892; Die analy- 
tiseke Zahlentheorie, 1894; Die Ar it limetik cler quadratischen fornien, 1898; Niedere 
Zahlentheorie , 1902-1910; Allgemeine Arithmetik der Zahlenkorper , 1905; and 
Grundlehren der neueren Zahlentheorie , 1907. 

John Perky, emeritus professor of mechanics and mathematics, Royal College 
of Science, South Kensington, London, died August 4, 1920, aged seventy years. 
He was born in Ulster and educated at Queens College, Belfast. From 1875 to 
1879 he was professor of engineering in Japan, and from 1881-96 professor of 
engineering and mathematics at the City and Guilds of London Technical Col- 
lege, Finsbury. He was the author of many books and scores of papers ; among 
the former are: Practical Mechanics , 1883; Spinning Tops, 1890 (2nd German 
ed. 1913); Calculus for Engineers ,, 1897 (German ed. 1902, 2nd ed. 1910; Russian 
ed. 1904); Applied mechanics , 1897 (French ed. 1913; German ed. 1908); Prac- 
tical Mathematics, 1899, 1907, 1910 (Russian ed. 1909); and Elementary Practical 
Mathematics, 1913. There were many other translations of his books into 
foreign languages. Perry’s England 9 $ Neglect of Science , 1900, and Discussion on 
the Teaching of Mathematics (which he edited), 1901, contain arguments against 
the culture value of mathematics— the basis of the Perry movement” (Cf. 
Report of the National Committee of Fifteen on Geometry Syllabus , Washington, 
1912, pp. 27-28). For a sketch of Perry’s career see Nature , August 12, 1920. 

The twenty-seventh meeting and ninth colloquium of the American Mathe- 
matical Society were held at the University of Chicago, September 7—11. One 
hundred and one members of the Society were present at the meeting and thirty 
four papers were read. The authors of thirty-two of these papers are also 
members of the Association; for details see the Bulletin of the American Mathe- 
matical Society, November, 1920. The attendance of eighty-eight persons at the 
colloquium was considerably in excess of that at any previous colloquium. Two 
courses of five lectures each were given “Dynamical systems” by Professor G. I). 
Birkhoff, and “Topics from the theory of functions of infinitely many variables” 
by Professor F. R. Moulton. 

At the meeting of the American Academy of Arts and Sciences on October 13 
the following communications were delivered by members of the Association: 
“Einstein’s first theory of relativity” by C. L. E. Moore; “Einstein’s gener- 
alized relativity or theory of gravitation” by G. D. Birkhoff. , 
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with a multiplication theorem” by L. E. Dickson; “On Stieltjes integrals 
and Volterra compositions” by P. J. Daniell, Rice Institute; "On certain 
iterative properties of bilinear operation” and “On the theory of sets of 
points in terms of continuous transformations” by N. Wiener, Massa- 
chusetts Institute of Technology; “Quelques remarques sur la multiplication 
complexe” by S. Lefschetz, University of Kansas; “ On the location of the roots 
of a polynomial ” by J. L. W t alsh, Harvard University. In Section II (Geometry) 
the 13 papers presented included: “La geometric des variables complexes” 
by J. S. Taylor, Massachusetts Institute of Technology; “Transformation des 
systemes conjugues R” and “Transformation des surfaces applicables sur une 
quadrique” by L. P. Eisenhart, Princeton University; “Method of classifying 
all polygons having a given set of vertices” by F. H. Murray, Harvard Uni- 
versity. In Section III (Mechanics, mathematical physics, applied mathe- 
matics) there were 23 papers; in Section IV (Philosophical, historical and 
pedagogical questions), 10 papers. 

Only three Englishmen took part in the program: Larmor, Young, and 
Greenhill; Italians, Spaniards, and Scandinavians, as well as Germans and 
Austrians, were conspicuously absent. The total attendance was above 200. 
The International Mathematical Union voted to hold the International Mathe- 
matical Congress of 1924 in the United States. 

The following 16 doctorates with mathematics as major subject .were conferred 
by American universities in the academic year 1919-1920; the title of the disser- 
tation is added in each case: E. M. Berry’, Iowa, “Diffuse reflection”; J. D. 
Bond, Michigan, “Plane trigonometry in Richard Wallingford’s Quadri partium 
de sinibus demonstrate”; J. Douglas, Columbia, “On certain two-point proper- 
ties of general families of curves”; T. C. Fry;, Wisconsin, “The use of divergent 
integrals in the solution of differential equations 5 ’; Gladys Gibbens, Chicago, 
“ Comparison of different line-geometric representations for functions of a complex 
variable”; C. F. Green, Illinois, “On the summability and regions of sum- 
mability of a general class of series of the form 2c n g(x + "n) ” ; J. W. Lasley, Chi- 
cago, “Some special cases of the flecnode transformation of ruled surfaces”; 
Elsie J. McFarland, California, “On a special quartic curve”; J. J. Nassau, 
Syracuse, “Some theorems in alternates”; C, A. Nelson, Chicago, “Conjugate 
systems with conjugate axis curves”; E. L. Post, Columbia, “Introduction to a 
general theory of elementary propositions”; Susan M. Rambo, Michigan, “The 
point at infinity as a regular point of certain difference equations of the second 
order”; L. L. Stetmley, Illinois, “On a general class of series of the form 
Y(x) ~ Cq + ^C n g(nx) ”; J. L. Walsh, Harvard, “On the location of the roots 
of the jacobian of two binary forms”; R. Woods, Illinois, “ The elliptic modular 
functions associated with the elliptic norm curve E 7 ”; T, Yang, Syracuse, 
“A problem in differential geometry.” 


In this Monthly, 1920 , 341, a general statement was made concerning the 
hiferiority of the doctorat de Tuniversite, in contrast to the state doctorate, as 
awarded in France to mathematicians. Professor Harris Hancock has kindly 
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sent us a copy of a letter, written in July, 1900 by Professor Gaston Darboux, 
dean of the faculty of sciences, from which it appears that at the University of 
Paris an exception should be made to the general statement. The “doctorat de 
Puniversite de Paris” is considered by that faculty of sciences as on a par with 
the state doctorate; Darboux wrote: “les epreuves sont les memes, la severite 
est la meme pour les deux doctorats.” 

There are several vacancies for the position of computer at the Ballistic 
Station of the U. S. Ordnance Department, situated in the Coca Cola Bldg., 
Baltimore, Md. It is hoped to fill these with recent college graduates, either 
young men or young women who have completed a course in calculus and would 
like experience in practical computational work for a year at least. Owing to the 
present urgency and the difficulties experienced, the initial salary offered has 
been usually $1400. Further particulars may be obtained by addressing the 
Ballistic Station. 


The Work of the National Committee on Mathematical Requirements. 
September 15, 1920 [ 1920 , 341-342]. 

The National Committee on Mathematical Requirements held a meeting at 
Lake Delavan, Wisconsin, on September 2, 3, and 4 at which a number of 
reports were discussed and adopted. A report on “ The revision of college en- 
trance requirements” received the greatest amount of discussion. It is hoped 
that this report may be released for publication late in October. It includes a 
general discussion of the present problems connected with college entrance re- 
quirements in mathematics. It is a report of an investigation, recently made by 
the National Committee, concerning the values of the various topics in elementary 
algebra as preparation for the elementary college courses in other subjects. It 
contains also a suggested revision of the definitions of entrance units in elemen- 
tary algebra and plane geometry. In connection with the suggested require- 
ments in plane geometry a list of fundamental propositions and constructions is 
attached. This list includes the propositions which may be assumed without 
proof or given informal treatment, a list of the fundamental theorems and con- 
structions from which it is intended that questions on entrance examination 
papers other than originals be chosen, and a list of subsidiary theorems. It is 
proposed to prepare a mimeographed edition of this list of propositions and con- 
structions at the earliest possible moment for the benefit of such teachers as may 
desire to make use of it in connection with their classes during the coming year. 
A copy will be sent to any person interested upon application to the Chairman, 
of the Committee (J. W. Young, Hanover, New Hampshire). 

A preliminary draft of a report on “Mathematics in experimental schools” 
was discussed at this meeting. Mr. Raleigh Schorling of the Committee has 
spent over a year collecting material, for this report. It is hoped that it will be 
ready for publication early next spring. The report will be an extensive one 
and will describe in detail the work actually done in mathematics in experimental 
schools throughout the country . 
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Miss Yevia Blair of the Committee presented her report on the “ Present 
status of disciplinary values in education.” It is expected that this report also 
will be released for publication in October. It gives a critical review of the 
complete literature concerning the experimental work on the transfer of training 
as well as an evaluation of this literature terminating in the formulation of certain 
propositions concerning disciplinary values which appear justified by the experi- 
mental work. A particularly valuable feature of the report would seem to lie in 
the fact that a large majority of the most prominent psychologists in the country 
appear to be ready to subscribe to the propositions formulated. 

Professor E. R. Hedrick presented a report which he prepared at the request 
of the National Committee on “The function concept in secondary school 
mathematics.” This report also will be published in the near future and is 
intended ultimately to form a part of the final report of the Committee on the 
“Reorganization of the first courses in secondary school mathematics.” (A 
preliminary report on this subject was published for the Committee by the U. S. 
Bureau of Education last February as Secondary School Circular No. 5.) 

A preliminary report on “Junior high school mathematics” is in the press of the 
U. S. Bureau of Education and should be ready for distribution early in October. 
The National Committee desires the assistance of its cooperating organizations, 
which now number over 70, in the revision of this preliminary report. Com- 
ments, suggestions and criticisms should be sent to the Chairman of the Com- 
mittee not later than January 1, 1921, in view of the fact that the Committee 
expects to take up the formulation of its final report on this subject immediately 
after this date. 

A subcommittee under the chairmanship of Professor C. N. Moore is pre- 
paring a report on “Elective courses in mathematics in secondary schools.” 
A committee under the chairmanship of Professor David Eugene Smith is pre- 
paring a report on “The standardization of terminology and symbolism” and 
Professor R. C. Archibald is preparing one on “The training of teachers.” It is 
expected that two of these reports will be presented for the consideration of the 
National Committee in October. 

The work of the National Committee and its recommendations were discussed 
in teachers classes at the summer sessions of colleges, universities and normal 
schools throughout the country. Addresses on the work of the Committee were 
given as follows: by Mr. Raleigh Sehorling at Harvard University, by Professor 
E. R. Hedrick at the Universities of Texas and of Oklahoma, and by Mr. J. A. 
Foberg at the Universities of Iowa and Minnesota. 

Present indications point to the fact that the work of the National Committee 
will have a prominent place on the programs of most teachers organizations 
throughout the country during the coming year. The National Committee 
stands ready as before to help in every possible way in the preparation of such 
programs and will be glad to furnish material for discussion. 

It will also be pleased to furnish speakers for such meetings to the extent 
of its ability . 
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RETIRING PRESIDENTIAL ADDRESS DELIVERED BEFORE THE MAT HEM ATI 
GAL ASSOCIATION OF AMERICA , SEPTEMBER 6% 1920 . 


On several occasions since January, 1913, when twelve men, representing 
as many universities and colleges of the Middle West, took over The American 
.Mathematical Monthly and dedicated it to the interests of collegiate mathe- 
matics, editorial comment in this journal has naturally taken the form of gratitude 
for past successes and optimism for future achievement. One of those occasions 1 
was at the end of the first year of this critical undertaking when the subscription 
list had been doubled and it was becoming apparent that the self-imposed duties 
and responsibilities of that first editorial board, in their effort to render genuine 
service to the teachers of collegiate mathematics, were eliciting widespread appro- 
bation. Another such occasion 2 was at the end of three years, when the sub- 
scription list had again doubled, the subvention being no longer needed had been 
released, and over one thousand charter members had joined the newly organized 
Mathematical Association of America with the Monthly as its official 
journal 

It seems highly appropriate now, near the end of the eighth year, that my 
remarks on the present occasion should again fall into the form of “Retrospect 
and Prospect,” not alone directly with respect to the Association, and the 
Monthly, but more especially with respect to recent developments in mathe- 
matical activity as a whole in America and the role which the Association and 
the Monthly may reasonably be expected to play in future developments. 

First, let us recall and emphasize the fundamental things for which the 
Association and the Monthly stand. By the terms of its constitution the 
object of the Association is “to assist in promoting the interests of mathematics 
in America, especially in the collegiate field.” This is, indeed, a broad charter, 
but it is subject to one obvious limitation inherent in the very circumstances 
under which the Association was conceived and organized, namely, that there 
should be no conflict in ideals between the Association and the American Mathe- 
matical Society, whose object, as stated by its constitution, is “to encourage and 
maintain an active interest in mathematical science.” Just as the Society, by 
the resolution of its Council 3 in April 1915, decided that it was unwise to enter 
into the activities then represented by The American Mathematical Monthly, 
but expressed its realization of the importance of work in that field and its 


1 “Retrospect and prospect” by H. E. Slaught, American Mathematical Monthly, 
1918, 1-3. 

2 “A tentative platform of the Association” by E. R. Hedrick, American Mathematical 
Monthly, 1916 , 31-33. 

3 Bulletin of the American Mathematical Society , Yol. 21, page 482. 
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value to mathematical science, and pledged its hearty good will and encourage- 
ment to a new organization, if such should be formed to deal specifically with this 
work; so the Association, on its' part, concerns itself more largely with what 
someone has called the humanitarian aspects of mathematics and leaves to the 
Society the field of pure research in the technical sense of that term. 

However, the Association in two or three important particulars fulfills its 
purpose “to assist in promoting the interests of mathematics, even in connection 
with research, and, indeed, thereby actually pledges its good will to the Society. 
Namely, (1) it has during the past three years contributed to the support of one 
of the American research journals at a time when such support was of vital 
importance, and has agreed to continue such support at least for a fourth year; 
(2) it has been helpful in reawakening to activity in research some who had lost 
interest or become discouraged through isolation or lack of sympathetic touch 
with others, or lack of a medium of communication whose standards were not 
beyond their reach; (3) it has, through the Monthly, consistently and per- 
sistently fostered the beginnings of research by helping to supply some of the lower 
rungs which had been lacking in the research ladder. To quote from one of the 
Monthly editorials 1 : “It is by no means true that we are without interest in the 
higher, technical, mathematical field. On the contrary, we have an interest 
that is far more vital than the mere supplying of technical papers which can be 
read by specialists only. We believe that large numbers who would become 
active and effective in higher mathematical research are now lost to the cause 
simply by reason of the fact that there are no intermediate steps by which they 
can climb to these heights. We believe that the Monthly has a mission to 
perform in holding the interest of such persons by providing mathematical 
literature of a stimulating character that is within their range of comprehension, 
and by offering an appropriate medium for the publication of worthy papers which 
the more ambitious among them may produce.” Notable examples of the far 
reaching efFects of this sort of helpfulness can be cited. 

One other fundamental position of the Association needs to be re-emphasized, 
namely, its relation to the teaching of mathematics. Many friends of the Associa- 
tion at the time of its organization feared that it might be in danger of degenerat- 
ing into a pedagogical debating society, whose discussions might all evaporate 
into futility. The best guarantee at that time against such an outcome was the 
record already established by the Monthly in the preceding three years, a 
record which has been maintained by both the Association and the Monthly in 
the succeeding five years. The Association is, indeed, most vitally concerned 
with the teaching of mathematics,- especially in the collegiate field, but it has 
very little confidence in the efficacy of mere pedagogical devices, however clever 
these may be, to produce and maintain high standards of teaching. 

As for pedagogy in a scientific sense, its discussions belong to the realm of 
psychology and the research departments of education. To quote from the 

1 American Mathematical Monthly, 1914, 2. 
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foreword to the Monthly 1 in 1913 and the tentative platform 2 of the Association 
in 1916: “It is not the province of the Monthly to" enter the field of general 
pedagogy, nor will the Monthly entertain discussions that are concerned with 
research in general pedagogy, or that deal with new theories of pedagogy, however 
important these contributions may seem. ... . What we desire is to inspire, not 
a discussion along these lines, but rather a discussion of definite mathematical 
problems. . . . Just as research will be held to he within the province of the 
Association only if the word is given a broad interpretation, it may be said also 
that the discussions which this Association will foster may be termed pedagogical 
only if the word is used in a much broader sense than is common. 11 

To sum up the matter now, after five years of experience, the activities of the 
Association bearing upon the teaching of mathematics include at least the follow- 
^ ing: (1) the presentation, discussion, and publication of papers calculated to 

j stimulate general mathematical interest and professional esprit de corps, or of 

| papers calculated to stimulate thoughtful consideration of possible new courses 

I : or reconsideration of the content and form of old courses; (2) the investigations 

and reports of committees such as the Committee on Libraries which recom- 
mended minimum lists of books for reading in the various college years, the 
National Committee on Mathematical Requirements, which is now engaged in 
j a complete reconsideration of the curriculum content from the elementary school 

to the college, and the Committee on Mathematical Dictionary which desires to ■! 

see in the hands of every teacher and student of mathematics a source of informa- 
| tion giving in clear, compact, and scientific form an explanatory definition of 

every mathematical term which is likely to be found in their reading or study. 

It should be added in this connection that the foregoing remarks concerning j 

technical pedagogical matters refer to the formal meetings of the Association j 

! and formal papers in the Monthly. The numerous sections of the Association | 

j provide sufficiently small units to give full opportunity for informal discussions 

j of any character and to any extent that may be deemed desirable by the members j 

j concerned; and the department of Questions and Discussions in the Monthly 

provides an open forum for free discussion in brief form of any questions deemed 
by the editors to be of interest and value. 

Turning now to the broader retrospect of American Mathematical activities, 

^ . we find the field well classified by Professor Fiske in his presidential address in 

| 1904, namely, including the colonial period, up to the founding of Johns Hopkins 

j University in 1876, the period from 1876 to the nationalizing of the New York 

I Mathematical Society in 1891, and the period from 1891 to 1904. Our retrospect 

need not extend back of this latter date, except that it will be convenient to 
j consider here the entire twenty yea r period from i 90< I to 1 920. The mathematical 

| development during this period may be gauged pretty accurately on the scientific 

1 side by the activities of the American Mathematical Society and by the rapid 

; expansion of the American colleges and universities; and on the teaching side 

j by the activities of the secondary associations and more recently of the Mathe- 

1 Vol. 20, 1918 , 4. 2 Vol. 21, 1910 , 33. ~~ 
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matical Association of America, and by the rapid expansion of the American 
high schools, both within their own original boundaries and also downward to 
include the junior high schools and upward to include the junior colleges. 

During this twenty-year period the Society has held six of its eight colloquia 1 
at which series of from four to six lectures each were delivered by Professors 
Oskar Bolza, E. W. Brown, E. B. Van Vleck, II. S. White, F. S. Woods, E. H. 
Moore, Max Mason, E. J. Wilczynski, G. A. Bliss, Edward Ivasner, L. E. Dickson, 
W. E. Osgood, Oswald Veblen, and G. C. Evans. Several of these colloquia 
lectures were subsequently published in book form. The attendance upon these 
lectures has averaged 48, the highest being 69 at Cambridge in 1916. 2 

The Society has held during this period twenty summer meetings, with an 
average attendance of 48 and a maximum of 80 at Ann Arbor in 1919, at which 
606 scientific papers were read; twenty February meetings and twenty October 
meetings in New York, with an average attendance of 34 at which a total of 471 
papers were read; eighteen December meetings in the east, chiefly in New York, 
with an average attendance of OS and a maximum of 131 ; and twenty December 
meetings in the middle West, chiefly in Chicago, with an average attendance of 
43 and a maximum of 84, at which 514 and 407 papers respectively were read; 
nineteen April meetings in New York with an average attendance of 49 and a 
maximum of 82; twenty April meetings in Chicago with an average attendance 
of 41 and a maximum of 69, at which 422 and 442 papers respectively were read; 
thirty-five meetings of the San Francisco Section with an average attendance of 
14 at which 299 papers were read; and twelve meetings of the Southwestern 
Section with an average attendance of 18, at which 212 papers were read. The 
total number of meetings held by the Society and its sections during this period 
is thus 184 and the number of scientific papers read is 3373. Of these papers 
2155 had been published when the annual list for 1919 was made up. 

While this conspectus of meetings of the Society manifestly gives only a 
quantitative measure of some of the scientific activity of American mathemati- 
cians, it nevertheless provides a fairly definite indication of progress in research 
work. The lists of papers read before the Society and subsequently published 
show an average annual output for the twenty years of I OS papers. These 
papers and numerous others read before other scientific bodies such as local 
and state academies of science, the National Academy of Science, national and 
international congresses, together with monographs and treatises published by 
educational foundations, by universities, or by commercial publishers, together 
constitute a scientific output in mathematics which not only makes a favorable 
showing for the past but also augurs well for the future. 

Just as the attendance upon meetings and the output of scientific papers 
provide a quantitative measure of the contribution to mathematical progress 
made through the American Mathematical Society, so the number of doctorates 

1 Not including the Evanston Colloquium in 1S93 at which Professor Felix Klein delivered 
a series of lectures. 

2 The ninth colloquium was since held at Chicago with an attendance of 88. 
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in mathematics, with their rate of increase and distribution, furnishes a certain 
quantitative measure of the contribution made by the universities. From 1898 
to 1908 the average yearly number of doctorates in mathematics was about 12, 
while from 1908 to 191S the average more than doubled. In 1900 only five j 

•* universities granted the doctor’s degree in mathematics, and to a total of eleven j 

candidates. In 1916, thirteen universities granted the degree to a total of 35 j 

candidates, the largest number in any year up to that time. While it is true that | 

more than three-fourths of all the doctorates in mathematics from 1900 to 1920 
have been given by eight universities, namely, Chicago 93, Johns Hopkins 39, 

Yale 38, Harvard 37, Cornell 31, Columbia 30, Pennsylvania 21, and Clark 16, 
a total of 305, nevertheless, twenty-nine different universities have contributed 
to the grand total of 406 mathematical doctorates during this period. It was 
approximately in 1910 that several other institutions began seriously to make j 

their contributions to such doctorates. These are notably, Illinois with a total | 

to date of 17, California with 15, Princeton with 15, and Michigan with 10. 1 

j Other universities with more than one doctorate in this period are: Wisconsin 7, ■! 

Syracuse 6, Indiana 5, Bryn Mawr 5, Virginia 4, Catholic University 3, Boston, f 

Missouri, and Kansas, each 2. 

We thus have had eight universities steadily and consistently throughout the f 

twenty years contributing highly trained men and women to the mathematical 
faculties of our institutions, and four other universities doing likewise during 
the past ten years, while still others are showing signs of similar activity. The 
significance of these figures is not so much in the actual output, for this is small 
indeed compared to the needs, as in the portent for the future. Not one of the 
twelve universities just mentioned has reached anything like its limit of capacity 
for turning out trained men, while at least another dozen may be added to the 
productive list in the next decade, stimulated, as they are bound to be, by the 
cumulative influence of the steadily increasing body of trained mathematicians. 

What has been said with respect to mathematics is equally true of practically all 
other sciences, and in some cases with greater emphasis, so that the combined 
influence of the rapidly growing body of trained scientific men is certain to 
elevate at least a score of American universities to high rank in the production of 
research scholarship in the next twenty years. 

Having deliberately laid primary emphasis upon the development of research 
scholarship in this country during the past twenty years, let us now briefly 
review the activities of this period with respect to the improvement of mathe- 
matical teaching. It is not too much to say that the presidential address of 
E. H. Moore in December, 1902, started a train of thought and action whose far- 
reaching influence has extended through all these years to the present time. 

Its first immediate effect was the expansion of the Central Association of Physics 
Teachers, then just organized in Chicago, into the Central Association of Science 
and Mathematics Teachers, an organization which' has always been and is now r 
at the very front in the promulgation of progressive ideas on the teaching of 
secondary mathematics. Similar organizations at once followed in 1903 in New 


! 
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England and in the Middle States and Maryland, and a rapid succession of state 
and local organizations ensued, especially in the Middle West, and reaching to 
the Rocky Mountains and the Pacific Coast. There seemed to be a spontaneous 
awakening and a universal desire to reconsider the very fundamentals of pro- 
cedure in the teaching of mathematics. There followed at varying periods 
committee investigations 1 and reports on geometry, on algebra, on combined 
mathematics, on mathematics for students of engineering, and on all phases of 
facts concerning the teaching of mathematics in this country gathered and 
summarized by the fourteen American committees under the International 
Commission on the Teaching of Mathematics. 

All of these activities are in a sense now centered in the National Committee 
on Mathematical Requirements which was organized by the Mathematical 
Association of America as one of its earliest official actions, and which later 
became still more truly representative of national interests when it was enlarged 
to include members from the three great secondary associations of mathematics 
teachers and from the southwestern and Pacific coast sections. This Committee 
is unique in several respects. It is adequately financed by the General Education 
Board which, after careful investigation, considered the work of the Committee 
of sufficient national importance to warrant a liberal appropriation of funds for 
its use last year and a largely increased appropriation for a second year. The 
committee is able, therefore, to hold periodic meetings with all members present; 
it can command the services of a chairman and vice-chairman who give their 
whole time and attention to the weighty questions with which it is concerned; 
it can keep in touch with all the organizations of mathematics teachers in the 
country, not merely by correspondence, but especially by personal contact in 
their meetings, thus gathering at first hand the results of cooperative activity 
from all sources. The scope of this committee’s activity is unlimited. While it 
is at present engaged in consideration of the secondary field, it is bound eventually 
to reach down into the junior high school and elementary school curricula, and 
to reach upward into the junior college domain. Finally, this committee enjoys 
the confidence of the Bureau of Education at Washington, so that its reports are 
published as public documents. 

Never before in connection with mathematics in America has there been a 
committee with such an organization and such an opportunity for effective 
action. Possibly never before has there been greater need of just such an organ- 
ized body of friends of mathematics as this committee represents. The whole 
high-school curriculum has been called in question by would-be reformers who 
would seek to justify the retention of any subject in the curriculum only in so far 
as its direct usefuness in the practical affairs of life can be established. Mathe- 
matics has come in for its full share of criticism and by many has been weighed 
in the balance to their own satisfaction and found wanting. It is maintained 
by them that on the score of practical usefulness in the ordinary occupations of 

1 See an Editorial on “Incentives to mathematical activity,” American Mathematical 
Monthly, 1913 , 169 - 173 . 
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| life, no general brief for algebra and geometry can be defended; that on the 

score of training special faculties, such as memory and reasoning power, the 
acquirements in mathematics do not carry over in general to other fields; that 
on the score of general culture the claims of mathematics which have held it 
f as a required course in the curriculum have been grossly exaggerated. Hence, 

| they conclude that, except for those looking forward to technical courses or to 

teaching mathematics, algebra and geometry should be removed from the 
curriculum as required subjects. 

V It is not my purpose to discuss here the validity of any of these claims against 

j mathematics — there has been much discussion pro and con in the public press. 

I Suffice it to say that, while in some school systems action has been taken toward 

eliminating or greatly reducing the required work in mathematics, nevertheless, 
P the public in general is not convinced of the wisdom of such action, the psycholo- 

gists are not agreed among themselves as to their claims, and the conclusions drawn 
from systems of mental tests are far from convincing. It is doubtless true that 
the personal experiences of a large multitude of individuals belie the charges 
against mathematics and hence the thinking public stands unconvinced. 

However, no one would claim that the content and method of presentation 
of our mathematical courses, whether in elementary school, high school, or college,, 
are beyond improvement; in fact, probably the most merciless critics of content 
and method are the mathematicians themselves. In no other branch of the 
curriculum has there been so much thoughtful agitation for improvement. It is 
well that the plans for improvement are in the hands of experts in the mathe- 
matical field. This is the service which the Mathematical Association of America 
has rendered to the cause in establishing the National Committee on Mathe- 
matical Requirements. We have faith to believe that the present uncertain 
\ state in the elementary and secondary fields will be satisfactorily adjusted through 

j the action and influence of this National Committee. 

: Meanwhile, the Association, through the Monthly, through its national 

meetings and the meetings of its ten sections, through the widening circle of 
j undergraduate mathematical clubs, through the expanding influence of its 

members as they become more and more conscious of the opportunity for im- 
i * provement in the collegiate field and more and more enthused with zeal for* pro- 
. moting the interests of mathematics both pedagogically and scientifically, will 

* go forward vicariously fulfilling the prophetic vision which Professor Moore 
had in mind for the Society in 1902 when he said, in his presidential address: 
“Do you not feel with me that the American Mathematical Society, as the 
organic representative of the highest interests of mathematics in this country, 
should be directly related with the movement for reform? And, to this end, that 
the Society enlarging its membership by the introduction of a large body of the 

• strongest teachers of mathematics in the secondary schools, should give con- 
tinuous attention to the question of improvement of education in mathematics, in 

: institutions of all grades?” Thus, what Professor Moore and many others had 

' hoped, would be the role of the Society, has, by mutual and satisfactory arrange- 

ments, fallen to the lot of the Association. 
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In conclusion, let me speak briefly of the serious economic conditions vhich 
confront the Association in common with the Society and most othei scienti c 
organizations. The great increase in the cost of printing and supplies will 
doubtless make necessary an advance in the annual dues of. the ^mton 
by at least thirty-three and one third per cent [an advance since authorized]. 
This seems a modest increase in comparison with most other kinds of expenses, 
but it will be a real burden for a large number of members m the colleges and 
universities where salary advances have not kept pace with the increased cost of 
living. Moreover, this increase will scarcely meet the added expense for printing 
without cutting down the number of pages in the Monthly and this at a time 
when the amount of high-grade material on hand for publication is much greater 
than ever before, and when plans were already developing to increase the numbei 
of issues to eleven and eventually to twelve by adding one or two numbers de- 
voted mainly to.expository and historical articles of an elementary chaiacter. 

But even all this is by no means the most serious phase of the situation. 

It is clear that the time has come when we should no longer allow one or wo 
members of the Association, merely as a labor of love, to perform the very 
arduous services which devolve upon them. This was doubtless unavoidable m 
the early years of our development before the full significance of the movemen 
which the" Monthly inaugurated and the Association perpetuated, was widely 
comprehended. But the sacrifices and whole-hearted devotion given to a cause 
by its pioneers should not be presumed upon as indicating the normal metioc 
of procedure when the cause has become well established and its supporters are 

To be more explicit, the responsibilities carried by our Secretary-Treasur 
and by our Editor-in-Chief are burdensome beyond the belief, of anyone who 
has not had actual experience in such matters, and we have no justification as a 
body in allowing such time and strength-consuming service to be given without 
compensation. We would all declare with enthusiasm that such service is 
invaluable and that its influence is of far-reaching importance, but we should 
also realize that the time given to it— amazing in amount, if we only knew all the 
facts— is taken at the expense of necessary recreation or of professional growth 
and advancement or of both. All of us expect to render a reasonable amount 
of altruistic service, but few of us are in a position to afford to devote a very 
large fraction of our time to such service for more than a brief period during some 
stress of circumstances, such, for instance, as happened during. the war. In a 
word, I am advocating that the secretaryship and the chief editorship m such 
organizations as the Association and the Society should be offices with at least 
a moderate stipend attached. This, of course, is impossible at present m the 
Association, and always will be impossible so long as the dues are kept within 
the present range of reasonable reach of the average member. 

One thing, however, the Council has decided must be done, namely, adequate 
paid assistance must be provided for these offices and the funds therefor, must 
be found. Some paid assistance has, of course, been provided, but quite in- 
adequate, either for the Secretary’s office or for the editorial office. Ihe Council 
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has voted to pay $100 per month, beginning at once, for expert editorial and 
clerical assistance in Professor Archibald’s office. This will cancel all our reserve 
before 1922, unless we secure other income than that derived from the dues. 
This I believe can be done. A temporary subsidy fund can be raised by the 
voluntary contributions of members or of other friends of mathematics. When 
it becomes known that a definite service may be rendered to the cause of mathe- 
matics by such contributions, interested persons will come forward and offer 
assistance. Such contributions will tide over a present difficult situation, but 
what is needed is a permanent endowment fund. This also can be secured, but 
it will take more time. The reason that such endowments have not been made 
before is that the need and the opportunity have not been known. Steps have 
already been taken to incorporate the Association so that we may be legally 
authorized to handle such trust funds. 1 An endowment can be built up from many 
sources as the years advance. The Association will thus become able to pay for 
important service rendered without advancing dues beyond the reach of the 
average college teacher, and it will be able to magnify its work and influence in 
a multitude of ways, some of which have been described above, but more of which 
will develop as those in hand are worked out. Opportunities will be found for 
service not only in the current and routine affairs of the Association, but also in 
the greater undertakings such as the proposed Dictionary of Mathematical Terms, 
which is already definitely projected and awaiting funds, or a biographical dic- 
tionary or a history of mathematics, which may later become definite projects, 
any one of which would constitute an enduring monument to the person who 
should provide the funds to make such a project attainable. It seems not too 
much to hope that within a reasonable time the Association, perhaps in combina- 
tion with the Society, should have a central office where its business and editorial 
affairs of whatever magnitude may be conducted efficiently and with just com- 
pensation to those who render such important service. 

I have thus endeavored to describe some of the mathematical activities in 
America during the past twenty years and to show the relation of the Association 
to these activities during its brief history, first in regard to research scholarship 
in its broader sense and secondly, in regard to the teaching of mathematics in 
all its phases. I have tried to show that the Association has put into effective 
operation a really national investigation of the mathematical situation in the 
schools, conducted by experts in both teaching and scholarship whose findings 
and recommendations must inspire confidence and promote reforms wherever 
they may be needed. And, finally, I have tried to emphasize the pressing need 
of financial support for such an organization as the Association through subsidies 
and endowments which shall make possible the conduct of its great altruistic 
service without, on the one hand, unjustly overburdening the volunteer workers, 
and without, on the other hand, raising the annual dues beyond the reasonable 
reach of large numbers to whom the service of the Association is especially helpful. 
It is the privilege and duty of every member of the Association to make known 
this need and opportunity as widely as circumstances permit. 

1 The legal steps have since been completed. 
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THE GRAPHICAL SOLUTION OF SPHERICAL TRIANGLES. 

BY HARRY C. BRADLEY, Massachusetts Institute of Technology. 

Corresponding to every spherical triangle, there exists at the center of the 
sphere a trihedral angle, whose face angles are equal to the sides of the spherical 
triangle, and whose dihedral angles are equal to the angles of the triangle. Graph- 
ical solutions of the trihedral are readily obtained by descriptive geometry. 

Gaspard Monge, the French genius who may be called the father of descriptive 
geometry, does not appear to have given us any solutions for the trihedral. At 
any rate, an edition of his descriptive geometry, dated 1820, the earliest edition 
to which I have had access, omits the subject of trihedrals entirely. The excellent 
work published by Prof. Albert E. Church of the U. S. Military Academy, West 
Point, in 1864, contains graphical solutions of the trihedral corresponding to all 
six cases which arise in the solution of spherical triangles, and is the earliest dated 
work which I have as yet discovered. A number of modern texts give these 
solutions. A list (far from complete) appears at the end of this article. 1 

1 An early reference to the graphical solution of spherical triangles, similar to that of Professor 
Bradley’s paper, is Chapter 17 (“Resolution des Triangles spheriques par la Regie et le Compas”) 
in A. Cagnoli’s Traite de Trigonomeirie rectiligne et spherique . . . traduit- de ITtalien par M. 
Chompre. Paris, 1786; chapter 19 of the second edition, Paris 1808. ( Trigonometria piana e 

sf erica. Edizione seconda notabilmente ampliate. Bologna, 1804: “Risoluzioni de'triangoli 
sferici con la riga e col compasso,” pp. 346-349). For similar and allied discussions the following 
sources may be consulted. 

C. Gudermann, Lehrbuch der niederen Spharik , Munster, 1836. 

G. K. L. von Littrow, “Ueber Herrn M. Eble’s graphische Methoden der Auflosung spharischen 
Dreiecke mit besonderer Rticksicht auf sein neuestes ‘Stundenzeiger’ oder ‘Horoskop’ 
genanntes Instrument,” Sitzungsberichte der math.-naturwiss. Klasse d. k. Akademie der 
Wissen., Vienna, vol. 42, 1860, pp. 203-212. 

F. C. Penrose, “Description of an improved diagram for the graphical solution of spherical tri- 
angles, applicable to the questions arising out of the spheroidal figure of the earth,” Monthly 
Notices of the Royal Astronomical Society, vol. 37, May, 1877, pp. 403-409. 

L, Janse, “Over het graphisch oplossen van bolvornige driehoeken en van daarop gegronde 

zeevaart en sterrekundige vraagstukken,” Niemv Ar chief voor Wiskunde , vol. 11, 1884, 
pp. 1-27; vol. 12, 1886, pp. 113-148. 

C. H. Smith, “A graphic method of solving spherical triangles,” Amer. JL Math., vol. 6, 1884, 
pp. 175-176. 

C. Wiener, Lehrbuch der darstellenden Geometric, vol. 1, Leipzig, 1884, pp. 104-113. 

P. Braun, “Das Trigonometer von C. Braun,” Math, nalurwissensch. Ber. aus Ungarn, reprinted 
in W. Dyck, Katalog mathemaiischer mid mathematischphysikalischer Modelle, Apparate mid 
Instrumente, Mimchen, 1892, pp. 160-161. 

M. D’Ocagne, ( a ) Journal de VEcole Polytechnique, second series, vol. 4, 1898, p. 224; ( b ) Traite 
de Nomographie, Paris, 1899, pp. 326-330. 

S. Haller, “Beitrag zur Geschiehte der konstruktiven Aufiosung spharischer Dreiecke durch 
stereographische Projektion,” Biblioteca Maihematica, n.s., vol. 13, 1899, pp. 71-80. 

F. N. Willson, Theoretical and practical Graphics , New York, 1902, pp. 206-210. 

M. D’Ocagne, “Sur la resolution nomographique des triangles spheriques,” (a) Bull. Soc. Math, 
de France, vol. 32, 1904, pp. 196-203; (b) Conipies rendus de VAcademie des Sciences, vol. 
138, 1904, pp. 70-72. 

G. Pesci, “Resolugao nomographica do triangulo de Posigao” [translated from the Italian into 

Portuguese by Radler de Aquino], Revista Maritima Brazileira , Nov.-Dee., 1907 ; Feb., 1908. 
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j These graphical solutions, however, ordinarily appear merely as exercises in 

| descriptive geometry. Without some modification or adaptation, they are not 

suited for general use as an aid in checking numerical computations of spherical 
j triangles. Usually ail parts of the triangle are taken as less than 90°. When 

j several of the parts lie between 90° and 180°, the resulting construction often 

j becomes very difficult, even with an expert knowledge of descriptive geometry, to 

j execute and to interpret correctly. Yet, as a check to numerical computations, 

j the graphical solutions are not without value. Especially is this true in those 

cases where ambiguity exists in the numerical solution. The graphical con- 
struction shows clearly one solution, two solutions, or none; and in the case of 
two solutions, the correspondence of the parts. 

To test the accuracy which may be expected from a graphical solution, I drew 
a hundred or so figures of moderate size, say six or seven inches across. The 
angles were measured with a semi-circular protractor, five inches in diameter, 
and were laid out only to the nearest whole degree. Disregarding some extra- 
ordinary agreements, probably more or less accidental, an average accuracy of 
1° or 2° was readily obtained. This is quite sufficient to detect any gross error 
of calculation. 

Now, as an aid to checking numerical calculations, the fewer graphical solu- 
tions which can be made to serve, the better. Fortunately, defect graphical 
solutions of all possible cases of spherical triangles, w T ith all possible combinations 
of acute and obtuse angles for given parts, are unnecessary, provided we are 
willing to combine a little trigonometry with our descriptive geometry. The 
trigonometry required is of the simplest sort, namely; 

1. The principle of polar triangles, by which sides are replaced by the supple- 
ments of angles, and angles by the supplements of sides. For instance, the 
graphical solutions for three given sides are simple and direct, while those for 
three given angles are not. Hence, by applying the principle of polar triangles, 

R. de Aquino, “ Nomograms for deducing altitude and azimuth and for star identification and 
finding course and distance in great circle sailing/' U. S. Naval Institute Proceedings , vol. 34, 
1908, pp. 633-646. See also W. C. P. Muir, Treatise on Navigation t fourth edition, Annapolis, 
Md., 1918, Appendix D, pp. 773-777 : “Solution of the astronomical triangle by nomography.” 
G. Pesci, “Cenni sulla risoluzione del triangolo di posizione senza ealcoli trigonometric!/ ' Rivista 
Marittima, Roma, vol. 42, Sept., 1909, pp. 317-328 + 1 table. [Discusses the “ compasso 
trigonometrico ” of G. F. Richer described by F. Callet in the supplement to Bezout's Spherical 
Trigonometry and Navigation, Paris, 1798]. 

G. Pesci, “Sulla risoluzioni dei triangoli sferici senza calcoli trigonometrici” Supplement al 
Periodico de Malematica , Livorno, vol. 13, 1910, pp. 65-73. 

C. Schoy, Beitrage zur konstruktiven Losung sphdrischastronomischer Aufgaben. Leipzig, 1910. 
7 + 40 pp. + 8 plates. 

G. Loria, Vorlesungen iiher darstellende Geometric , translated by F. Schutte, part 2, Leipzig, 1913, 
pp. 3-15. 

M, D'Oeagne, Cours de Geometrie , tome 2, Paris, 1918, pp. 312-314. 

H, G. G., “A new graphic method in nautical astronomy/' Nature, vol. 102, Oct. 24, 1918, pp. 
155-6. 

A. Hutchinson and H. B. Goodwin, “Graphic methods in astronomy/' Nature, voL 103, March 
13, 20, 1919, pp. 25, 44. Graphic methods here employed are “recommended to crystal- 
lographers." 

Editor, 
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both cases can be solved graphically by the construction for three given sides. 

2. The principle of co-lunar triangles. If the given parts are of such magni- 
tudes that the direct graphical solution is difficult of execution and interpretation, 
one, at least, of the three possible co-lunar triangles will give a simpler solution. 

The problem which I set myself, then, was to find: 1. Which of the graphical 
solutions were simplest to construct and easiest to interpret; 2. The minimum 
number of such solutions necessary, after making any trigonometrical transforma- 
tions in the data which seemed desirable. I submit the following constructions 
as my result. There is nothing especially new in them. Under the circum- 
stances, there could not be. But one or two of them differ more or less in detail 
from anything I have ever happened to see published. 

These constructions were all made by descriptive geometry. Those familiar 
with that subject will readily recognize the horizontal and vertical coordinate 
planes, the ground line, traces of oblique planes, and revolution about those traces. 
The constructions, however, may readily be made without knowledge of descrip- 
tive geometry, and to render them more generally useful will be described merely 
as constructions. 1 In each example, the angles of the given triangle are A, B, C, 

the opposite sides a, b, c. To make 

\L the examples more specific, actual nu- 

s'S' TjV merical values (in degrees) for the 

/ / / i parts of the triangle will be used 

/ £(/ j throughout. 

m y /\.,7 Case L Given the three sides, 

/\\ / V \ j Example 1. All given sides acute, 

X X Given a = 43°, b = 64°, c = 58°. 

/ This is solved in Fig. 1. Select 

/ . any point 0, and draw a vertical line 

\ t OD. To the left of this line, lay off 

W the smallest of the three given sides, 

/ in this case a = 43°. To the right of 

OD, lay off the largest side, b = 64°. 

/ Beyond this, lay off the remaining 

p ia j side, c = 58°. Draw a horizontal line 

intersecting the sides of a at F and D. 
Make OF' = OF. From F', draw F'E perpendicular to OE , intersecting FD at G. 
At G f draw a vertical line. With D as center, radius OF, draw an arc intersecting 
this vertical at II . Draw HD. Then HDG is the angle C = 70°. . With G as 
center, radius GE S draw an arc to intersect FD at J. Draw II J. Then HJ G is 
the angle A = 49°. 

To find the remaining angle, opposite the middle side b , take any point K 
on OF. Draw from K a perpendicular to OF to meet OD at L. Make OK f = OK. 
From K f draw K'M perpendicular to OF' to meet OE at If. With L as center, 

1 We have in this article a good illustration of the employment of the methods of descriptive 
geometry in pure mathematics as recommended very strongly by Professor Gino Loria in letters 
to Professor Roever published last year in this Monthly (1919, 45-53). — Editor. 
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radius Lk, draw an arc. With M as center, radius MK\ draw an arc, meeting 
the first arc at N. Then angle LNM is the angle B = 85°. 

Answer. A = 49°, B = 85°, C = 70°. 

Example 2 . Two given sides acute, one obtuse. Given a = 60 °, b = 126 ° 
c = 76 °. ’ 

The construction is shown in Fig. 2. It differs from Fig. 1 only in the size 
of the given parts. The figure is lettered the same as Fig. 1 , and the same 
directions will apply. 

Answer. A = 35°, B = 14S°, C — 40°. 

Example 3. Two given sides ob- ^ 

tuse, one acute. Given a = 60°. 


Form the co-lunar triangle a = 60°. 


— 40°. Solve this by the construc- 
tion of Fig. 1. This gives A — 55°, 
B' = 112°, C' = 37°. Whence, tak- 
ing the co-lunar triangle of this result, 
we have the 

Answer. A — 55°, B — 68°, C 



DF, draw an arc to intersect DH at H. Draw a vertical line HG, to meet 
produced at G. Draw GE perpendicular to OM. With 0 as center, radius OF, 
draw an arc to intersect GE produced at F', Draw OF'. Then EOF is the 
third side, c = 58°. The three sides now being known, the remaining angles, A 
= 49° and B = 85°, are found as previously explained. 

Answer, c = 58°, A = 49°, B = 85°. _ 

Example 7. The two given sides acute, the given angle obtuse, (jiven 

a = 61°, b = 53°, C = 135°. . , . , , . _. „ ^ 

This example is solved m Fig. 3. Draw 

the vertical line OD. To the left of OD lay 
N x off the larger of the given sides., a = 61°. 

\ To the right of OD lay of! the smaller given 

/ i \ side, ^ = ^°* ^ raw a horizontal line FD , 

! * \ intersecting the sides of the angle a at F 

\jg | jfs A and j) m Produce FD to intersect the re- 

^ /\ JyS maining side of angle b at P; this can al- 

ways be done, since the smaller side has 


Connect H with P, intersecting OD produced at Q. Draw DR perpendicular 
to OP. On DP, make distance DS = DP. Then DSQ is the angle opposite the 
side DOF , .4 - 39°. 

From D, draw DT perpendicular to DH, intersecting HP at T. Also draw 
DU perpendicular to OP. Lay off on Dll the distance DT — DT7. Draw T F, 
Then DVT is the angle opposite the middle side, B = 35°. 

Answer, c = 102°, A = 39°, B = 35°. 

No other figures are needed for this Case. Any other conditions can be 
reduced to one of the two preceding solutions by the use of a co-lunar triangle. 
(See Examples 3 and 4.) 

Case IV. Given two angles and the included side. 

Take the polar triangle corresponding to the given triangle, and solve by 
Case III. 

There are no impossible cases under Cases III and IV, and the construction 
can always be made. 

Case V. Given two sides and the angle opposite to one of them. 

Example 8. All three given parts acute. Given a = 45°, b = o8° , A = 39 . 

The construction is shown in Fig. 4. Draw the vertical line OD . To the 
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left of OD lay off the side whose opposite angle is. given, a = 45°. To the right 
of OD, lay off the other given side, b = 58°. Draw a horizontal line to give inter- 
sections F, D, and P. Draw DR perpendicular to OP. On DP, make DS = DR. 
At S, lay off the given angle A as shown, obtaining the intersection Q on OD 
produced. ^ Draw PQ. W ith D as center, radius DF, draw an arc to intersect PQ. 
feince the side a is less than the side b, DF < DP, and the arc will intersect PQ 
in two points to the left 
of P, namely, H and IP, 
each of which will give a 
solution to the problem. 

For the first answer, 
from H draw a vertical 
line, intersecting DP at 
0. From G draw GE 
perpendicular to 0 P. 

With center 0, radius 
OF, intersect this line at 
F'. Then EOF 1 is the 
third side, c x = 18°. 

Draw DII. Then GDII 
is the angle opposite this 
side, Ci = 16°. The 
angle opposite the mid- 
dle side, b, is found at 
N by the construction 
explained in Fig. 1; Pi 
= 131°. 

First Answer, cj = 

18°, Ci — 16°, B\ = 131°. 

Proceeding similarly 
with the point IP, we find EOF" is c 2 = 84°, and GDII' is C, = 11S°. No 
construction is needed for the remaining angle, P 2 , since this angle is known 
by trigonometry to be the supplement of B u Hence P 2 = 49°. 

Second Answer. c 2 = 84°, C\ — 118°, P 2 = 49°. 

Note. Should the intersection at F' prove rather flat, the point F' may be 
located more accurately from the fact that it lies on the line PF", as shown in 
the figure. = - : 

Example 9. Given a = 57°, b = 63°, A - 70°. 

If we proceed as explained for Fig. 4, the circle with D as center, radius DF, 
will be found to be tangent to PQ. There is then but one point II, and one solu- 
tion. Going on with the construction from the point II, the third side is EOF', 
c = 34°. _ The angle opposite this side is GDII, C = 38°. The angle opposite the 
middle side needs no construction; by trigonometry, B — 90°. 

Answer, c — 34°, B = 90°, C = 38°. . ' * : \ 
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Example 10. Given a — 38°, b — 59 , A o • * 

If we proceed as before, we shall find in this example that the radius DF is 
so short that the arc from F will not intersect PQ. There is consequently no 

solution. , o _ 0 

Example 11. Given a = 61°, b — 53 , A — 39 . , a , 

This is the same triangle that was solved from different given parts m Fig. 3, 

and the completed construction will be the same figure. 

The construction is started as explained for Fig. 4, Ex. 8, and proceeds as 
there explained until we draw the arc with D as center, radius DF. In this 
example the side a, opposite the given angle A, is greater than the other g^ven 
side b Hence DF < DP, and the arc drawn from F will intersect the line 1 Q 
at but one point to the left of P. This intersection, H, gives the only solution 
to this example. Draw DH. Then PDH is the angle included between the given 

sides a and 6, C = 135°. ' . T 

Two sides and the included angle being known, ^the construction can now be 

completed as explained in case III. See Example 7. 

Answer, c = 102°, B — 35°, C — 135 . 

Example 12. Given a = 63°, b = 58 , A — io . 

This is apparently the same case as 

that of the preceding example, since the 
/ \ side opposite the given angle is larger 

/ 3y than the other. However, on attempt- 

I p , ing the construction, the given parts will 

, V 7^ be found to be of such sizes that the in- 

N \\ / \ J / tersection H lies between P and Q. The 

V_ angle “duded between the given sides is 

7fiF therefore acute, and the construction is 

0 \ / j best completed by the method used in 

\ / 7 Fig. 4 for the point II. See Example 8. 

\ ! Answer, c = 60°, B = 67°, C = 70°. 

Fig g 9 Example 13. The two given sides 

acute, the given angle obtuse. Given 

a = 51°, b = 64°, B = 129°. 

The construction is shown in Fig. 5. Draw the vertical line OD. At the 
right of this line, lay off the side whose opposite angle is given, b — 64°. Lay 
off the other side, a = 51°, to the left of OD. Draw a horizontal line to give the 
intersections F, D, and P. From D draw DU perpendicular to OF . Make the 
distance DW = DU. At W lay off the given angle, B = 129°, as shown, giving 
the intersection X on OD produced. Draw FX. From D draw D Y perpendicular 
to FX. With D as center, radius DY, draw the arc YZ. From P draw the line 
PQ tangent to this arc, intersecting OD produced at Q. 

With D as center, radius DF, draw an arc to intersect PQ . . The intersection 
IP, nearer F, does not give a solution to the problem. A solution exists only if a 
second intersection, H, can be found on PQ to the left of P. It is evident that this 
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can only occur when, as in the figure, b > a. If b < a, P will be inside the eircle 
with radius DF, there will be no second intersection II, and no solution. 

From H draw the vertical line HG, intersecting DP at G. From G draw GE 
perpendicular to OP. With 0 as center, radius OF, intersect this perpendicular 
at F'. Then EOF' is the third side, c = 19°. Draw HD. Then IIDG is the 
angle opposite this side, C ~ 16°. 

From D draw DR perpendicular to OP. Make the distance DS = DR. 
Draw SQ. Then DSQ is the remaining angle, A = 42°. 

In case the intersection at I ' should be too flat to be accurate, the point F' 
may be located as follows. Produce DR, which is perpendicular to OP. Make 
the distance RQ' = SQ. Draw Q'P‘, this line passes through F'. 

Answer, c = 19°, A = 42°, C = 16°. 

Any other example under this case can be reduced to one of those already 
given by the use of a co-lunar triangle. 

Case VI. Given two angles and the side opposite to one of them. 

Take the polar triangle corresponding to the given triangle, and solve by 
Case V. 

Summary of the Constructions. In all the foregoing constructions, two of 
the given parts are always two sides, and acute. The constructions may’ then 
be summarized according to the third given part, as follows. 

1. The third side, acute. Each side less than the sum of the other two. Fig. 
1. One solution. 

2. The third side, obtuse, but less than the sum of the other two. Fig. 2. 
One solution. 

3. The third side, one of the three sides equal to, or greater than, the sum of 
the other two. No solution. 

4. Angle included between the given sides, acute. Fig. 1. One solution. 

5. Angle included between the given sides, obtuse. Fig. 3. One solution. 

6.. Angle opposite the smaller given side, acute. Fig. 4. Two solutions, one 

solution, or no solution. 

7. Angle opposite the larger given side, acute. Start Fig. 4 and find the 
angle which is included between the given sides. If this angle is acute, complete 
Fig. 4. But if the included angle is obtuse, use the construction of Fig. 3. One 
solution. 

8. Angle opposite the larger given side, obtuse. Fig. 5. One solution. 

9. Angle opposite the smaller given side, obtuse. No solution. 

Any other example is reduced to one of the above by suitable trigonometric 
transformations. 

References. In the following, the solutions are given as problems in descrip- 
tive geometry, and a knowledge of that subject is required to understand them. 

A. E. Church, Elements of Descriptive Geometry, New York, 1864. 

C. Margerie et E. Racine, Traite de Geometrie Descriptive, Paris, 1883. 

C. A. Waldo, Manual of Descriptive Geometry, Boston, 1895. 

F. Chome, Cours de GSometrie Descriptive de VEcole Militaire, premiere partie, 
Paris, 1898. 
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QUESTIONS AND DISCUSSIONS. 

Edited by W. A. Hurwitz, Cornel! University, Ithaca, N. Y. 

REPLIES. 

34 [1917 j 134, 341; 1920, 114, 301, 405]. Given the mixed integral and functional equation 

£~ h Kx)dx = ![/«»+ 4/ (!) + ] ’ # 

to determine the function f(x). This equation is of rather fundamental practical value as it has 
to do with the most general solid whose volume is given by the prismatoid formula. 

I. Remarks by A. A. Bennett, Baltimore, Md. 

For the functional equation of Simpson’s Rule, the origin is a point specially characterized. 

If smoothness at the origin be not required, solutions which are continuous and contain an infinite 
number of parameters may be obtained which present irregularities at this point. In particular 
the following one-parameter family of analytic functions with an essential singularity at the 
origin satisfy the equation; 

x a sm (b log x — c), 

where a and b are constants satisfying certain transcendental equations and where c is an arbitrary 
parameter. This solution may furthermore be added to any other solution to yield a solution. 

For the equation 

f*f(x)dx - \ [/(0) +4/(|) +f(h) J , 

if / is differentiable, 1 and /( 0) = 0, becomes, after differentiation 

6f(x) - [4/(*/2) +/(*)] + x[2f(x/2) +f(x)]. 

Testing f(x ) ss x a sin (5 log x — c ) we have 

f(x) = sin (b log x — c) +b cos ( b log x — c)]. 

Substituting throughout this gives 

6a^ sin (b log x ~ c) = (x a l2 a ~ 2 ) sin (6 log x/2 - c) *f sin (b log x - c) 

+ (x°/2 a “ 2 )[a sin ( b log x/2 — c) + b cos (b log x/2 — c)] 

4- x?[a sin \b log x — c) + b cos ( b log x — c)]. * T 

Collecting terms, and canceling x a , this yields 
(5 — a) sin (5 log x — c) — 6 cos (5 log x — c) 

= (l/2 a " 2 )[(a + 1) sin (b log x/2 — c) + b cos ( b log x/2 — c)]. 

Writing b log x/2 — c as (b log x — c) — b log 2 and expanding the terms in which this - 

occurs, then equating coefficients of sin (6 log x — c) and of cos (6 log x — c), one obtains 
f (5 — a) '2 a ~ 2 « (a + 1) cos (6 log 2) + b sin (b log 2) 
t 6*2 a “ 2 = — b cos (b log 2) 4* (a 4“ 1) sin (b log 2). 

These equations are satisfied by an infinite set of values of a, 6. 2 

1 The assumption of differentiability is not essential. Direct substitution of the function 
x a sin (b log x — c) in the given equation leads to a pair of conditions on a , b equivalent to those 
' derived in the text. 4 'yy ' A;.: J 


2 See the remarks by the Editor, immediately following the present article. 
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In order to exhibit the special role of the point x = 0, we shall obtain from the given equation 
another not involving this point ; and then examine the nature of solutions of the new equation 
and under what conditions the old equation can be derived from the new. We assume first that 
f(x) is continuous, and start with the given equation. 


iim + 4/W2 )+/(*)], 


This is a special case of 


J*fWt 

f 0 *Mdt = | [C + 4f(x/2) + /(*)]. 
In (2), give x the constant value a 4= 0; thus 

£ fWt = g[C + 4/(a/2) +/(a)l; 

C =~£fWt- if (a /2) — f(a). 


and solve for C, thus 


Substitute in (2), 


J*swt = | [ | f“mdt - m/2) - m + m/2) + m ] . 

In (5), replace x by the constant 2a, 

JTfmt = %[lf 0 a mdt - m/2) + m) +/(2a)] . 


Subtract (5), 

C2a 


t imt - {2 ~l) £ smt 


I (2a - *)/(«/ 2) + \ (6 a + x)f(a ) 

+ i af(2a) - § xf(x/ 2) 


•From (6), subtract- r giving 

p2a pa 

J„ fMt = J 0 f{t)dt - i af(a/2) + o/(a) + i af(2a ) 


I z/(z). 


/0 
f*2 a 


pa p2a 

J 0 /(<)«* = J u Mdt + f a/(a/2) - a/(a) - a/(2a). 

Substitute in (7), giving the equation 

£' mu = (2 - | ) mdt + I (2a - a:)/ (a/2) - | (6a - 7x)/(a) 


Solving for 4xf(xl2), we have 
r*2« 


(a - x)f (2a) - §xf(x/2) - £#(»)• 


4xf(x/2) = - z/(x) - 6 ff }{t)dt + 6 ( 2 - fffWt 


+ (8a - 4x)f(a/2) - (6a - 7.r)/(a) - (2a - 2z)/(2a). 

For the new T equation (!') we have the following 

Theorem: Given any positive number , a, and any real one-valued function continuous in the 
interval I : a ~ 2a, die end points being included , and further given an arbitrary value , A, — 
there exists a unique solution of (1) coinciding with the given function in J, taking o?i the value A at a/2 
and continuous for all real positive values of x. 

It is at once obvious that the value of /(F) in I :a^x^2a and its value at a/2 determine 


from (!') its value in a/2 : 


: a; by substitution of x « 2a in (!') it appears that f(x) is continu- 


ous in both directions at x = a. By the methods of integral equations the value of f(x) is deter- 
mined by (10 in 2 4 a. By repetition of this process the definition of the function can be 
extended repeatedly to intervals on the left, each half as long as the preceding, and to intervals 
on the right, each twice as long as the preceding. It need not be true, however, that the values 
so obtained on the left approach any limit at all as # approaches zero. 
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In order to return from (1') to (1) we make the following assumptions: 

(I) /(x) is continuous, x > 0, and satisfies (1') for some value of the constant a. 

(II) f(x) is bounded in a neighborhood of x = 0. 

(III) If f* f(t)dt can be written in the form| £<7 + 4/ (|) +■/(*) ] , then/(0) exists and 

C — /CO). 

The condition (II) may be replaced by the two weaker conditions: 

(Ho) lim xf{x) = 0, 

x — ->-Q ; 

(IB) f Q f(t)dt converges for x > 0. 

Condition (III) may be replaced by 

(Ilia) /( 0) is defined and f(x) is continuous at x = 0. If (Ilia) is assumed, (II) is superfluous. 
Starting with 

&xf(%l2) « - xf(x) -6 f x f(t)dt + 6 ( 2 " ~ ) X 

+ (So - 4x)f(a/2) - (6a - 7 x)f(a) - (2a - 2x)f(2a) (!') 

we have, upon letting x approach 0, — thus utilizing condition (II), or (Ha) and (II^) — the follow- 
ing. 

P2a 1 C 2a 

0 = - 6 J o f(t)dt + 12 J a }{i)dt + 8a /(a/2) - 6 a /(a) - 2a /(2a), 
whence we reobtain, 

f“f(t)dt = f a f{i)dt + |-o/(o/2) - a /(a) - |a/(2a). (9) 

P2 a 

Eliminating J a f(t)dt between (9) and (!') we have again 

f^KDdt = (2 - fj fifm - | (2a - x)f(a/2) +| (6a + x)/(a) 

+ J a /(2a) - | x /(x/2) - i x /(*). (7) 

In (7), letting x approach 0, we obtain 

. f^Mdt = | [lf o a f(t)dt ~ 4/(a/2) + 8/(«) + /(2a)] . (6) 

Subtracting (7) from (6), we have, 

J*Mdt = | [ S Jjm- 4 /(a/2) - /(a) + 4 /(x/2) + /(x) ] , (5) 


which is of the form 


jjm -jj[C + 4/(*/2) +/(*)]. 


By employing condition (III), we return to 

/"/(«)* = 1 1/(0) + 4 /(x/2) +/(*)], (1) 

as desired. 

Thus solutions of (T) which satisfy (II), (III) or (I), (IIo), (IB), (III) or (I), (Ilia) will 
be solutions of (1). Solutions of (1') include, however, functions not satisfying these further 
conditions bearing on the point x — 0 and therefore not serving as solutions of the original equation. 

II. Remarks by the Editor. 

It will be of value to indicate the relationship of the new solutions found by Professor Bennett 
to the work which has previously appeared in connection with this question. A convenient 
method of approach is found in the fact, used in earlier replies, that f(x) ~ x n is a solution of the 


ifcittiiifi! 




mm 


; ’ ** *A 




1920 .] 


QUESTIONS AND DISCUSSIONS. 


functional equation, in case n is a positive integer, if and only if 

1 1 1 

n 4* 1 6 • 2 n ~ 2 6 *" °“ ^ 

We first extend our consideration to values of n, integral or fractional, real or complex. It 
is evident that for any n whose real part is positive, (1) still gives the condition that x n be a solu- 
tion. This may be written 

^ + J_ =0 * 

or, letting 


In the equivalent statement 


(m - 3) + (m + 3')-2- 


m = a '+ ip, 

and separate the real and pure imaginary parts of the resulting equation. Writing for brevity 

log 2 - l, 

we have 

(a — 3) 4* 2 ~ a [(a + 3) cos 01 + (3 sin pi] — 0, (3) 

P 4* 2 - a [p cos pi — (a -f- 3) sin pi] = 0, (4) 

Multiply (3) by sin pi, (4) by cos pi, and add: 

(a — 3) sin pi + 0 cos pl 4- 2 = 0. (5) 

Multiply (4) by 2 a , and subtract (5) from it: 

PI 2“ - 2~«] - 2a sin pl = 0. 

The latter equation may also be written 

p sinh al = a sin pl (6) 

This equation can have no solutions for which both a and p differ from zero. In fact, if 
a 4 0 , p 4= 0 , (6) may be written 

sinh al _ sin pl 
al ~ ~ pl * 

but (sinh u)/u > 1 and (sin u)ju < 1, for all real u 4 0, so that the equation cannot hold. 

In case a or p vanishes, (6) holds. It remains to be seen when (3), (4) are satisfied. First 
let P : = 0; then (4) is satisfied, and (3) reduces to (2), with a replacing ???.. This equation is 
readily seen to have the solutions « = - 1, 0, 1, corresponding to n = 1, 2, 3. It will be shown 
that there are no others. Writing the equation in the form 


This may be written 


2 a f 2 3 4 "® 

we have 

2a/2 — 2~ a f 2 a 

2«/2 4. 2 a -P ~ § * 
or 

tanh J al = -$a. 

This may be written 

tanh u — ku = 0, ( 7 ) 

where v / 

u = ial, = 

Now the function tanh u — ku vanishes for u = 0; if it vanished for two positive values of u 
then by Eolle’s theorem, its first derivative would vanish for at least two positive values, and 
its second derivative for at least one. But its second derivative is — 2 tanh u sech 2 wjmd never 
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vanishes for u * 0. Tims (7) has at most one positive solution, and similarly at most one negative 
solution. 

Finally let a = 0. Equations (4), (3) reduce to 

3 sin 01 = 0(1 + cos 01), 

(3 sin (31 = 3(1 - cos (31); 
and this pair of equations is equivalent to the single equation 

3 sin $0l ~ (3 cos § 01. 

Since it is clear that no value which makes cos $01 vanish can be a solution, the only admissible 
values of 0 are those for which 


which may be written 


■ ku =■ 0, 


This is a type of equation which arises in many problems of analysis. Inspection of the 
graphs of tan u and ku leads at once to the well-known fact, which can readily be proved by 
rigorous analytic methods, that (8) has an infinite number of solutions, approximating more and 
more closely, as they increase numerically, to odd multiples of ir/2. 

We condense all these results into the statement: The function x n , where n is a constant 
whose real part is positive, satisfies the proposed functional equation for the following values of n 
and no others: 

(a) The real values n = 1, 2, 3, 

(b) An infinite set of values of the form n = 2 + 0i, where 0 is a solution 1 of (8). 

Any of the second set of solutions leads to real solutions of the type considered by Professor 
Bennett. In fact, since 

x n » x m+2 = $«+*+£ * = x a+2 cos (0 log x) 4- iz a+2 sin (0 log x), 

for any n yielding a complex solution we have the two real solutions ir a+2 cos ((3 log x) and 
x a+2 sin (0 log x), whence also the more general solution x a+2 sin (0 log x — c), which is a linear 
combination of them. Equations (3), (4) are equivalent to Professor Bennett’s pair of equations 
for a, b with a = a + 2, b =*= 0. We have thus shown that Professor Bennett’s formula gives a 
solution only (except for the trivial cases b — 0, a = 1, 2, 3) when a = 2, and that in this instance 
an infinite number of values of b will be possible. It is obvious that much more general solutions 
can be constructed, of the form x 2 F(x), where 


die form x?F(x), where 

F(x) = SlAp cos (0 P log x) + Bp sin (0 P log a?)], 
tnlrpsn to insure the validitv of thpi series. 


proper precautions being taken to insure the validity of the series. 

The importance of these new solutions lies in the following facts. The function 
x 2 sin (0 log x — c) possesses a continuous first derivative even at the origin. In previous editorial 
comment, it was stated that “it seems reasonable to adopt as a goal with reference to this question 
the proof that if the equation holds for some range of the variable h, the function F(x) can only 
be a polynomial of degree 2|8, under restrictions as fight as possible — e.g,, that F(x) should be 
continuous and possess a stated number (as small as it can be made) of derivatives.” The state- 
ment has now been proved, with the number of derivatives as great as six, by Professor Gillespie. 
Professor Bennett’s example, together with the present comments, shows that the theorem is 
not true with the number of derivatives as small as one. Can the gap between these two results 
be bridged? 

DISCUSSIONS. 

In a previous number of the Monthly {1920, 53) Mr. W. F. Cheney gave an 
instance of a geometric proof of the law of tangents in trigonometry. In the 
first discussion below Professor Lovitt shows how a number of such proofs may 
be obtained. The two papers contain references to a number of .other similar 
proofs. y-'iyy.i- :-4- -’V; \ ; 

1 The smallest positive value of 0 is approximately 12.94. 


: 

/ ■: • 

■ : ■ : ■ ’ 


it . 1 ■. 

| l , , 




r ‘ ‘ | * f * 1 \| » . ; . 


1920.] 


questions and discussions. 


usual form of the law of the mean for derivatives, f(x+h) — f(.r) 
“ ■ 14 X + , eh) ’ the ( i uantit J' 9 depends on both « and h. It is natural to inquire 
into the character of the functional dependence of 6 on x and li. A general 
investigation of this dependence has been made by Hedrick, Annals of 'Mathe- 
matics, series 2 p. 177. Professor Downing in the second discussion undertakes 
the more special task of studying the nature of 6 for simple forms of the function 
J(a-). lie takes up the cases of linear, quadratic, and cubic functions. 

I. Geometrical Proofs of the Law of Tangents. 

Br W. V. Lovitt, Colorado College. 

The geometrical proof depends in many cases upon finding pairs of lines the 
ratio of whose lengths is (a — b)j{a + b), where a and b are sides of a given 
triangle. YV e proceed then to find such pairs of lines. 

Make 


AC = £ 

)C = CV = CR = b; 

make 


CK 

= CQ = CB = a. 

Then 


II 

BS = RQ = a — b, 

and 



IV- -0‘ 

/ - 7 > 

y /L 

i 


BV = RK = a + b. 

Draw CD bisecting the angle ACB. The lines VJ, TR, CD, and BQ are parallel. 
Draw AP and BK ± BQ. Draw EOF II BC and 0U\\ AB. 

Then ' 


BU=i(a-b), UC = |(o + b), 


' / ' 



a-b __ EO _ BU DO _ TS_ _ TS _ BP _ .JA _ BS AK 
a+b BV EF UC OC AV SR ~ PQ ~ JV ~ AQ ~ BV'- (1) 

We also find 

§(H + B) — Z 0SC= Z OAC = z JBV = z JKA, 

I (A — B) — z BAP = z JBA. 

In many geometrical proofs of the law of tangents the only points of difference 
are in the precise figure and method used in establishing some one or more of the 
equalities (1). If equalities (1) were a well known part of the course in ele- 
mentary geometry, then the several different proofs of the law of tangents 
would be simpler. 

We give below some proofs which are believed to be new. With one excep- 
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tion they make use of the figure above. In each instance only such part of the 
figure need be actually drawn as is used in the proof. 

a — 6 __ sin |(a! — P) _ sin |(44 — B ) 

® g sin BSA sin § (A + B ) * 

a + b __ sin ABQ __ cos BAP _ cos§C4 — B) 
c sin AQB ~~ sin C/2 cos §(44 + 5) ? 

whence 

a — 6 _ tan §(44 — P) 
a + b tan §(44 + B) * 

PP (a - b) sin PSP (a - h) sin §(44 + P) 

(2) tan ?{A ~ ~ A p~ ( a +b) cos PxlQ ~ (fl + b) cos J(4 + P) ’ 

= — -r— y tan §(J. + B). 
a + b 

(3) Z SAC = |(,1 + P); i SAB = ±(A - B); 

EF |J PF; CD LAS) CD\\AV. 



I 


1 , 


i ! 


* 


(4) 


or 


CS = CA = CV=b-, BS — a — b; BV = a+b ; 


T)0 CO 

tan I (A - B) = ; tan }(A + B) = ^ ; 


tan §(x4 — P) DO DO PO PS a- - 6 


tan §(.4 + P) — CO 4P ~ EF~ BV a+V 
ZFPJ=§(4 + P); zABJ = iU-B)i 
Z VJB = z S4F = 90°; CA = CS = CV = b; 


tan h(A — B ) 


ZtJ 


PJ 


FJ 

tan §(4 + P) = — 


tan |(4-P) 4/ PS 


taniU + P) r/ PF a +6’ 


t 


+ j m 4L bs s * n MA + 

tan 2^4 -*)- BJ - BVcosHA + P) 


a 
a • 


-q-j tan ^(4 + P). 

Z ABJ = i(A - P); z JKA = f (4 + P); TJz 4JX= 90° 
OF = b) AK - a - 6; 


Cxi 




(5) 
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' BJ BV cos K-4 + B) 

(6) Circumscribe a circle about ABC. 
Draw CP bisecting the angle C. Make 
CR = CA = b. Then BR = a- b. 


II. Note on the Law of the Mean 

By H. H. Downing, University of Kentucky. 

With certain well-known restrictions on /(or) and its deri 
of the mean states that 


where Q is a positive proper fraction. 

1 Yet another proof is given by G. Lindborg in Tidskriftfor Elemenidr Matematih, Fysik och 
Kemi , vol. 3, May, 1920, p. 201 . —Editor. 
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It is desired in this paper to find a relation between 0 and h for certain func- 
tions. To do this all restrictions on 6 and h are removed, allowing them to have 
any values which are permissible as determined by the functional relation between 
them. The following cases will be considered : 

Case 1. Consider the function /(.r) = ax + b, a 4 0. 

_ Here f(x ) = a = f(x + 0k). f(x + h) = ax + ah + b. These values sub- 
stituted in (1) give the identity a = a, from which it is seen that no relation 
exists between 6 and h. This is verified by the geometric interpretation of the 
tangent to the line whose equation is y = ax + b. 

Case 2. Consider the function /(.-r) = as? + bx + e, a =j= 0. 

Obtaining f'(x + 6h), f(x + h), and substituting in (1) as before it is found 
that ah = 2 adh. From this either h = 0 or 6 = 1/2. The first, h = 0, being 
trivial, geometrically, will not be considered further. The second, 0 = 1/2, 
clearly means that the ordinate of the point of tangency of the tangent which is 
parallel to the chord joining the points on the parabola y = ax 2 + bx + e with 
abscissas x and x 4~ h is midway between the ordinates of these points. 

Case 3. Next consider j(x) = ax z + bx 2 + ex + d, a 4= 0. 

Substitution in (1) gives ah? + bh+ Sakx = Qadhx + Sad 2 ]? + 2bdh. To 
simplify this equation put 6h ~ <j>, and the equation then reduces to 


Sax + b 
‘ 2a 
3 ax+biV 

2aJs ) 


1 (• 


Sax + b 


\“6H~ j 


This is seen to represent a hyperbola with its principal axis parallel to the 0-axis. 
In this figure 6 is the slope of the line from the origin to the point (h, 0). 

The following results are obtained: 

The center is the point (/?, 0) = ( — ft _ ^ , 


semi-axes are : transverse 


Sax -f- b 

— jw— , conjugate 


The eccentricity 
The foci are: F = 


Sax + b 
2a 


Sax + b 
' 2cT ’ 


2 (Sax ~{~ b) 


and F' 


The asymptotes are the lines 0 
Vi , Sax ■ 


Vd 7 Sax +b , k 


2) whose inclina- 


tion is 30°, and 4> = — ~ k — 
o 

The vertices are the points 

rr _ f 3a# + b . 1 Sax + b 
~ \ 2^r~ 3 ^ 2a 


Sax + b 


( V§ + 2) whose inclination is 150°. 


_ / 6a# + b Sax + b \ , T r , / 3 ax + b 

•{ 2iT’-~W~) “ d ^ 7 \ 2a ’ 

It is seen that for F', V', C (the center), V and F, we have 

0=0, 0 = jfh, 0 = -|/l, 0 = k, 0 = i 


3 ax b ' 

6a - 




4 *! 1 k : 


: : V , y, ; 'V4;s r f:V.; 

lliliiil 
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recent publications. 


If x increases these points move towards' the left along straight lines through 
the origin, and the hyperbolas corresponding to two values of x are homo- 
thetic with respect to the origin. 

The interesting point about the equations is the nature of the coefficients of ft. 

It is further interesting to notice those points on the hyperbola which may 
be used when the conditions of the law of the mean are satisfied: that is,, when 
d is positive and less than one, or when <p is numerically less than h, and has the 
same sign. . Also, notice may be made of these relations when the point on the cubic 
whose abscissa is x, is to the left of the inflection point, coincides with the inflection 
point, or is to the right of it. 


RECENT PUBLICATIONS. 


REVIEWS. 


The Early Mathematical Manuscripts of Leibniz translated from the Latin texts 
published by Carl Immanuel Gerhardt with critical and historical notes . By J. M. 
Child, Chieago-London, The Open Court Publishing Co., 1920. Price $2.00. 
American readers will be glad to possess in English translation the manu- 
scripts of Leibniz containing his early work in the creation of the calculus that 
were preserved in the Royal Library in Hanover and were first published by 
C. I. Gerhardt in the years 1846-1S55. We have here seventeen manuscripts 
bearing dates which fall within the time 1673-1677 and also two manuscripts 
of later date which give two accounts, one brief, the other more extended, of 
the origin of the calculus — both from the pen of Leibniz himself. Child breaks 
the chronological order by printing the last two documents first, thus laying stress 
on the parts which after all are really less important; for it is the papers of 1673- 
1677 that contain the cardinal points of the record. The book begins with 
the controversy on the priority of discovery which, by rights, should have been 
postponed to the .end. Child translates also Gerhardt' s essay on “Leibniz in 
London,” which includes three manuscripts of Leibniz, and a second essay by 
Gerhardt, on “Leibniz and Pascal.” Child adds profuse historical notes and 
arguments. 

As a rule, the style is clear, but we mention a few exceptions. On page 
8, line 23, a sentence is quoted, but it does not clearly appear which of three men 
mentioned is the author of it; only by inference from what follows later can the 
reader place the author with certainty. On the same page, line 26, Child quotes 
from “the memoir referred to,” when as yet, no memoir has been mentioned; 
the authorship of the quotation at the bottom of page 8 is not revealed in the text. 

In some instances Child is guilty of inconsistencies and errors. On page 9 
he gives 1708, instead of 1704, as the date of the first complete publication of 
Newton s Tractatus de quadratura curmrmn . On page 13, line 38, the date of the 
second edition of Barrow' s Lectiones Optica et Geometries is given as 1874; of 
course, it should be 1674. On page 6 Child declares that Fatio concludes that 
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Leibniz, as the second discoverer of the calculus, “has borrowed from Newton/’ 
while on page 9 Child says, “Fatio does not dare to make a direct assertion, 
only an insinuation. 5 ’ 

Some of the footnotes contain conjectures relating to historical events and 
the motives which prompted the movements of the actors. These conjectures 
are of value, provided the rapid reader does not lose sight of the fact that 
they are only conjectures. Indeed, some of Child’s contentions are far from 
convincing. Take the matter of the “Characteristic triangle/ 5 Leibniz used it 
but does not claim it as his own. He says he got it from Pascal. Child argues 
that Leibniz must have gotten it from Barrow, on the ground that Leibniz 
obtained a copy of Barrow’s Lectiones Optica et Geometries a month or so before 
he got a copy of Pascal, and that Leibniz’s geometrical figure more closely 
resembles Barrow’s than that of Pascal. Child may be correct in his view that 
for geometrical knowledge, Leibniz was indebted to Barrow more deeply than 
is ordinarily believed. 

As regards the Newton-Leibniz controversy, Child agrees with A. De Morgan 
in characterizing the publication of the Commercium epistoliciim by the Royal 
Society of London as an act of disgraceful unfairness; Child discards the hypothe- 
sis that Leibniz took his calculus from Newton, and says: (p. 5) “I hold quite 
other views as to the possible source of Leibniz’s inspiration, if indeed he is not 
to be credited with perfectly independent discovery.” 

There are a few American reviewers who unconsciously have acquired the 
mannerism of belittling American contributions to the history of science and 
extolling foreign ones. While in the past, the present reviewer may have ex- 
hibited an exactly opposite tendency, he has no hesitation in this case to express 
the opinion that students of the history of mathematics will feel greatly indebted 
to Child for his translations and for his conscientious, fair-minded and thorough 
study of the documents involved. 

Florian Cajori. 

University op California. 

Infinitesimal Calculus. By F. S. Caret. (Longmans Mathematical Series.) 

London, Longmans, 1919. 8vo. 20 + 352 + 9 pages. Price 14 shillings. 

How far should one go in introducing new ideas at the beginning of a first 
course in the calculus? And how r much time can one afford to spend in explaining 
those ideas? It is in answering these two questions that the text before us differs 
most radically from our standard texts. Most writers seem to agree that while 
in an introductory course the notions of variable, function and limit must be 
discussed, a very brief discussion is best, introducing as little notation and as 
few new terms as possible, with the thought presumably that those notions will 
become most rapidly and truly understood through use. 

The attitude of the author is given in the preface. “ Believing that there is no 
royal road which leads smoothly and directly to the Infinitesimal Calculus, the 
author has made no attempt to evade all the difficulties which at the outset 
face the student in this subject. The road has, however, been laid in the first 
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section so as to pass through those domains of number and function with which 
the student is probably already acquainted. ... To assist the student in 
mastering the fundamental conception of a differential coefficient, two ideas which 
are usually reserved for books of a more advanced character have been introduced 
at the beginning and used throughout the book, namely, range and sequence, and 
the ordinary symbolism in connection with them has been varied. . . . The book 
« , , is essentially a book of practical mathematics, ' With this end in view, 
fundamental ideas are explained at great length; for the easiest and quickest 
way to master this subject is to acquire a firm grasp of the conceptions upon 
which it is based. The student is advised to return again and again to the earlier 
chapters; it is only gradually that the matter contained in them can be assimi- 
lated. . . ” 

In accord with these statements the author has* taken more than twice as 
much time for his introductory material as is common in other introductory 
texts, and the notions range and sequence are brought into unusual prominence. 
Most of us will, I believe, doubt the necessity, and hence the desirability also, of 
directing so much energy toward the mastery of these concepts so early in the 
student’s career. But if we accept the author’s point of view, and do not try 
to quarrel with him over what should be the purpose of his book, we must com- 
pliment him upon the skill with which he has carried out his plan. Anyone 
agreeing with his point of view will be delighted with his full and elementary 
presentation. 

The symbolism referred to for range and sequence is simple and worthy of 
mention. An open range from a to b is denoted by brackets [a, b], a closed range 
by parentheses (a, b); and a range open only at one end by the appropriate 
combination of the bracket and parenthesis symbols; thus a range open at a 
and closed at b is denoted by [a, b ), If a variable*# ranges over a sequence having 
a limit a, one finds the general notation x a; if the sequence is monotone non- 
decreasing the notation is x a, if monotone non-increasing x — ^ a . This 
variation of the arrow notation seems especially simple and suggestive. 

The book contains a number of variations from what we are accustomed to, 
which are interesting. One example is the general use of the symbol Ur 1 for 
the inverse of differentiation until after a discussion of definite integrals. There 
will be differences of opinion as to the desirability of delaying the use of the 
ordinary integral sign in this way. To me it seems best to associate thus D 
and D”" 1 as operator and inverse, and to have the integral sign presented with the 
idea of an integral as the limit of a sum. I believe the student will more quickly 
obtain a correct idea of definite integrals, which is of course a consideration of 
prime importance, while D~~ l appears as a more natural notation for the inverse 
of differentiation. 

Another variation from custom is the omission of Duhamel’s theorem or 
any theorem resembling it. Problems which may be solved by the use of simple 
definite integrals are put into the form of differential equations with initial 
conditions, without, however, using this terminology. The method is simpler. 
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I think, than to use DuhameFs theorem, and as logical. It should be added, 
however, that in the treatment of multiple integrals the author is not so success- 
ful, and Is forced to disregard small quantities of higher order without explanation. 

The American reader is impressed with the amount of geometry that Is given. 
The chapters on curve tracing, envelopes, e volutes, roulettes, and graphics and 
nomography have much in them that is not included in our introductory texts. 
As there are no counterbalancing omissions, we would find it necessary to lengthen 
our course to include it all. The book furnishes an excellent reference work for 
this material The last chapter, on “ Graphics, nomography/ 5 gives in ten 
pages a good idea of the possibilities of the subject, and should, as the author 
states, “enable the reader to follow the complicated nomograms which are 
largely used in France and other countries. 55 

The book as a whole is very carefully written, with surprisingly few errors. 
An occasional slip is however noted. For example, on page 49, we read that 
“if f{x) is increasing as x passes through x = a, f(d) is positive/ 5 overlooking 
the possibility of /'(a) = 0. Other errors were noted, but are of no great im- 
portance, 

E. J. Moulton, 


Periodic Orbits . By F. R. Moulton In collaboration with Daniel Buchanan, 
Thomas Buck, F. L. Griffin, W. R. Longley, W. D. MacMillan. (Pub- 
lication no. 161) Carnegie Institution of Washington, 1920. 4to. 14 + 524 


Quotation from the Introduction: “The problem of three bodies received a great impetus in 
1878, when Hill published his celebrated researches upon the lunar theory. His investigations 
were carried out with practical objects in mind, and comparatively little attention was given 
to the underlying logic of the processes which he invented. For example, the legitimacy of the! 
use of infinite determinants was assumed, the validity of the solution of infinite systems of non- 
linear equations was not questioned, and the conditions for the convergence of the infinite series 
which he used were stated to be quite unknown. These deficiencies in the logic of his work do 
not detract from the brilliancy and value of his ideas, and his skill in carrying them out excites 
only the highest admiration. « 

“The work of Hill was followed in the early nineties by the epoch-making researches of 
Poincare, which were published in detail in his Les Methodes Nouvelles de la Mecanique Celeste. 
Poincare brought to bear on the problem all the resources of modern analysis. The new methods 
of treating the difficult problem of three bodies which he invented (sic) were so numerous and 
powerful as to be positively bewildering. They opened so many new fields that a generation will be 
required for their complete exploration. On the one hand, the results were in the direction of purely 
theoretical considerations, in which Birkhoff has recently made noteworthy extensions; on the 
other hand, they foreshadowed somewhat dimly methods which will doubtless be of great im- 
portance in practical applications in celestial mechanics. The researches of Poincare are scarcely 
less revolutionary in character than were those of Newton when he discovered the law of gravita- 
tion and laid the foundations of celestial mechanics. 

“In 1896 Sir George Darwin published an extensive paper on the problem of three bodies in 
Acta Mathematica. In mathematical spirit it was similar to the work of Hill; indeed, the methods 
used were essentially those of Hill, but the problem, treated was considerably different. For a 
ratio of the finite masses of ten to one, Darwin undertook to discover by numerical processes all 
the periodic orbits of certain types and to follow their changes with varying values of the Jacobian 
constant of integration. This program was excellently carried out at the cost of a great amount 
of labor. It gave specific numerical results for many orbits in a particular example. 

“The investigations contained in this volume were begun in 1900 and, with the exception of 



Elementary Functions and Applications . By A. S. Gale and C. W. Watkeys. 

New York, Henry Holt and Company, 1920, 12mo. 20 + 436 pages, 

; ; Price $2.60, .. 

From the preface: “This book presents a coherent year’s work in mathematics for college 
freshmen, consisting of a study of the elementary functions, algebraic and transcendental, and 
their applications to problems arising in various fields of knowledge. The treatment is confined 
to functions of one variable, with incidental exceptions, and complex values of the independent 
and dependent variables are excluded. The subject matter includes the essentials of plane 
trigonometry and topics from advanced algebra, analytic geometry, and calculus. 

“The text is the result of experiments beginning in 1907-8, It has been used in the class- 
room since 1913-14, and each year extensive revisions have been made. Hence the content of 
the course, the order of topics, and the manner of presentation are based upon the experience of 
several years. 

“The unity of the course is gained by an explicit analysis of the functions studied, which 
enables the student to comprehend the purpose of the course as a whole and the nature of the 
investigation of properties of functions of a given type. This analysis consists of three parts: 

“First. Relations between a given function and its graph. . . . Most of these relations are 
considered in the first chapter so that at the start the student is made aware of a number of 
questions which will be investigated in studying a particular type of functions. 

“Second. Relations between pairs of functions and their graphs. . . . These geometric 
transformations are introduced in connection with simple algebraic functions so that they are 
familiar tools by the time they are needed for the study of transcendental functions. 

“ Third. Analogous properties of functions which have no immediate graphical interpret ation. 
Several properties of x n are grouped together . , . in order to indicate further questions which 
should be investigated in studying transcendental functions. 

“Emphasis is also placed on characteristic properties which distinguish one class of functions 
from another.” ' , ■ 'VY '■ 
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the last chapter, they were completed by 1912. Those not made by myself were carried out by 
students who made their doctorates under my direction. 

The following chapters have been heretofore published in substance:” 

I, Sections III and IV. American Journal of Mathematics , vol, 33 (1911). 

II. Astronomical Journal, vol. 25 (1907), 

III. Rendiconti Matematico di Palermo , vol. 32 (1911) ■ 

IV. Transactions of the American Mathematical Society,, vol. 11 (1910). 

VII, Mathematische Annalen , vol. 73 (1913). 

^ HI- Annals of Mathematics, second series, vol. 12 (1910). 

XI-XIV. Transactions of the American Mathematical Society, vols. 7 (1906), 13 (1912), 8 (1907), 
and 9 (1908) respectively. 

XV. Proceedings of the London Mathematical Society, series 2, vol. 2 (1912). 

“ The investigations and computations contained in the last chapter were completed in 1917. 
. . . Most of the computations on which many of the results of the last chapter are based were 
made by Dr, W, L. Hart and Dr. I. A. Barnett. Without assistance of such a high order the 
laborious computations could not have been carried out.” 

Contents : I: “Certain theorems on implicit functions and differential equations” (Moulton 
and Mac Millan), 1-54; II: “Elliptic motion,” 55-66; III: “The spherical pendulum,” 67-98; 
IV: “Periodic orbits about an oblate spheroid” (MacMillan), 99-150; V: “Oscillating satellites 
about the straight-line equilibrium points (first method),” 151-198; VI: “Oscillating satellites 
(second method),” 199-216; VII: “Oscillating satellites when the finite masses describe elliptic 
orbits,” 217-284; VIII: “The straight-line solutions of the problem of n bodies,” 285-298; IX: 
“Oscillating satellites near the Lagrangian equilateral triangle points” (Buck), 299-324; X: 
“Isosceles-triangle solutions of the problem of three bodies” (Buchanan), 325-356; XI: “Periodic 
orbits ot infinitesimal satellites and inferior planets,” 357-378; XII: “Periodic orbits of superior 
planets,” 379-388; XIII: “A class of periodic orbits of a particle subject to the attraction of n 
spheres having prescribed motion” (Longley), 389-424; XIV: “Certain periodic orbits of k 
finite bodies revolving about a relatively large central mass” (Griffin), 425-456; XV: “Closed 
orbits of ejection and related periodic orbits,” 457-4S4; XVI: “Synthesis of periodic orbits in the 
restricted problem of three bodies,” 485-524. 
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Contents — Chapter I: Functions, equations, and graphs, 1-45; II: Linear functions, 46-86; 
III: Algebraic functions, 87-157; IV: Trigonometric functions, 158-213; V: Exponential and 
logarithmic functions, 214-263; VI: Differentiation of algebraic functions, 264-300; VII: In- 
tegration, 301-331; VIII: Properties of trigonometric functions (Logarithmic solution of triangles, 
Cases III and IV), 332-364; IX: Theory of measurement [Statistical methods, permutations, 
combinations, the binomial expansion, probability, compound events, mortality tables, frequency 
distributions, averages, measures of variability, equation of the frequency curve representing a 
symmetrical distribution, the probable error, least squares, correlations], 365-432; Index, 433-436. 

Andlisis Matematico. V oilmen 1: Las nociones fundamentales . By Ugo 
Broggl (Publicaciones de la Facultad de Ciencias Fisicas, Matematicas y 
Astronomicas, Textos y conferences no. 44.) La Plata, Imprenta y casa 
editora 'Coni/ Buenos Aires, 1919. Royal Svo. 152 p. Price 6 pesos. 

Part 1: Coordinates and tangents, 1-46; part 2: The notions of derivative and integral 
47-90; part 3: Applications (Elementary methods of integration, definite integrals of geometry 
indeterminate expressions, integrals between infinite and improper limits, exercises), 91-148; 
alphabetical index, 149-152. 

NOTES. 

The first article (pages 33-37) of the second number of the second volume 
(1920) of Norsk Mathematisk Tidsskrift is a paper on “The main lines of H. G. 
Zeuthen’s scientific productivity,” read by Professor Heegard before the 
Norwegian Mathematical Society. It is accompanied by the reproduction of a 
recent portrait of Zeutlien. 

In The American Year Book , A Record of Events and Progress 1919 (New 
York, Appleton, 1920), the review of mathematics and astronomy, by G. A. 
Miller and R. S. Dugan respectively, occupied pages 607-614. The headings 
of Professor Miller's article (pages 607-608) are: “Teaching of mathematics,” 
“Mathematical research/ I * * * 5 “History of mathematics/ 5 “Reference works. 55 



| Mathematics Teacher , in reorganized form, is to be the official organ of the | 

I; i ; ; National Council of Teachers of Mathematics (cf. 1920, , 241). Mr. J. R. Clark ; 

| of the Lincoln School, New York, is to be the editor-in-chief and the first number 

is to be issued in January, 1921. There are to be eight numbers a year and the 
I subscription price is $2.00. 

[ . . Arcimio di Storia della Scienza , volume 1, no. 3, published in May, 1920 * % 

I • ■ (pf- 1919, 404; 1920, 217) Aldo Mieli continues his methodical bibliography (350 ‘ i 

| titles) of works on the history of science, 332—356. There is also a review by A. 

I ; ; • Midi of two works published by the John Crerar Library, Chicago: A List of , 

r Books on [the History of Science , January , 1911 (Chicago, 1911) T Supplement, 

December , 1916 (Chicago, 1917), 361-363. ~ • 

I A new edition of Professor H. S. Carslaw’s book Introduction to the Theory of 

: : Fdurier s Series and Integrals and the Mathematical Theory of the Conduction of 

Heat, published in 1906 by Macmillan and Co., London, and now for some time 

/ • ■ out of print, is at present in the press. ' The book has been completely rewritten . ■■ ‘ 

and will consist of two volumes. The first deals with “ Infinite series and in- j| 
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tegrals,” with special reference to Fourier's series and integrals; the second with | 

the “ Conduction of heat.” It is expected that the first volume will appear early f 

next year and the second in the course of that year. 

We have received the first fifteen numbers (May, 1919-July, 1920, 12 numbers ' ■ | 

to a volume) of the Spanish monthly periodical Revista de Matematicas y Fisicas 
Elementales , “designed for secondary, normal, special and higher schools,” and f 

published at Buenos Aires. Each number contains short articles (for example 
on “The indefinite integral,” “An artifice in successive approximations,” 

“Trial in classification of cubics,” “Logarithmic calculation”), Notes, Mis- / 

cellanea (a collection of statements of theorems and historical notes), Bibliography 
(brief reviews, contents of periodicals, titles of new books), Questions and dis- ■ ' 

missions, and Problems proposed and solved — The publication at Buenos Aires 
of the bimonthly Revista de Matematicas ceased in February, 1918, with the con- 
cluding number of the second volume, 

ARTICLES IN CURRENT PERIODICALS. 

American Journal of Mathematics, volume 42, no. 2, April (published in July), 1920: 

“On the convergence of certain classes of series of functions” by R. D. Carmichael, 77-90; “On 

the solution of linear equations in infinitely many variables by successive approximations” by 

J. L. Walsh, 91-96; “Self-dual plane curves of the fourth order” by L. E. Wear, 97-118; “On 

the groups of isomorphisms of a system of Abelian groups of order p nl and type (n, 1,1, • • 2)” l 

by L. C. Mathewson, 119-128; “On the satellite line of the cubic” by R. M. Winger, 129-135. 

Bolletino m Bibliografia e Storia belle Scienze Matematiche, second series, 
volume 2, 1919, no. 1 : [Authorized translation into Italian of L. C. Karpinski’s article “The History 
of Science” in School and Society , December 21, 1918 [1919, 163]], 15-27. — No. 2: Review by G. 

L[oria] of D. E. Smith’s edition of De Morgan’s Budget of Paradoxes (Chicago, 1915), L. C. Kar- 
pinski’s Robert of Chester’s Latin Translation of the Algebra of Al-Khowarizmi (New York, 1915), 
and of R. C. Archibald’s Euclid’s Book on Divisions of Figures (Cambridge, 1915), 38-41 and. 43-44; 

Review by G. Vivanti of M. Bocher’s Logons sur les methodes de Sturm dans la theorie des equations 
differ entieiles (Paris, 1917) and of H. Hancock’s Theory of Maxima and Minima (Boston, 1917), 

46-49; Brief notes on the following articles by scholars in America: “Pierre Laurent Wantzel,” 

“Plans for a history of mathematics in the nineteenth century,” and “Origin of the name ‘mathe- 
matical induction’” by F. Cajori; “The role of the concept of infinity in the work of Lucretius” 
by C. J. Keyser; “The teaching of the history of science” by G. Sarton; and “Medicine and mathe- 
matics in the sixteenth century” by D. E. Smith, 58-64. 

Bulletin of the American Mathematical Society, volume 26, no. 10, July, 1920: 

“ The April meeting of the American Mathematical Society in New York ” by F. N. Cole, 433-444 ; 

“Stieltjes derivatives” by P. J. Daniell, 444-448; “Sheffer’s set of five postulates for Boolean 
algebras in terms of the operation ‘rejection’ made completely independent” by J. S. Taylor, 

449-454; “Rotation surfaces of constant curvature in space of four dimensions” by C. L. E. 

Moore, 454-460. -\l 

Bulletin of the Calcutta Mathematical Society, volume 10, no. 4, March, 1920: 

“On the diffraction of light by a transparent wedge” by S. Banerji, 199-206; “On a geometrical 
treatment of the scattering of light by a perfectly reflecting cone” by A. Datta, 207-212; “A 
note on the deformation of surface” by B. Sen, 213-218; “On the stability of two co-axial recti- 
linear vortices of compressible fluid” by B. Datta, 219-228; “On some properties of natural 
numbers” by H. Datta, 229-238; “A note on Whittaker’s formula for the solution of algebraic i 

or transcendental equations” by B. Pal, 239-242; Review by A. C. Bose of C. E. Cullis’s Matrices 
and Determinoids (2 vols., Cambridge, 1913-1918), 243-256. v 


Enseignement Mathematique, volume 21, no. 1, June 1920: “Comment un conserva- 
teur pourait-il arriver au seuil de la mecanique nouvelle?” by T. Levi-Civita, 5-28 (conference at 
the mathematical seminary of the University of Rome, March 8, 1919); “Remarques sur la theorie 
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des ensembles et les antinomies eanioriennes, II” by D. Miriamanoff, 29-52; Les deux suites 
Fibonaeeiennes fondamentales (u n ) (v n ) ; tables de leurs termes jusqu'it n = 120” by C. A. Laisant, 
52-56; “C. A. Laisant (1841-1920)” by H. Fehr, 57; Melanges, Chronique, 58-63; Review of 
D. E, Smith's Number Stories of Long Ago (Boston, 1919), 67-68. 

HERMATHENA, no. 42, 1920; “Heron's formula for cube root” by J. G. Smyly, 64-67; 
“Some examples of Greek arithmetic” by J. G. Smyly, 105-114. 

ISIS, volume 3, January, 1920: “The purpose of Zeno's arguments on motion” by F. Cajori, 
7-20. 

Journal op the Institute of Actuaries, volume 52, April, 1920; “An elementary 
demonstration of Stirling's approximate formula for the value of factorial n” by G. J. L., 102-106. 

Mathematics Teacher, volume 12, no. 4, June, 1920: “Some helps and hindrances in 
teaching mathematics in the secondary schools” by L. E. Lynde, 139-153; “The effect of post- 
armistice conditions on mathematical courses and methods” by H. English, 154-166; “Teaching 
practical mathematics efficiently” by C. H. Sampson, 167-171. “New Books,” 172-174. 

Nature, volume 105, June 10, 1920: “The approximate evaluation of definite integrals 
between finite limits” by A. F. Dufton, 455-456— June 17: “A new method for approximate 
evaluation of definite integrals between finite limits” by T. Y, Baker, 486 — July 1: “Use of Sum- 
ner lines in navigation” by T. H. Tizard, 552-554; “Dr. F. A. Tarleton” by R. A. P. Rogers, 
554; “British aeronautics,” 561-562. 

Philosophical Magazine, sixth series, volume 40, July, 1920: “A new reading of rela- 
tivity” by F. Slate, 31-49; “The bearing of rotation on relativity” by R. A. Sampson, 67-72; 
“On the measurement of time and other magnitudes” by N. R. Campbell, 161-162. 

Popular Astronomy, volume 28, no. 6, Junc-July, 1920; “The theory of relativity” 
by W, H. Pickering, 334-344, — No. 7, August-September: “John Alfred Brashear, 1840-1920” 
(portrait frontispiece) by F. Schlesinger, 373-379; “Aintoff's equal area projection of the sphere” 
by R. L. Fans, 385-3S6. 

Proceedings op the American Academy op Arts, and Sciences, volume 55, no. 4, 
May, 1920: “Orbits from assumed laws of motion” by Arthur Searle, 189-207. — No. 7, June: 
“Some geometric investigations on the general problem of dynamics” by J. Lipka, 283-322. 

Proceedings op the National Academy op Sciences, volume 6, no. 5, May, 1920; 
“On Rummer's memoir of 1857 concerning Fermat's last theorem” by H. S, Vandiver, 266-269. 

REVUE l>U MOIS, 15th year, April 10, 1920; “Les mathtoatiques k TUnivershA de Stras- 
bourg” by M. Frechet, 337-362. 

Revue GENERAL® des Sciences, volume 31, June 15, 1920: “Un nouvel appareil pour le 
trac6 des coniques,” 329-330 (an account of the conigraph as described in the Proc. Royal Society , 
see this Monthly, 1920, 317); “La geometric differentielle projective des resaux” by G. Tzitzeica, 
349-352 [“. . . Cependant, c'est a M. Wilczynski que revient le merite d' avoir eree une theorie 
projective, aussi complete que possible, des propriety infinitesimales des courbes planes, des 
courbes gaudies et des surfaces reglees. II a employe a cet effet certains invariants et covariants 
des Equations differentielles lineaires du troisieme et du quatrieme ordre et des systemes d'equa- 
tions du second ordre. II a applique aussi une method© analogue a 1'etude des surfaces et des 
congruences de droites de noire espace. 

“Cette methode a donne de beaux resultats. Toutefois les calculs, un peu longs et compliques, 
laissent au second plan, les proprietes g6ometriques. Aussi, les Etudes synthetiques de quelques 
geometres italiens out rendu a cette branche de la geometric differentielle un aspect plus intuitif, 
en y ajoutant de plus la consideration des figures dans un espace projectif a plus de trois dimen- 
sions.”] 

Revue Scientipique, volume 58, June 12, 1920: “L'espace et le temps dans la physique 
moderne” by L. Bloch, 333-341. — June 26: “La theorie d'Einstein et la nouvelle loi de la gravita- 
tion” by J. Rosier, 353-359. 

School and Society, volume 12, August 7, 1920: “An odd method for determining the 
year of birth” by G. A. Miller, 106-107 [De Morgan's conundrum, “I was x years old in the 
year x 2 .”] 

Science Progress, volume 15, July, 1920: “Mathematical philosophy” by Bertrand 
Russell, 101 [Letter dated April 20; “Sir,— The review of my Introduction to Mathematical 
Philosophy by the late P. E. B. Jourdain, in the April number of Science Progress, contains some 
statements which I cannot pass by in silence. 
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“In the first paragraph, on p. 673, Mr. Jourdain repeats his complaint that I ignored his 
attempted proot of the multiplicative axiom. In actual fact, I took endless pains over it. At 
first, I told him where I thought it faulty.* he then sent me a new version, altering other parts, but 
.leaving the vital point unchanged. This process occurred repeatedly. I consulted all competent 
people whom I could get hold of, and they all agreed with me in thinking the proof invalid. I 
.have read, his proof with .minute care in its various success! ve forms; I have written to him over 
and over again explaining where I thought it faulty; but on this point it has not changed. [CL 
this Monthly, 1980, 44.] Mr. Jourdain was a friend of many years’ standing, for whom I had 
both affection and respect, and I was reluctant to enter into public controversy with him. There- 
fore when I did not think well of his work I did not mention it; Neither in connection with the 
multiplicative axiom, nor in any other connection, had I any other motive for not referring to 
him. This applies in particular to the matter mentioned in the second paragraph of p. 673. 

“In conclusion, I must entirely repudiate the statement at the top of p. (572; ‘ Mr. Russell 
acknowledged the justice of the present writer’s strictures in the Cambridge Review on a crop of 
similar errors, but said they were all due to Dr. Whitehead.’ This odious accusation must be 
based upon some conversation of ten years ago, and I can only base my denial upon the certainty 
that that is not the sort of thing I should do.”]; “A psychological geometry” by F. R, Hoare, 
131-134 [First two paragraphs: “It is at first sight somewhat strange that the quantitative 
and statistical methods from which so much was hoped in biology a generation ago should so far 
have proved more fruitful and suggestive when applied to the apparently much less measurable 
phenomena of the mind. Yet the hopes that the early biometricians rested on them have certainly 
not been realised and their present exponents in biology have had to make practically a fresh 
start with new groups of phenomena and different objectives. In psychology, on the; other hand, 
their recent developments derive in unbroken succession from the work of such pioneers as Rinet, 
who first employed systematic mental tests and measured the results. 

One of the most purely mathematical of these developments was originated by Professor 
Spearman in a paper published in 1904 in the American Journal of Psychology. Its latest and 
most curious extensions are described in two papers by Mr. Maxwell Garnett published in the 
Proceedings of the Royal Society (A, 96, 1919) and the British Journal of Psychology (May 1919) 
respectively, What follows is largely an account in non-mathematicai language of as much of 
Mr. Garnett’s description as can be so expressed.”]. 

Scientia, volume 27, June, 1920; Review by R. Marcolongo of J. W. Young’s I Concetti 
fondamentali delV Algebra e della Geometria con una nota di U.G. Mitchell sitllo Sviluppo storico 
del simbolismo algebrico translated by D. Mereogliano (Naples, 1919), 482-483 — July": Review by 
G. Loria of L, E. Dickson’s History of the Theory of Numbers , volume 1 (Washington, D. C. 
1919), 42-44. 

Tohoku Mathematical Journal, volume 17, nos. 3, 4, May, 1920: “Die Zahl: Ein- 
ieitung zur Theorie der analytischen Funktionen” by G. Mittag-Leffier, 157-209; “On a trans- 
formation theorem relating to spheroidal harmonics” by B. Datta, 210-212; “Theorems on double 
series” by T. Kojima, 213-220; “On a certain inversion in the theory of numbers ” by E. T. Bell, 
221-231; “On some central difference formulas of interpolation” by Iv. Ogura, 232-241; “On 
the theory of the tides” by K. Ogura, 242-250; “ A new interpretation of the Wellstein representa- 
tion and its application,” by T. Ota, 251-261; “Some non-euclidean metric theorems as necessary 
consequences of the corresponding Euclidean theorems” by T. Ota, 262-270; “The ellipsoid 
within a right circular cylinder” by T. Hayashi, 271-278; “Note on the theory of integral func- 
tions of the first class” by R. D. Carmichael, 279-285; “Note on a transformation of series 
similar to the principle of inversion in the theory of numbers,” by R. D. Carmichael, 286-291; 
“Flat-sphere geometry, fourth paper” by J. Eiesland, 292-330; “On the f Chinese theorem’” 
by S. Wigert, 331; “Groups involving only operators whose orders are divisors of four” by G. A. 
Miller, 332-338; “Ein Satz liber die Borelsche Summation” by M. Fujiwara, 339-343; “tleber 
Konvergenzabszisse der Dirichletsehen Reihen ” by M. Fujiwara, 344-350; “Einige Probleme 
fiber konvex-gesehlossene Kurven und Flaehen” by T. Kubota, 351-362; “Ueber Abelsehe 
erzeugende Funktion und Darstellbarkeitsbedingung von Funktionen in Dirichletsche Reihen” 
by M. Fujiwara, 363-383. 

UNT.EEHICHTSBLATTEE fur Mathematik und Natubwissenschaften, vol. 26, nos. 
3-4, April 20, 1920: “Die Einffihrung besserer Zahlworter” by E. Scliulke, 30-31; “Zur Lehre 
von den Harmonikalen ” by J. Moser, 31-33; “Ein Polyedersatz ” by H. Wolff, 33—34 [The propo- 
sition: “If n points A u A a , * * * A n , the vertices of a polyhedron lie on a sphere in such a way that 
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its middle point M is the centre of gravity of the A a, and if P is any point in space at a distance 
a from M, then SPA a ~ n(R 2 + a 2 )”}; “Muss die Sonne ihren hochsten Stand immer im 

A 

Meridian erreichen 55 ? by P. Kiesling, 34—35; “Die Kugel als regehnassiger Vielflaehner” by F. 
Elsas, 36-37; “Zur Maclaurins Trisektrix, zur Kissoide unci zur Versiera 55 by A. Peschke, 37; 
“Zur Lehre von den harmonischen Strahlen 55 by J. Mahrenholz, 37; “Ueber eine Beziehung 
zwischen Normale und Brennstrahlen in einem Punkte einer Ellipse’ 5 by J. Mahrenholz, 37-38; 
Various other brief notes, 38-40. 

Zeitschrift fur mathematischen und naturwissenschaftuchen Unterricht, 
volume 51, no. 4-5, published May 20, 1920: “Das d’Hondtsche Wahlsystem.” “Eine Anwen- 
dung der graphisehen Methoden” by E. Sos, 89-93; “Mathematische Betrachtungen fiber das 
geltende politische Wahlverfahren 55 by H. Franke, 94-106; “Arbeit unci Boden in der Volks- 
wirtschaftslehre imcl Mechanik 15 by j. Braun, 106-109; “Optische Geometrie” by B. Boger, 
110-118; “Eine neue Verallgemeinerung des pythagoraischen Lehrsatzes” by A. Voigt, 118-122; 
“Das Ecktangentendreieck 55 by J. Mahrenholz, 123; “Der Saceheri-Legendresche Satz lautet: 
1st in einem einzigen Dreieck die Winkelsumme = 180°, so ist sie es in jedem 55 by K. Fladt, 124- 
125 [a very simple proof for the Euclidean case, which, however, the author states he has not yet 
succeeded in extending to the non-Euclidean cases;] “ Aufgabenrepertorium,” 126-132; “Bucher, 
besprechungen, 55 140-141. 
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Edited by U. G. Mitchell, University of Kansas, Lawrence. 

Last month we gave some account of two new clubs, the “ Pascal Circle” of 
Trinity College, Washington, D. C., and “The Square” of Washington Square 
College, New York City, which had not been previously reported. This month 
our readers will note among the “ Club Activities” an account of a third new club, 
“The Cornell Parabola,” organized in November 1919 at Cornell University, 
Ithaca, N. Y. 

The editor of this department has recently enjoyed the privilege of examining 
a copy of the “ Proceedings of the Johns Hopkins University Mathematical Club , 
edited by G. Breit and F. V. Morley and printed by Corona Morley,” 1 

It is a typewritten volume of about sixty pages, bound in manila paper covers, 
and reports the nine meetings held in March, April and May, 1920. Many of 
the formal papers and solutions of problems presented are recorded in full. 
Others are given in abstract form only. The editors have added to the interest 
and value of the record by inserting comments and “gleanings” from mathe- 
matical literature in connection with the subjects discussed. As an illustration 
of these “gleanings” we select the following, inserted (p. 34) in connection with 
a paper on “Quaternions” by Professor Murnaghan: 

“'Comparing a Quaternion investigation, no matter in what department, 
with the equivalent Cartesian one, even when the latter has availed itself to the 
utmost of the improvements suggested by Higher Algebra, one can hardly 

1 “Corona Morley 5 5 refers, as the reader doubtless recognizes, to Mr. Morley 5 s typewriter. 
The humorous touch added by this bit of personification is supported throughout by occasional 
references to Corona as, for example, the following (p. 12) : 

“No account of Mathematical Prodigies will hereafter be complete without reference to 
Corona Morley. Barely a week old, she is nevertheless able to talk about the Gamma function. 
The editors wish the best of success to her acquisitive and expository powers. 5 5 
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help making the remark that they contrast even more strongly than the decimal 
notation with the binary scale, or with the old Greek arithmetic— or than the 
w ell-oi dered subdivisions of the metrical system with the preposterous no-systems 
of Great Britain, a mere fragment of which (in the form of Table of Weights and 
Measures) form, perhaps the most effective, if not the most ingenious, of the many 
instruments of torture employed in our elementary teaching.’— P. G. Tait. 
(Quoted by Moritz, Memorabilia Matkematica, p. 280.) 

‘Quaternions came from Hamilton after his really good work had been done; 
and though beautifully ingenious have been an unmixed evil to those who have 
touched them in any way, including Clerk Maxwell.’— William Thomson. 
(Quoted by Moritz, Memorabilia Matkematica, p. 279.) 

So T and T' disagree 
On parts of their philosophy.” 

It may be possible that other clubs are keeping similarly complete records of 
their proceedings. If so, the editor would be glad to have the fact reported. 

CLUB ACTIVITIES. 

The Cornell Parabola, Cornell University, Ithaca, N. Y. 

The Cornell Parabola was organized by the students of the upper classes in 
November, 1919. It was modelled along the lines of the Oliver Mathematical 
Club, which has existed among the faculty members for many years, and the 
organization was very informal. There is no constitution, there are no dues and 
there are only two officers— a chairman, popularly known as the “Focus” and a 
secretary, better known as the “Directrix.” A program committee consisting 
of four students and one faculty member planned the work. 

The attendance for all of the meetings averaged over fifteen and there were 
always spirited discussions and incidental problems at the close of each program. 

The only social event of the year was the Christmas party which was held 
at the home of one of the professors. The chief game of the evening was a contest 
in supplying mathematical terms for the missing words in a “ Romance of Polly 
Hedron and Ray Show-.” There was a Christmas tree loaded -with candy boxes 
in all the regular polyhedron shapes. 

The officers of the club were : Chairman, Theodore L. Bennett ’21; secretary, 
Elfrida Heath ’20; chairman program committee, Nellie G. Tallman ’20; faculty 
adviser, Dr. Plelen B. Owens. 

Programs for the year 1919-20 are given below. 

* “Reliability of averages” by Herbert Sturges, Gr; “Properties of deter- 
minants” by Theodore L. Bennett ’21; “The ancients’ knowdedge of mathe- 
matics ” by Elfrida G. Heath ’20 ; “ Some applications of mathematics to physics ” 
by Roy Kennedy ’21; “College students’ errors in mathematics” by Alan D. 
Campbell, Instructor in Mathematics; “Fallacious proofs in geometry” by 
Professor Frederick W. Owens; Parabola Christmas Party; “Possible construc- 
tions with straight edge and compass” by Professor Owens; “Topics from 
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mechanics and hydraulics” by Salvador Quinones ’21; “Famous problems of 
mathematics” by L. Kalles ’19; “Consequences of a triangular unit of area” 
by Professor Walter B. Carver; “Properties of the parabola” by Allen D. 
Campbell, Instructor in Mathematics; “The theory of the pendulum” by 
Joseph A. Beeker T9; “Research problem in electricity” by Ruth Yeaton, Gr; 
“Value of mathematics to the engineer” by Burdette K. Northrup T9; “Value 
of mathematics to the physicist and chemist” by Austin Bailey, Gr. 

The Mathematical Club, Harvard University, Cambridge, Mass. 

[1918, 186-7, 449-50; 191.9, 262-3.] 

The officers for 1919-20 were: President, Joseph L. Walsh, Gr.; secretary- 
treasurer, Harold T. Davis, Gr.; faculty adviser, Professor William C. Graustein. 
Programs for 1919-20 are given below. 

October 1, 1919: “The elementary functions” by Professor William F. Osgood. 
October 15: “Problems connected with submarine acoustics” by Professor 


November 12; “Correlation” by Professor Edward V. Huntington. 

December 3: “Linkages” by Bancroft H. Brown, Instructor. 

December 17: “Nomography” by Rexford S. Tucker, Gr. 

January 7, 1920: “Numerical integration” by Charles A. Rupp, Instructor. 
February 11 : The application of the method of least squares to some geometrical 
problems” by Professor Julian L. Coolidge. 

February 25 : “ Operations generating algebra ” by Dr. Norbert Wiener, Instructor 
in Mathematics, Massachusetts Institute of Technology. 

March 10: “Approximation to continuous functions” by Lewis E. Ward, Gr. 
March 24: “Rectifiable and other curves” by Professor Edward B. Van Vleck, 
Professor of Mathematics, University of Wisconsin. 

April 7 : “Polygons whose vertices lie on a convex curve” by Forrest H. Murray, 
Gr. ' 

April 28: “Surfaces of negative curvature” by Dr. Harold C. M. Morse, Instruc- 

May 12: “A solution of the biquadratic” by Professor William C. Graustein. 
May 24: “The location of the roots of the derivative of a polynomial ” by Joseph 
L. Walsh, Gr. 

Officers-elect for the year 1920-21: President, Rudolph E. Langer, Gr.; 
secretary-treasurer, Bancroft H. Brown, Instructor; faculty adviser. Professor 


The Mathematical Club of Smith College, Northampton, Mass. 
[1918, 91, 455; 1920, 184.] 

Below are given the programs for the year 1919-20. 

October 20, 1919: Discussion of plans for the year. Reports of the September 
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meetings of the American Mathematical Society and the Mathematical Asso- 
ciation of America. 

November 10: “ Map drawing, with special reference to the use of maps in the 
Great War” by Professor Suzan R. Benedict. 

December 1: “Leibnitz” by Ellen Hastings ’20; “Descartes” by Marjorie 
Lord *20; “Newton” by Helen Frank '20. 

December 15: Christmas Party. 

February 19, 1920: “Applications of mathematics” by Margaret Doran *20. 
March 8: “ Introductory paper concerning the three famous problems of an- 
tiquity” by Agnes Grant ’20; “.Trisection of the angle” by Isabel Painter *20; 
“Squaring the circle” by Miriam Courtney ’20. 

April 12: “Duplication of the cube” by Carolyn Boudo *20; “The Pythagorean 
theorem” by Ruth Colsten ’20. 

May 3: “A study of transformations” by Dorothy Graves '21. 

May 24: Spring Party. 

The Pascal Circle, Trinity College, Washington, D. C. 

[im, 425 .] 

An account of this club's activities for the year 1919-20 was given last month. 
No previous account of the club having appeared in this department, an inquiry 
was addressed to Professor Marie Cecelia Mangold concerning the previous 
history of the club. The information given below was received in reply. 

The Pascal Circle was founded in October 1916 with the following officers : 
President, Anna Marie Lawler '17; secretary, Zita Louise Donahoe T7. 

Two meetings per month were held and some of the topics discussed were 
the following: The mathematical basis of magic number cards and tricks with 
cards — Geometrical fallacies — Popular “catch” problems— Magic squares and. 
magic pencils — The arcascope and the slide rule — Geometric paper folding — 
The Pascal triangle and the Pascal theorem — Nine-point circle. 

Officers for the year 1917-18 were: President, Virginia Alma Keller 18; 
secretary, Frances Dix Wyman 19. Some meetings were held in the fall of 
1917, but on account of sickness the Circle was disbanded until late in the year 
1918-19 when it was reorganized with Katherine Mary Martin 19 as president 
and Beatrice Agnes Convey '20 as secretary. Three of the subjects discussed 
that year were: Locating machine guns by means of sound — The mathematical 
principle underlying the Russian peasant method of multiplication— Ciphers 
and cryptograms. ■ v 
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Edited by B. F. Finkel and Otto Dunked, 


Send all communications about Problems and Solutions to b. f. finkel, Springfield, Mo, 


PROBLEMS FOR SOLUTION, 


[N.B. The editorial work of this department would be greatly facilitated if, on sending in 
problems, the proposers would also enclose their solutions — when they have them. If a problem 
proposed is not original the proposer is requested invariably to state the fact and to give an exact 
reference to the source.] 

2863. Proposed by A. A. BENNETT, Baltimore, Md. 

From their generation as roulette curves, show that the two hypocycloids of five cusps 
drawn with common vertices, are such that each is the envelope of a chord of constant length 
suitably placed upon the other. 

Show that for any odd prime p y the (p - l)/2 distinct p-cusped hypocycloids with common 
vertices may be arranged in cycles, so that each is the envelope of a chord of constant length 
taken upon the succeeding curve of the cycle. 

2864. Proposed by C. B. HALDEMAN, Ross, O. . 

If S is a side of a regular undecagon inscribed in a circle of radius unity, show that 

*S 5 - (S i - 3 8 2 - l)VlI - 11 S « 0. 

2865. Proposed by JOSEPH Rosenbaum, Milford, Conn. 

In a circle, a chord AB is fixed in position and a moving chord CD is constant in length. 
Find the locus of the intersection of the bisectors of the angles ACD and BDC. 

2866. Proposed by NORMAN ANNING, University of Michigan. 

Equilateral triangles whose sides are 1, 3, 5, 7, • • * are placed so that their bases lie corner 
to corner in a straight line. Show that the vertices lie upon a parabola and are all at integral 
distances from its focus. 

2867. Proposed by W. H. HAYS, Colton, Wash. 

Show that the probable value of the sum of the squared differences, got by pairing two sets 
of n numbers each, at random, is n(n z — l)/6j and that the coefficient of correlation in such a 
case is 0. See Thorndike, Mental and Social Measurements, ms-a HU 
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SOLUTIONS OF PROBLEMS 

2790 [1919, 414], Proposed by J, w. EASLEY, m., University of North Carolina. 

How shall we buy twelve eggs for eighty cents, if hen eggs sell at five cents each, duck eggs 
at seven cents each, and turkey eggs at eight cents each, and if we buy some of each? 

Solution by C, A. Isaacs, State College of Washington. 

Let x, y, z , be the number of eggs of each kind, respectively. Then 

x + y + z = 12, 

5x + 7y + 8z = SO. 

Zz 


Eliminating x, 


Since y is an integer, this value of y, though fractional in form, must be an integer. Therefore, 
z is even. Assigning even values to z, beginning with 2, we get three sets of answers satisfying the 
conditions of the problem: z - 2, y = 7, x = 3; z = 4, y = .4, x = 4; 2 = 6, y = 1, x « 5. 

Also solved by H. N. Carleton, H. L. Olson, Arthur Pelletier, and E. 
E. Whitford. 


NOTES AND NEWS 

It Is hoped that readers of the Monthly will cooperate In contributing to the general 
interest of this department by sending items to the Editor-in- Chief. 

Miss Mary C. Ball has been appointed instructor in mathematics at 
Northwestern University, 

Assistant Professor J. N. Michie, of the Agricultural and Mechanical College 
of Texas, has been appointed adjunct professor of applied mathematics at the 
University of Texas. 

Assistant Professor A. C. Maddox, of the Oklahoma Agricultural and Me- 
chanical College, has been appointed professor of mathematics at the Louisiana 
State Normal School at Natchitoches. 

Professor J. B. Faught of the Kent (Ohio) State Normal College has been 
made professor of mathematics in Yankton College. 

Dr. G. W. Smith, of the University of Kentucky, has been appointed assistant 
professor of mathematics in the University of Kansas. He taught during the 
past summer in the summer session of the University of Colorado. 

Professor R. A. Wells, of Park College, has been made associate professor of 
mathematics at Michigan State Normal College. 

Mr. Cornelius Gouwens, of the University of Kansas, has been appointed 
assistant professor of mathematics at Iowa State College. 

Professor C. E. Horne, of the University of Porto Rico, has been made dean 
of the college of agriculture and mechanic arts of the university at Mayaguez, P. R. 

At the University of Iowa, Assistant Professor E. W. Chittenden has been 
promoted to an associate professorship; Dr. W. H. Wilson has been promoted 
from an instructorship to an associateship; Dr. Roscoe Woods, of the University 
of Illinois, has been appointed instructor in mathematics; Mr. H. M. Jeffers of 
the Lick Observatory has been appointed instructor in mathematics and astron- 
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omy; Mr E. S. Harper, of Albion College, Mr. Harley Chandler, of Coe 
College and Miss Margaret Walker, of the University of Illinois, have been 
appointed assistants m mathematics. 

Dr. A. S. Hathaway, since 1891 professor of mathematics at the Rose p 0 I v - 

r tiW o rvice A He is succeeded by Associate 
irorebsor t . r. oolslei of Pennsylvania State College 

Professor H. E. Buchanan, of the University of Tennessee, has resigned to be- 
ome pi ofessor and head of the department of mathematics at Tulane University. 

--J) is on leave of absence for the first semester 
year, a part of the time being spent at Christ’s College, Cambridge. 

s has been appointed instructor in mathematics at the 

bead °f the department of mathe- 

and more recently with the 

has been appointed instructor* of mathe- 


Professor E. W. Brown, of Yale : 
of this 

Mr. H. A. Simmon 
University of Michigar 

Dr. Henry W. Stager, for many years 1 

matics in Fresno Junior College, Fresno, California 
United States Railroad Administration, 
matics in the University of Washington 

t 4U he Umted ® tates Naval Academy, Assistant Professors 
J. A ..Galloway, A. Dillingham, and G. R, Clement 
associate professorships; Mr. H. M. Robert, Jr Air 
Dederick, Dr. L. T. Wilson, Mr. H. H. Gavj ’ ’ 
been promoted to assistant professorships, and Mr E 
Barrett, Air. A. A. Robinson, and Air. E. / 
instructorships . There are now forty men ii 
the Academy. All grades have received mere 
instructors now being paid $2,800 per annum 

&r Joseph Larmor, of the University of Cambridge, has been 
spondant m place of Professor Liapounoff (cf. 1920 179 3841 i 
geometry of the Academy of Sciences of the Institute of France. 

Pr0 '!? Mr d dWerentkl i^gral calculus at the 

h “ bee " " 

i P r ‘ L P DW !5, Silbersti =in, well known on this side of the Atlantic for his 
hoofe on the Theory of Relativity (1914) and Elements of Vector iloebm (1919) 
and for his mathematical papers dealing with electromagnetism op ics S’ 
tive geometry, spectrum theory, etc., has left England and is now associated wiH 
the research laboratory staff of the Eastman Kodak Comply (^^21* 

of ^u' b JerseP)at Rutger ^Coliege’on’octol^i'^O ^1167011 ^U^ emadcs Teachers 

r d r : The ^ 

tne viewpoint oi college entrance requirements” bv Dean H F r 
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Clements have been promoted to 
, Jr., Air. AI. A. Eason, Dr. L. S. 
er, and Dr. W. F. Shenton have 
’ 3. R. C. AIiles, Air. A. J. 

. Bailey have been appointed to 
the. mathematics department at 
ises in salary during the past year, 
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Misprinted names in the text are corrected, and missing initials supplied, in this index. 

FORMAL PAPERS — AUTHORS. 


Adams, 0. S. The December meeting of the 
Maryland-Virginia-Distriet of Columbia 
Section, 147. 

— The May meeting of the Maryland- 

Virginia-Distriet of Columbia Section, 
343-345. 

Altshiller-Court, N. On the orthocentric 
quadrilateral , 1 99-202 . 

Archibald, R. C. Gauss and the regular 
polygon of seventeen sides, 323-326. 

Armstrong, G. N. Fifth annual meeting of 
the Ohio Section, 287-289. 

Ballantine, J. P.. A graphic solution of the 
cubic equation, 203-204. 

Bennett, A. A. Modular geometry, 357- 
361. 

Bradley, H. C. The graphical solution of 
spherical triangles, 452-459. 

Cairns, W. D. Fourth annual meeting of the 
Mathematical Association of America, 
93-112. 

Mathematical Association of America, 

Council of, 243-244. 

Fifth summer meeting of the Associa- 


tion, 385-393. 

Candy, A. L. A mechanism for the solu- 
tion of an equation of the ?ith degree, 
195-199. 

Elimination of skidding due to steer- 
ing mechanism on motor cars, 245-252. 

Coffin, L. M. The April meeting of the Iowa 
Section, 346. 

Cresse, G. H. Expressions for certain ac- 
celerations of a particle, 402-404. 

Dunkel, O, Note on Caustics, 225-226. 

Echols, W. II. Note on the roots of the 
derivative of a polynomial, 299-300. 


Jordan, H. E. The April meeting of the 
Kansas Section, 283-285 . 

Light, G. H, The April meeting of the Rocky 
Mountain Section, 289-290. 

Lytle, E. B. The November meeting of the 
Illinois Section, 112-113. 

The college as a training school for 

high school teachers, 157-163. 

Matheson, J. Continuity in synthetic geom- 
etry, 47-53. 

Merrill, A. S. The “ danger area” curve, 
398-401. 

Metzler, W. II . Some vanishing aggregates 
connected with circulants, 11-14. 

Miller, N. A graphical aid in the study of 
functions of a complex variable, 354-357. 

Mobley, F. V. Note on the incenters of a 
quadrilateral, 252-255. 

Papps, P. C. II . Mathematics and life insur- 
ance, 291-299. 

Rider, P. R. The third annual meeting of the 
Missouri Section, 148-151. 

Rigge, W. F. Envelope rosettes, 151-157. 

Slaught, H. E. Retrospect and prospect for 
mathematics in America, Presidential ad- 
dress, 443-451. 

Smith, G. W. The April meeting of the Ken- 
tucky Section, 285-286. 

Smith, L. L. A construction of the regular 
polygon of seventeen sides, 322-323. 

Weaver, J. II. Some extensions of the work 
of Pappus and Steiner on tangent circles, 
2 - 11 . 

W eavek, W. The average reading vocabu- 
lary; an application of Bayes’s theorem, 
347-354. 

Wester, C. W. The April meeting of the 
Iowa Section, 1. 
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Accelerations of a particle, Expressions for 
certain. G. H. Cresse, 402-404. 

Aggregates connected with circulants, Some 
' vanishing. W. H. Metzler, 11-14. 

Annual meeting, Fourth, of the Mathematical 
Association of America. W. D. Cairns, 
93-112. 

Bayes’s theorem, The average reading vocabu- 
lary; an application of, W. Weaver, 
347-354. 

Caustics, Note on. O. Dunkel, 225-226. 

Circles, Tangent, Some extensions of the work 
of Pappus and Steiner on. J, II. Weaver, 
2 - 11 . 


Circulants, Some vanishing aggregates con- 
nected with. W. H. Metzler, 11-14. 
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meeting G. N. Armstrong, 287-289 
Kooky Mountain, April meeting. G H 
Light, 289-290. 
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extensions of the work of. J. H. Weaver, 

Polygon of seventeen sides, Construction of the 
regular. L. L. Smith, 322-323. 

Polygon of seventeen sides, Gauss and the 
regular. R. C. Archibald, 323-326 
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resistance varies as the velocity, 119-120. 

• Theorem concerning the concurrency 
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Schmall, C. N. Relating to the analytical 
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Trevor, J. E. . Heats of dilution, 55-57. 
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Webb, 411-413. 
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209-211. 
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lems in. E, E. DeCou, 415-416. 

Mean, Law of. H, H. Downing, 467. 
Parabola, Quadrature of. O. Dunkel, 116. 
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Lewis, 16-23. 
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Projectile, Path of, when resistance varies as 
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tures of. ■ J. E. Trevor, 258-262. 
Triangle, Determination of an angle of a right, 
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Lovitt, 117-119. 
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— See Child, J. M. 
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Lampe, E., and Korn, A. J ahrhuch iiber die 
Fortschntie der Mathematik (Band 45, 
Heft 1), 268. 
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dettata nella R. University di Bologna, 372. 
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Mathematical Analysis. A. S. Gale, 23- 
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Bulletin of the First District Normal School , 26. 
Canadian Chartered Accountant, 374. 
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Contemporary Review, 132. 

Creighton Courier , 176. 

Educational Review, 132, 176, 374. 
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Engineering News Record, 374. 
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couiant prize), 44; American Association 
for the Advancement of Science (Research 
grant), 339; Cambridge Philosophical 
Society (Hopkins prize), 340; National 
Academy of Sciences (Barnard medal), 
340 ; Pei er-Wilhehn-MuUer foundation, 
143; Royal Society of London (Sylvester 
and Royal medals), 46. 

Research, 42 L 

Salaries, College Teachers, 46. 

South African Public library, 241. 

Summer Courses: 192, 193, 194, 241, 2S1, 282. 

ERRATA AND 

P. 41, 1. 22, for “Simson” read “Simpson.” 

P. 41, 1. 29, for “Daniel” read “Daniell.” 

P. 45, 11. 13-14, for t “Journal of the Mathe- 
matical Association of Japan for Secondary 
Schools” read “ Journal of the Mathematical 
Association of Japan for Secondary Educa- 
tion.” 

P. 46, 1. 3, for 1 'Whitaker” read “Whittaker ” 

P. 72, 11. 25-26, for “H. Pioggio” read “H. T. 

H. PlAGGTO,” 

P. 80, 1. 5, for “2806” read “2806A.” 

P. 92, 1. 4 from bottom, for “Thorndyke” 
read “Thorndike.” 

P. 192, 1. 12, for “June 1” read “June 21.” 

P„ 199, 1. 7, for “meets” read “meet.” 

P, 221, 1. 25, for “J. C. Camplain ” read “J. C. 
Kamplain.” 

P. 221, 1. 28, for “E. R. Brestich” read “E. R. 
Breslich.” 

P. 240, 1. 24, for “E. T.” read “E. J.” 

P. 241, 1. 9 from bottom, for “Columbus” read 
“Calculus.” 

P. 281, 11. 7-8 from bottom, for “America, and 
one member each by the National” read 
“America and its representative on the 
National Research Council, and one mem- 
ber each selected by the National.” 

P. 286, 1. 3, for “the catenary” read “the 
equation of the catenary.” 

P. 286, 1. 5 from bottom, for “then” read 
“and.” 


Time as 4tli dimension, 422. 

Universities and Technical Schools: Best n 
University, 191; California, 281; Chica* 
192, 242; Colorado, 192; Columbia, ' 2; 
Cornell, 282, 340; Edinburgh, 45; Gin m 
College, Cambridge, 145; Harvard, 1*. 
Illinois, 193; Iowa, 193; Johns Hopki s, 
282; Kansas, 193; Poland Stanford, 2 1; 
Loubliana, 190; Maine, 281; Massac, u- 
setts Institute of Technology, 242, 2. ,2; 
Michigan, 193; Missouri, 241; North- 
western, 193; Ohio State, 241; Oklahoma, 
193; Pennsylvania, 193; Queen’s, 194; 
Strasbourg, 340; Texas, 282; Tsing Hua, 
191; Wisconsin, 241. 

CORRIGENDA. 

P. 288, 11. 26-27, for “experimenters” read 
“experiments.” 

P. 321, 1. 6 from bottom, for “Burman” read 
“Burnam.” 

P. 336, 1. 10, for “associate professor of mathe- 
matics” read “associate in mathematics.” 

P, 336, 1. 13, for “J. P. Musselman” read 
' “ J* R. Musselman.” 

P. 338, 1. 18, for “Stackel” read “Stackel.” 

P. 339, for 11. 6-7 read ‘TAvancement dcs 
Sciences. He wrote: La M a thematique. 

' Philosophic. Enseignement (Paris, 1898: 
second edition revised, 1907) and Initiation 
M athematique . Outrage Stranger A tout pro- 
gramme, dedie mix amis da Venfance . (Paris, 
1906) which was translated into.” 

P. 339, 1. 21, for “variants” read “invariants.” 

P. 340, 1. 5 from bottom, for “1920” read 

. “1920” 

P. 341, 1. 11, for “1903” read “1901.” 

P. 346, 11. 6-7, for “Julia Calpitts” read “Julia 
T. Colpitts.” 

P. 384, 1. 8 from bottom, for “25-803” read 
“'25 + 803.” 

P. 385, 1. 6 from bottom, for “S. H. Mac- 
donald” read “S. L. Macdonald.” 

P. 389, 1. 5 from bottom, for “Paige” read 
“Page.” 

P. 428, 1. 10 from bottom, for “frustrum” read 
“frustum.” 

P. 481, 1. 13, for “Carolyn Bonds” read 
“Carolyn A. Rondo.” 


“ Thou hast made me known to friends 
whom I knew not. Thou hast given 
■ine-.swfe Pi. hpthes^mt my own. Thou 
hast brought the distant near and 
made me a brother of the stranger.” 


